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“Education is a matter of life and death for 
Pakistan. The world is progressing so rapidly 
that without requisite advance in education, not 
only shall we be left behind others but may be 


wiped out altogether.” 
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(Jnit 7 | Functions and Limits 


11 INTRODUCTION 


Functions are important tools by which we describe the real world in 
mathematical terms. They are used to explain the relationship between variable 
quantities and hence play a central role in the study of calculus. 

1.1.1 Concept of Function 

The term function was recognized by a German Mathematician Leibniz 
(1646-1716) to describe the dependence of one quantity on another. The following 
examples illustrates how this term is used: 

(1) The area “A” of a square depends on one of its sides “x” by the 





formula A= x’, so we say that A is a function of x. 
(ii) The volume “V” of a sphere depends on its radius “r’ by the formula 


4 
V= =<" r°, SO we say that V is a function of r. 


A function is a rule or correspondence, relating to two sets in such a way that 
each element in the first set corresponds to one and only one element in the second 
set. 

Thus in, (i) above, a square of a given side has only one area. 

And in, (ii) above, a sphere of a given radius has only one volume. 

Now we have a formal definition: 
1.1.2 Definition (Function — Domain — Range) 

A Function f from a set X to a set Y is a rule or a correspondence that assigns 
to each element x in X a unique element y in Y. The set X is called the domain of f. 
The set of corresponding elements y in Y is calied the range of f. - 

Unless stated to the contrary, we shall assume hereafter that the sets X and F 
consist of real numbers. 

1.1.3 Notation and Value of a Function | 

If a variable y depends on a variable x in such a way that each value of x 
determines exactly one value of y, then we say that “‘y is a function of x’’. : 

Swiss mathematician Euler (1707-1783) invented a symbolic way to write the 
statement “y is a function of x” as y = f(x), which is read as “y is equal to f of x”. 
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Note: Functions are often denoted by the letters such as f, g, h, F, G, H and so on. 


A function can be considered as | 
a computing machine f that takes an input x, 
operates on it in some way, and produces Input x ) Output f(x) 


exactly one output f(x). This output Computing Machine 





f(x) is called the value of f at x or image of x under f. The output J (x) is denoted by a 
single letter, say y, and we write y= f(x). | 

The variable x is called the independent variable of f, and u.. .ariable y is 
called the dependent variable of f. For now onward we shall only consider the 


function in which the variables are real numbers and we say that f is a real valued 
function of real numbers. 


Example 1: Given f(x) = x° —2x* +4x-1, find 
(i) f0) Gi) fQ) ii) f(-2)_— iv) fl +x) () f/x), x #0 
Solution: f(x) =x° —2x?+4x-1 
(i) f(0)=0-0+0-1=-1 
(i) f@) =(@)’ —20)? +40) -1=1-24+4-1=2 
(HY Fey FE 2)? PAC aS eee Begg 
(iii) f(1+x) =(1+ x)* —2(1+ x)? +4(1+x)-1 
=14+3x+3x° +x° -2-4x-2x? +444x-1 
meet x Sy 4 
(iv) F(x) = (Ux) -20/x) +40 x)-1= 49a, x#0 


Example 2: Let f(x) = x*. Find the domain and range of f 
Solution: f(x) is defined for every real number x. 


Further for every real number x, f(x) = x” is a non-negative real number. So 
Domain f = Set of all real numbers. 
Range f = Set of all non-negative real numbers. 


Example 3: Let f(x)= 





. Find the domain and range of f. 


Solution: Atx=2andx=~-2, f(x)= 





is not defined. So 


Domain f= Set of all real numbers except —2 and 2 
Range f = Set of all real numbers. 
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Example 4: Let f(x)= Vx? -9 . Find the domain and range of f. 
Solution: We see that if x is in the interval —3 < x < 3, a square root of a negative 
number is obtained. Hence no real number y = Vx? -9 exists. So 
Domain f = {xe R:|x| 23 }=(—e,-3]U [3,4)} 
Range f = set of all positive real numbers = [0,+<°) 


1.1.4 Graphs of Algebraic Functions 


If fis a real-valued function of real numbers, then the graph of fin the xy-plane is 
defined to be the graph of the equation y = f(x). 


The graph of a function f is the set of points {(x, y)| y =f (x), x is in the domain off} | 


in the Cartesian plane for which (x, y) is an ordered pair of f. The graph provides a 
visual technique for determining whether the set of points represents a function or not. If 
a vertical line intersects a graph at more than one point, it is not the graph of a function. 
Explanation is given in the figure. 





(b) a function (c) not a function (d) not a function 





(a) a function 
Method to draw the graph: 

To draw the graph of y = f(x), we give arbitrary values of our choice to x and find 
the corresponding values of y. In this way we get ordered pairs (x,, y, \: Xn a) s 
(x,, y,) etc. These ordered pairs represent points of the graph in the Cartesian plane. We 


locate these points and join them together to get the graph of the function. 


Example 5: Find the domain and range of the function f(x) =x° + 1 and draw its graph. 
Solution: Here y = f(x) =x? +1 
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We see that f(x) = x* +1 is defined for every real number. Further, for every real 
number x, y = f(x) = x* +1 is a non-negative real number. Hence 
Domain f = set of all real numbers 


and Range f =set of all non-negative real numbers except the points 0< y <1. 


For graph of f(x) = x* +1, we assign some values to x from its domain and 
find the ni values in the range fas shown in the table: 





Plotting the points = and joining them with a smooth 
curve, we get the graph of the function f(x) =x? +1, which is 
shown in the figure. 


1.1.5 Graph of Functions Defined Piece- Wise. 


When the function fis defined by two rules, we draw the graphs of two functions as 
explained in the following example: 





Example 6: —_ Find the domain and range of the function defined by: 
when 0< x< 1 
f(x) = 


Also draw its graph. 
x-l whenl<x<2 ‘faeti 


Solution: Here domain f =[0, 1}U(1, 2]=[0, 2]. This function is composed of the 
following two functions: 
(i) f(x) =x when 0S x<1 (ii) Gwice%, hee L557 
To find the table of values of x and y = f (x) in each case, 
we take suitable values to x in the domain f. Thus 
Table for y = f(x) =x 


) ea (0.5 10.8] 1 | 
‘L=f@) [0105 [08] 1 | 






Plotting the points (x, y)and 
joining them we get two straight — 
lines as shown in the figure. 
This is the graph of the given 
function. 


—DP we Wa oO OK 
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1.2 TYPES OF FUNCTIONS 


Some important types of functions are given below: 


1.2.1 Algebraic Functions 


Algebraic functions are those functions which are defined by algebraic 
expressions. We classify algebraic functions as follows: 


(i) Polynomial Function 
A function P of the form 


n—2 


P(x) =a,x" + OPT x +4, 9X" ~ + ....+,X° +a,xta, 


for all x where the coefficient a,,a,_,,4,.5,----.@),@,,@, are real numbers and the 
exponents are non-negative integers, is called a polynomial function. 
The domain and range of P(x) are, in general, subsets of real numbers. 


If a, #0, then P(x) is called a polynomial function of degree n and a, is the 
leading coefficient of P(x). i 


For example, P(x) =2x* —3x°+2x-1 
is a polynomial function of degree 4 with leading coefficient 2. 


(ii) Linear Function ! 
If the degree of a polynomial function is 1, then it is called a linear function. 
A linear function is of the form: f(x) = ax+b,(a #0), a, b real numbers. 
For example f(x)=3x+4 or y=3x+4 is a linear function. Its domain and 
range are the set of real numbers. | 
(iii) Identity Function 
For any set X, a function J]: X — X of the form /(x)=x V xe X, is called 
an identity function. Its domain and range is the set X itself. In particular, if X =R, 
then /(x) =x, for all xe R, is the identity function. 
(iv) Constant Function 
Let X and Y be sets of real numbers. A function C : X + Y defined by 
C(x)=a V xe X, ae Y and fixed, is called a constant function. 


For example, C:R > R defined by C(x)=2 WV xe Ris aconstant function. 
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(v) Rational Function 





A function R(x) of the form i , Where both P(x) and Q(x)are 
x 


polynomial functions and Q (x) #0, is called a rational function. 


The domain of a rational function R(x) is the set of all real numbers x for which 


Ox) £0: 


1.2.2 Trigonometric Functions 

We denote and define trigonometric functions as follows: 
(i) y= sin x,Domain = R, Range -1<y <1. 
(ii) y= cosx,Domain = R, Range —1<y <1 


(iii) y= tanx,Domain = {x:xe R and x #(2n+1)-. n aninteger},Range=R 


(iv) y= cotx,Domain = {x:xe R and x #nz, n aninteger}, Range= R 


(v) y= secx,Domain = {x:xe Rand x #CQn+)—. n aninteger}, 
2 
Range= y2l,y<—-1 


(vi) y = esc x, Domain, = {x: xe R and x #nz, n aninteger}, Range= y >1, y <—1 


1.2.3 Inverse Trigonometric Functions 


We denote and define inverse trigonometric functions as follows: 
ae | 1 1 
(1) y = sin x<x=siny, where Tie ie eae ay 
(ii) y= cos'x<x=cosy, where 0< y<z,-1<x<1 


aud ¥ 4 4 
(iii) y = tan'x<@x=tany, where "eG awh a 


1.2.4 Exponential Function 

A function, in which the variable appears as exponent (power), is called an 
exponential function. The functions, y=e",y=e*,y=2* =e*”? etc are 
exponential functions of x. 


1.2.5 Logarithmic Function 


If x=a’,then y=log, x, where a>0, a¥l 


is called Logarithmic Function of x. 
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(i) If a=10, then we have log,) x (written as lg x) which is known as the 
common logarithm of x. 


(ii) If a=e, then we have log, x (written as /n x) which is known as the natural 
logarithm of x. 


1.2.6 Hyperbolic Functions 


(i) sinh x= s(e ~e*) is called hyperbolic sine function. Its domain and 
range are the set of all real numbers. 


(11) cosh x = se +e *)is called hyperbolic cosine function. Its domain is | 


the set of all real numbers and the range is the set of all numbers in the 
interval [1, + 0°). 
(iii) | The remaining four hyperbolic functions are defined in terms of the 


hyperbolic sine and the hyperbolic cosine function as follows: 


- 

















sinhx ee -—e~ I 2 
tanh eS ; sechx= = . = 
COSHX e* +é~ coshx e +e° 
coshx e+e 1 2 
cothx = = ——____ ; cschx = =— = 
SIN Xa ae sinhx e-—e 


The hyperbolic functions have same properties that resemble to those of 


trigonometric functions. 


1.2.7 Inverse Hyperbolic Functions 


The inverse hyperbolic functions are expressed in terms of natural logarithms 
and we shall study them in higher classes. 


In(x+~x? +1), forallx (iv) coth™ r= 5h( ="), 
i= 


Aye: 
In(x+~vx* -1), x21 (v) sech"'x=In peo 
, Xx Xx 


2 
ated |x| <1 (vi) coh eat 4 EE | ea 
x x 


(i) sinh" x 





x\<1 


Gi) cosh" x O<xsl 





= = 
(111) tanh x 7 +s E 
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1.2.8 Explicit Function - 


If y is easily expressed in terms of the independent variable x, then y is called 
an explicit function of x. For example | 


(i) y=x° ¥2x-1 (ii) y=~x-—1 are explicit functions of x. 
Symbolically it can be written as y = f(x). 
1.2.9 Implicit Function 


If x and y are so mixed up and y cannot be expressed in terms of the independent 
variable x, then y is called an implicit function of x. For example, 


Bes 
(i) x +xy+y* =2 (ii) Yet UF 4 Sate implicit functions of x 
and y. 

Symbolically it is written as f(x, y)=0. 
1.2.10 Parametric Functions 


| Sometimes, a curve is described by expressing both x and y as function of a 
third variable “f’ or “@” which is called a parameter. The equations of the type 
x = f(t) and y= g(t) are called the parametric equations of the curve . 


The functions of the form: 
. x = at’ ., X=acost 3 X=acos@ ; x=asec@ 
(1) year, (ii) y=asint (ut) y=bsin@ (tv). y =atan@ 


| are called parametric functions. Here the variable t or @ is called parameter. 
1.2.11 Even Function 


A function fis said to be an even if f(—x) = f(x), for every number x in the 
domain of f. 7 | | 


Forexample: f(x) =x? and f(x) = cos x are even functions of x. Here © 
f(x) = (-x)’ = x* = f(x) and f(-x) =cos(-x) = cos x = f (x) 
1.2.12 Odd Function 


A function fis said to be an odd if f(—x) =— f (x), for every number x in the 
domain of f- For example, f(x) =x° and f(x) = sinx are odd functions of x. Here 


f(-x) =(-x)° =x° =- f(x) and f(—x) = sin(—x) =-—sinx =-f (x) 
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Note : In both the cases, for each x in the domain of f—x must also be in the domain of f. 


Example 1: Show that the parametric equations x=acost and y=asint 


represent the equation of the circle x7 + y* =a’ 


Solution: The parametric equations are 
x =a cost (i) 
y=asint - (11) 


We eliminate the parameter “?”’ from equations (1) and (ii). 
By squaring we get, x’ =a’.cos’ t 
y’=a’ sin’ t 
By adding we get, x +y°= a? Casta a eid 
=q’ oat t+sin’t) 
x+y’ =a’ , which is equation of the circle. 


Example 2: Prove the identities 





(i) cosh* x—sinh* x=1 (ii) cosh’ x+ sinh’ x = cosh2x 
Solution: We know that sinhx = ee (1) 
and coshx= eae (2) 
Squaring (1) and (2) we have 
2x 25. 2x -2x 
sinh* x= : “ and cosh? x= fists te 
2x —2x 2x —2x - 
| +2 +e* -2 
Now (i) cosh? x— sinh’ x= SU BO) Eat Se 
) 4 4 
_e*+e™ +2—e" —e* +2 a 
* 4 4 


cosh? x — sinh? x=1 

e* +e 42 . e* +e 2 
4 4 

e* 467 424.0% 46% 2 

a cee 


and (ii) ~cosh? x+ sinh’ x= 
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Pere are te ge ere? 
4 2 
cosh? x+ sinh* x = cosh2x 


Example 3: Determine whether the following functions are even or odd: 





(c) f(x)=sinx+cosx 


(ay ofits = 27 Soy ay Gy = a 
x +1 
Solution: 
(a) f (—x) 2 3x)": O@ay T= ax — 2 TS 


Thus f(x) =3x* —2x? +7 is even. 


Gy yep -{ = Jer 


(—x)*41 x? +1 











Thus = f(y = > is odd 


(Cc) f (—x) = sin(—x) + cos(—x) =—sinx+cosx#+f (x) 


Thus f(x)=sinx+cosx is neither even nor odd. 


EXERCISE 1.1 


1. Given that : (a) f(x)=x? =x (bo) f(x) =v x44 
Find(i) f(-2) (ii) f(@) (iii) f(x-l) Gv) f(x? +4) 

2. Find ie and simplify where, 

(1) f (x) =6x-9 (iii) =f (x)= sinx 

(iv) f(x)=x°+2x?-1 (vy) f(x) =cosx 


te Express the following: 
(a) The perimeter P of square as a function of its area A. 
(b) The area A of a circle as a function of its circumference C. 
(c) The volume V of a cube as a function of the area A of its base. 


4. Find the domain and the range of the function g defined below, 
and sketch of graph of g: 


(1) g(x) =2x-5 (i) g(x) = Vx? -4 
(iii) = g(x) =Vx+1 (iv) g(x) =|x-3 
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6x+7 , x<-2 ' 7-1 , 1 
(v) c= |t b eens wi) gO=ar ts - 
2 9 
- —3x+2 a oo 
(Vity eG) = SE EE te ay (uiiidalicn (x werchenace cess 
+1 x-4 
Ds Given f(x) =x° -—ax? +bx+1 


If f(2)=-3 and f(—1) =0. Find the values of a and b. 
6. A stone falls from a height of 60m on the ground, the height / after x second 
is approximately given by h(x) = 40—10x? 


(i) W hat is the height of the stone when: 
(a)x=1 sec? (b) x =1.5 sec? (c) x=1.7 sec? 
(i1) When does the stone strike the ground? 
7 Show that the parametric equations: 
(i) x=at* , y=2at represent the equation of parabola y* = 4ax 
} 2 2 
(11) x =acos@, y=bsin@ represent the equation of ellipse ss a =] 
2 2 

dae: sae 


(iii) x=asec ,y=btan@ represent the equation of hyperbola meer 
| a 


8. Prove the identities: 








(i) sin h2x =2 sinhx coshx (11) sec h*x =1-tanh? x 
(iii) csc h’x=coth’x-1 | , 
9. Determine whether the given function fis even or odd. 
(i) f(x=x°+x (ii) f(x) = (x +2)? 
(iii) f(x) = xvx? +5 (iv) f(x)= = , x#-1 
2 P ae 
(v) f(x)=x> +6 (vi) f@)=—— 
x~ +1 
13 COMPOSITION OF FUNCTIONS AND INVERSE OF 
A FUNCTION 


Let f be a function from set X to set Y and g be a function from set Y to set Z. The 
composition of f and g is a function, denoted by gof , from X to Z and is defined by 


(gof (x) = (f(x) =8f(x) . forall xe X 
1.3.1 Composition of Functions 


Explanation 
Consider two real valued functions f and g defined by 


f@j=2x+3 cand g(x)= x? 





Remember That: 





Briefly we write 
gof as gf. 





Ee lel 





_ The arrow diagram of two 
consecutive mappings, f followed by g, 
denoted by gf is shown in the figure. 


Thus a single composite function 
gf (x)is equivalent to two successive 


functions f followed by g. 





Example 1: Let the real valued functions fand g be defined by 
f(x) =2x+1 and g(x)= x” = 


Obtain the expressions for (i) fg(x) (i) gf(x) (iii) f * (x) (iv) g (x) 
Solution: 


(i) fg(x) = f(g(x)) = f(x’ -1) = 2° -1) +1 = 2x*-1 
(ii) ef(x) = g(f(d)) = g(2x4+1) = (2x41)? -1 = 4x7 +4x 
(iii) f* (x) = f(f()) = f2xtl) = 202x4+1 +1 
(iv) g’ (x) = (g(gx) = g(x’ -D) = G11 = ¥° = 2x" 
We observe from (i) and (ii) that f2(x) # ef (x) 


4x+3 


It is important to note that, in general, gf (x) # fge(x), because gf (x) means that 
fis applied first then followed by g, whereas fg(x) means that g is applied first 


then followed by f. 
We usually write ff as f* and fff as f° andsoon. - 





1.3.2 Inverse of a Function 
Let f be a one-one function from X onto Y. The inverse function of f, denoted 


by f ', isa function from Y onto X and is defined by: 
x= f.'(y), V yeY if and onlyif y= f(x), VxeX. 
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[llustration by arrow diagram 


The inverse function reverses the 
correspondence of the original function, so 
that 


f'(y)=x , when f(x) =y 
and f(x)=y , when f(y) =x Range f 


. -| 
We can find the composition of the Domain f 


functions fand f~ as follows: 
(fF Hay=as Cais Fo Oy =s 
and (fof \(y) = f(F70) = F(X) = y 


We note that fof and fof” are identity mappings on the domain and range of 





fand f~ respectively. 
1.3.3 Algebraic Method to Find the Inverse Function 


The inverse function can be found by using the algebraic method as explained in 
the following example: 


Example 2: Let f :R—R be the function defined by 










f(x) =2x+1. Find f(x) Remember that: 
The change of name of 
variable in the definition of 
function does not change 
that -function where the 


domain and range coincide. 


Solution: We find the inverse of f as follows: - 
Write f(x) =2x+l=y 


So that y is the image of x under f. 
Now solve this equation for x as follows; 


y=2x+1 

= 2x ays 
ee ke 

2 


fo=so-d) lea=rol 
To find f~'(x), replace y by x. | 


f= >e-D 
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Verification: 


(F719) as [5e-0)- 5-0/4 a 


_ and f(F) =f Ox+1)=—Ox41-I =x 


Example 3: Without finding the inverse, state the domain and range of f~', where 
f(x) =24+Vx-1 
Solution: We see that fis not defined when x < 1. 
Domain f = (1, + 0) 

As x varies over the interval [1,+ co), the value of vx—1 varies over the interval 
(0, + oo), So the value of f(x) =2+ Vx—1 varies over the interval (2-4. co ), 

Therefore range f = [2,+0c) 

By definition of inverse function f~', we have 

domain f~' = range f =[2,+ 0) 
and = range f _' = domain f =|I,+ ~) 


EXERCISE 1.2 


1. The real valued functions f and g are defined below. Find 
(a) fog (x) (b)  gof(x) (c) faf(x) (d) gog(x) 
(i) f(x)=2x4+1 ; pe jo 2 lai x#1 
x-1] : 
(ii) f(xy=vVxel1 ; g(x) = + 5x40 
x 
iii) f()= ne 41 p(x) = (x? +1) 
(iv) f(x) =3x* —2x?; g(x) = 1840 


Zz; For the real valued function, f defined below, find 
(a) f(x) (b) f-\(-1) and verify f(f"(x) = f'(f(o) =x 
(i) f(x)=-2x+8 (ii) f(x) =3x°47 


b 


(iii) — f(x)=(-x+9)3 | (iv) f= x>1 
. be 
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3. Without finding the inverse, state the domain and range of f~ 
(1) f(x) =vx4+2 (iii) fey ph scam . ETS 
x+3 
(ii) fay==—,, x#4 (iv) f()=G@—-5)" , x25 
1.4 LIMIT OF A FUNCTION AND THEOREMS ON 
LIMITS 


The concept of limit of a function is the basis on which the structure of calculus 
rests. Before the definition of the limit of a function, it is essential to have a clear 
understanding of the meaning of the following phrases: 


1.4.1 Meaning of the Phrase ‘x approaches zero” 
Suppose a variable x assumes in succession a series of values as 
i-th 445-4 ’ bor b 3 | 


Pong og i 


*9 see 


—, ses 1 SS See ee 

2°4°8 16 283 53F 2" 2" 

We notice that x is becoming smaller and smaller as n increases and can be made as 
small as we please by taking n sufficiently large. This unending decrease of x 1s 
symbolically written as x — 0 and is read as “x approaches zero” or “x tends to zero”. 








Note: The symbol x — 0 is quite different from x = 0 
(i) | x—0O means that.x is very close to zero but not actually zero. 


(ii) 


x = 0 means that x is actually zero. 





1.4.2 Meaning of the Phrase “x approaches infinity” 
Suppose a variable x assumes in succession a series of values as 
1, 10, 100, 1000, 10000,... ie., 1,10,10°,10°,....,10",... 
It is clear that x is becoming larger and larger as n increases and can be made as 
large as we please tal taking n sufficiently eae This unending increase of x is 


symbolically written as “x —> co” and is read as “x approaches infinity” or “x tends to be 
infinity”. 


1.4.3 Meaning of the Phrase “‘x approaches a” 


Symbolically it is written as “x — a” which means that 2 x is sufficiently close 
to but different from the number a, from both the left and right sides of a i.e; x — a 
becomes smaller and smaller as we please but x-a #0. 


ae 
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1.4.4 Concept of Limit of a Function 
(i) By finding the area of circumscribing regular polygon 


Consider a circle of unit radius which circumscribes a square (4-sided regular 
polygon) as shown in figure (1). 


The side of square is V2 and its area is 2 square unit. It is clear that the area 
of inscribed 4-sided polygon is less than the area of the circum-circle. 


WES 
ans 


(Fig.l) 4-Sided Polygon (Fig.2) 8-Sided Polygon 





(Fig.3) 1 16- Sided Polygon 





Bisecting the arcs between the vertices of the square, we get a inscribed 


8-sided polygon as shown in figure 2. Its area is dd Square units which is closer to 
the area of circum-circle. A further similar bisection of the arcs gives an inscribed 


16-sided polygon as shown in figure (3) with area 3.061 square units which is more 
closer to the area of circum-circle. 


It follows that as ‘n’, the number of sides of inscribed polygon increases, 
the area of polygon 1 ~ and becoming nearer to 3.142 which is the area of circle 
of unit radius i.e., zr? = m(1)* =x ~ 3.142. 


We express this situation by stating that the limiting value of the area of the 
inscribed polygon is the area of the circle as n approaches infinity. i.e., 
Area of inscribed polygon — Area of circle 
as Nn —> oo 
Thus area of circle of unit radius = z = 3.142 (approx.) 
(ii) Numerical Approach 
Consider the function f(x) = x° 
The domain of f{x) is the set of all real numbers. 


Let us find the limit of f(x) = x° as x approaches 2. 
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The table of values of f(x) for different values of x as x approaches 2 from 


left and right is as follows: 








Z from age of 2 


The table shows that, as x gets closer and closer to 2 (sufficiently close to 2), 


from left of 2 






from both sides , f(x) gets closer and closer to 8. 


We say that 8 is the limit of f(x) when x approaches 2 and is written as: 


f0) 38 as.x2+_or.. Him) =8 


x2 


1.4.5 Limit of a Function 


Let a function f (x) be defined in an open interval near the number 
(need not at a). If, as x approaches “a” from both left and right side of “a”, f(x) 
approaches a specific number “L” then “L”, is called the limit of f(x) as 


“a 99 


x approaches a. 


Symbolically it is written as:. 
Lim f(x)=L _ readas “limit of f(x), as x 3 a, is L”. 

It is neither desirable nor practicable to find the limit of a function by 
numerical approach. We must be able to evaluate a limit in some mechanical way. 
The theorems on limits will serve this purpose. Their proofs will be discussed in 
higher classes. | 
1.4.6 Theorems on Limits of Functions 

Let f and g be two functions, for which Lim f@=L and Lim g(x) =M , then 


Theorem 1: The limit of the sum of two functions is equal to the sum of their | 
limits. 


Lim [ f(x) + g(x)]=Lim f(x) + Lim g(x) =L+M 


oo 


For example, eri +5) =Limx+ Lim5 =1+5=6. 


x1 x- 1 
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Theorem 2: The limit of the difference of two functions is equal to the difference of 
their limits. 


Lim| f (x) — g(x)]= Lim T@-> Lim g(x) =L-M 

For example, Lim(x —5)= Lim x- Lim 9 =3+5 3-2 
Theorem 3: If k is any real number, then 

Limlkf (x)| =k Lim f(x) = kL 

For example, Lim(3x) = eile =3(2)=6 


Theorem 4: The limit of the product of the functions is equal to the product of their 
limits. 


Lim (f(x)g(a)|=[Lim f(x)][Lim g()] = 


For example: Lim (2x)(x+4) = Lim (2x) Lim (x+ ») =(2%9) =10 
x) x] x] 


Theorem 5: The limit of the quotient of the functions is equal to the quotient of their 
limits provided the limit of the denominator is non-zero. 
Lim f (x) 
Lim LOD} — uctees g(x) #0,M #0 
FP ay etay Lim g(x) M 





For example: Lim 
x—>2 


(3x4) LimGx+4) 644 _10- 
x+3 Lim(x + 3) Oe ae 


Theorem 6: Limitof [ f(x)]’, where 7 is an integer 
Lim| f (x)]"=(Lim f(x)" = 1" 
For example: ‘Lim (2x-3)" = (Lim(2x = 3))’ As 


We conclude xe" the theorems on limits that limits are évaliivted by merely 
substituting the number that x approaches into the function. 


Examplel: If P(x)=a,x"+a,_,x"'+....+a,x+a, is a polynomial function of 


degree n, then show that Lim P(x) = P(c) 
Solution: Using the theorems on limits, we have 


Lim P(x) = Lim (a, x" +a, x" +... ta,x+dq) 
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=O Limx’ +@., 14 8 tact ay Lax +Limap 
fae FO SFL Bn tb te 4 
A n—| ? 
= 4-0 $M Fi SECC a 


f Lim Plxy=Ptc) 
15 LIMITS OF IMPORTANT F UNCTIONS 


If, by substituting the number that x approaches into the function, we get 5 } 


then we evaluate the limit as follows: 


| We simplify the given function by using algebraic technique of making 
factors if possible and cancel the common factors. The method is explained in the 
following important limits. | 


n n 


© Xx rit a ee . e @ 
1.5.1 Lim ———=na"", where x is an integer and a > 0 
x—-a D4 ane a 
Case 1: Suppose n is a positive integer. 


By substituting x = a, we get ee form. So we make factors as follows: 


x"—n"= (x—a)(x" | +ax"* +a°x"? +....4a"") 


bly ae Ka Lin (x—a)(x"™ de tax" +4. we. pat) 
x >a x-@Q xa x-—a 
= Lim tt tax” 00° +504 a”) (polynomial function) 
=a" +aa"* +a? a"? +... t$a™ 
= gt eg tas te ie ta™ (n terms) 
= na". 7 


Case II: Suppose n is a negative integer (say n=-—m), where m is a positive 
integer. | 


n n —m —m 

Ke ae Bee 

Now ——— = ————_ 
x-a.- x-a 
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n n m m 
_ x -a —]| x -a 

>. Lin = Lim eater 
xa x¥—@q xa x a™ Xx-@ 





= -—MNa * (n 7 —m) 
ni nh 
x" =a te 
.. Lim = nq” 
x-a x-@Q 


1.5.2 Lim Vxt+a-Va _ 


1 
x0 + 2 Ja 
By substituting x =0, we have iF Jem so rationalizing the numerator. 


Ln aa Pa eel 





x0 x0 x Jx+a +a 
tp pe Sine a x+a-—a 
x0 aii xG/x+a +a) 
= Lim ———— 
a0 sree xG/x+a +a) 
= Lim ———=} 


Ee Rl cS vxta+Ja 


] l 
Ja+sla: - Oda 


Example 1: Evaluate 





x? 
—| Re 
(i) Lim = (ii) hae Bink 
x1 x* poe x3 





x? 
; —1 0 
Solution: (i) Lim ae eS form (By making factors) 
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: 4 
x l _pinj & 1)\(x+]) = fin 2! git 





Lim 5 = ee? 
xo-1 x -—-x xl x(x-1) x >1 Xx 1 

(il) Lim ——————= 2 form (By making factors of x — 3) 
x3 - re y . 


| te emeaen 
 ggl3 Vx 3 haze Fe Ja 


= Lim (fx + V3) 


= (343 
x 992 
1.5.3 Limit at Infinity 


We have studied the limits of the functions f(x), f(x)g(x) and i . ; 
g(x 





when x > c (a number). 


Let us see what happens to the limit of the function f(x) if c is +ee oOr—oce 
(limits at infinity) i.e., when x > +o and x 4-o9, 
(a) Limit as x — +00 


Let FC) = whe (x #0). 
x 


This function has the property that the value of f(x) can be made as close as 
as we please to zero when the number x is sufficiently large. We express this 
wh SE 
phenomenon by writing Lim —=0 
I-00 X 
(b) Limit as x ~-—c0. This type of limits are handled in the same way as limits as 
X — +00, 
1.€:, Lim Z = (0, where x #0 
X—-O 
The following theorem is useful for evaluating limit at infinity. 
Theorem: Let p be a positive rational number. If x” is defined, then 


a a 
Le —=0 and Lim — =0,where a is any real number. 
x—>+0 x->- 0 xP 
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6 s —5 
For example, Lim i = 3, | Lim a = Lim —jy is =) 
ote x—-—co . x Be a 
And Lim —= a gis - =aut} 


x +09 zr x9+00 
1.5.4 Method for SE a: Limits at Infinity 
In this case we first divide each term of both the numerator and the denominator by 


the highest power of x that appears in the denominator and then use the above 
theorem. | | 
| tae 
Example 2: Evaluate Lim acct 3 i 
rote 3x9 410x7 +50 


Solution: Dividing up and down by x, we get 
| See = Tile oe $e 10/2441 x" coo—0+0 
Lim Rae pee eee ae eee 
xt 3x? +10x° +50 ete —34+10/x+50/x —3+0+0 
4x* —5x° 


Example 3: Evaluate Lim —_————— 
x= 3x° +2x° +1 


Solution: Since x <0, so dividing up and down by (—x)” = —x°, we get 
ax*=S5¥° 0 hee 51x? 0+0 
Lit —— = Leer SS ee 
re 3x5 42x? 410 >” —3-2/3°-1/x° md ae 
Example 4: Evaluate . 
Gini achinceeaeee. LE PO ec 


Solution: | (i) Here Vx? =z =-—x asx<0. 


.. Dividing up and down by —x, we get 





Lim 2—3x ig Pe SLs ES OS 
we Beaxt "3/844 Ora 2 
(11) Here Vx? =|x) =x as x > Q. 
.. Dividing up and down by x, we get 

2—3x- . “hx—3 9-3: -3 





Lim ——- = _ Lim ————_—— _ = =— = 


ror 13 ay? X—>+eo V3/x27 44 v 0+4 Z 
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x—- +00 n 


; 1 a 
1.5.5 Lim 1 + | =e. 
By the Binomial theorem, we have 


ist} aten(2) Sg mr te | 5 
n n 2! n . 3! n 


es mS oe Ps we +... 
2! n 3! n n 


3 
—,... all tend to zero. 
n 


Lim (1+) = (fo het FS 
A Se a 


As approximate value of e is = 2.718281. 


.. Lim [1+ = 0. 


X—+e0 n 
Deduction Lim (1+ x)"=e 
| ce ie 
We know that Lim (1+—) =e (1) 
X—>oo n ' 


ae lies: 2's 
Put n=—, then ae (1) 


when x > 0, no 


n—oo 


As Lim (i 3 
ni 


1 
Lim (1l+x)* =e 





1.5.6 Lim “— : = log,a 
x30 x 
Put a* -l=y (i) 


then a* =1+ y 


So x=log,(1+ y) 


=1+1+0.5 + 0.166667 + 0.0416667 + ... 


= 2.718281... 
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From (i) when x 30, y > 0 











Lim © za = Tiare eT i 
x0 x y0 log , ¢| + y) y0 | slog, (1 ¢ y) 
= Lim Wek Sade = ey SS log a “ Lim(1+ yy =e = 
yoo log, (1+ y) log. e so 
’ fe +] 
Deduction Lim } log, e =1. 
Bb x 
*—] 
We know that tig ( } log. a (1) 
t= my 
Put a=ein (1), we have 
> 3 el 
Lim =log,e=1 
x0 b 9 


Important Results to Remember 


X— +00 x~—-—oo 


(i) Lim (e*) =, (ii) Lim (e*)= Lim 3 - eo. 
e 


X— too 


(111) Lim (= |= 0, where a is any real number. 
x 
Example 5: Express each limit in terms of the number ‘e’ 
2n l 
(a) Lim (1 4 4 {b) Lim (1+ 2h)? 
X—+00 n — 


Solution: 


(a) Observe the resemblance of the limit with Lim (i +— : = =e 
n 


x-—°0 


6 6 


143)" i) -[+5) 
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put m=n/3 


2n m 6 
*. [am f+) = Jn (3) | = ¢° when n —> 9, 
X— +00 n X—>+00 m 


m-— co 


} 
(b) Observe the resemblance of the limit with Lim (1+ x)" = 


1 bn 
. Lim (1+2h)" = Lin + 2h)" | (put m= 2h, when h > 0, m—> 0) 


2 
ts 
= Lim asm = ¢ 


1.5.7 The Sandwitch Theorem 
Let f, g and h be functions such that f(x) < g(x) < A(x) for all numbers x in 


some open interval containing “c”, except possibly at c itself. 


Be Lim f(x)=L and Lim h(x)=L,then Lim g(x)=L 


Many limit problems arise that cannot be directly evaluated by algebraic 
techniques. They require geometric arguments, We evaluate an important theorem. 


1.5.8 If 6 is Measured in Radian, then Lim me — | 


roof: To evaluate this limit, we apply a new technique. Take @ a positive acute 
central angle of a circle with radius r =1. As shown in the figure, OAB represents a 


sector of the circle. 


Given |OA| = |OB| =f (radii of unit circle) 


| IBC| 
In rt AOCB, sind = —-=|BC|_ (- |OB| =1) 
| OB 
|AD| 
@ =—— =|AD |OA|=1 
In rt AOAD , tan (0A | | ( | | ) 
In terms of @ ,the areas are expressed as: 
Produce OB to Dso that AD | OA. Draw BC L OA. 


Join AB. 
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| oo 1 
(i)  Areaof AOAB= 5 |04|Bc = 5 (sin 8) =~ sin 6 


1 1 | 
(1i) Area of sector OAB =r = ow? = Pa ‘ah I 5 
a 
and (iii) Areaof AOAD = 5 |04|aD| = 5 (Ian Q@)= a tan @ 


From the figure we see that 
Area of AOAB < Area of sector OAB < Area of AOAD 


er She ee 
z Noh 


As sin®@ is positive, so on division by — sin @, we get 








l< G < | 0<6<~ 
sin@ cos@ 2 
; sin®@ sin@ 
. Le, |> >cos@ or cos@ < =i | 








when 6-0, cos@—>51 





Since ~—— is sandwitched between 1 and a quantity approaching 1 itself. 





Note: The same result holds for —27/2<@ <0. 


Example 6: Evaluate: Lim — “se 


Solution: Observe the resemblance of the limit with Lim a = 1 
0 


So, by the sandwitch theorem, it must also approach 1. i.e., Lim wee | 
6-0 





Let x=70@ sothat @ = x/7 
when 86-0 , wehave x30 











sin Te . sinx 2) SHEX | 
0. ee ae oe, =? 
Example 7: Evaluate: Lim ane 
Satintion: |—~cos@ _1—cos@ 3 1+cos@ 
@ Q 1+cos6 


Re te cos’ 6 sin” 6 | sin@ l 
= i eee ee anes 
A(1+cos@) @(1+cos 6) 0 1+ cos @ 
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Se nC 


Lim [=core = Lim sin @ Lim 8 Lim | 





60 00 630 «66 6>0 |1+cos @ 


= (0) 4) 


= 0 


EXERCISE 1.3 


1. Evaluate each limit by using theorems of limits: 




















(x) Lim 


x0 B 


SEC X — COSX 





Lim —————— (xii) 
6-0 1—cosg@ 


4. Express each limit in terms of e: 


1 2n 
(i) Lim [1 + = 
n—+00 n 


| 1)? s 
Lim [1 + (ili) 
werd WS n 





(i) Lim (2x+4) (ii) Lim (3x? —2x+4) (iii) Lim Vx7+x44 
3 
(iv) Lim xvx?-4  (v) Lim (Vx? +1—-Vx74+5) (i) Lim = 
x~ x— x—- x-— 
2. Evaluate each limit by using algebraic techniques. 
3 ie 3 ig Bid 
Gye Fala Gay’ pap | Et | abi rita, 
x>-1 y+] x0 rode x—>2 x? +x-—6 
s 9.2 ry 3 2 Mee 
Gy Vg Re et OREM gy Gy | BE ailioacn ay Gan $xio =e as 
xl x —x eae x? al x4 x? ha” 
$i = ae Vxth . “—@" 
(vii) Lim vx-v2 (vill) aM cd —- (ix) PEE aie Me 
x2 x- 2 Fy x aw q” 
3 Evaluate the following limits: 
. ; . 0 
"fim LA (Gi) Lim = (iy AL gate SEE 
ae ae x30 x 60 sin®@ 
(iv) Lim 22+ (Vv) Lim — (vi) Lim 
6>x T—x x30 sinbx x0 fanx 
i 1 | __ sin’ @ 
(vii) Lim bese (viii) Lim: soe (ix) Lim = 
x0 x? x0 Sin x 6-0 6 
1—cos p@ tan @ — sin®@ 


Lim os 
4-0 sin’ @ 
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c | 4) hfe = 
(iv) Lim (1 a (v) Lim (1 es (vi) Lim (1+3x) 
n—-+eo 3n n—+co n n-0 
-L ti a x 
(vii) Lim (1+2x7)* (viii) Lim (1—2h)*" (ix) Lim | 
*30 , h-0 x—eo | |] a 
I/x I/x 
. i eran ’ Li ef. yl 
(<)> ae ore 220 64D Ee Wey x >0 


1.6 CONTINUOUS AND DISCONTINUOUS FUNCTIONS 


1.6.1 One-Sided Limits 


In defining Lim f(x), we restricted x to an open interval containing Cc i.e., we 


studied the behavior of fon both sides of c. However, in some cases it is necessary to 
investigate one-sided limits i.e., the left hand limit and the right hand limit. 


(i) The Left Hand Limit 
Lim f(x) = Lis read as the limit of f(x) is equal to L as x approaches c from 


the left i.e., for all x sufficiently close to c, but less than c, the value of f(x) can be 
made as close as we please to L. 


(ii) The Right Hand Limit | 
Lim f(x) = M is read as the limit of f(x) is equal to M as x approaches c 


from the right i.e., for all x sufficiently close to c, but greater than c, the value of 
f(x) can be made as close as we please to M. 







Note: The rules for calculating the left-hand and the right-hand limits are the same 
as we studied to calculate limits in the preceding section. 





1.6.2 Criterion for Existence of Limit of a Function 


a4 . -- Lim Li 
Lim f(x)=L_ if and only if Pentin f(x) = re ae FID=L. 


Example 1: Determine whether Lim f(x) and Lim f(x) exist, when 
> x34 


e+) <r <9 
F(x)=47-x if 2<x<4 
Oe Ay SG 
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Solution: 
(i) Lim I(x) = Lim (2x+1)=4+1=5 (ii) Lim f(x)= Lim (7—x)=7-4=3 
x27 x— x47 x= 


Lim f(x) =Lim (FaxX)= 7-229 Lim f(x)= Lim (x) =4 
x—2* x x47 x—> 
Since Lim f(x) = Lim F(x) =5 Since Lim f(x) # Lim f(x) 
x27 x—32* x94" x—4* 
= Lim f (x) exists and is equal to 5. Therefore Lim f (x) does not exist. 


We have seen that sometimes Lim f(x) = f(c) and sometimes it does not and 
X=I9G 
also sometimes f(c)is not even defined whereas Lim f(x) exists. 


1.6.3 Continuity of a Function at a Number 
(a) Continuous Function 
A function f is said to be continuous at a number “c” if and only if the 
following three conditions are satisfied: 
(i)  f(c)isdefined. (ii) Lim f(x) exists. (ili) Lim F{xj)=F(c) 
(b) Discontinuous Function 
If one or more of these three conditions fail to hold at “c’, then the function f 


is said to be discontinuous at “c’”’. 


2 
—] 
Example 2: Consider the function f(x) = = 
* 4 — 





Solution: Here f(1) is not defined 
=> f(x) is discontinuous at 1. 


2, 
ysis | 
Further Lim f(x)=Lim as = Lim (x+1)=2 (finite) 
x= x= —_ X—-> 





Therefore f(x) is continuous at any other number x #1 


Example 3: For f(x) = 3x* —5x+4, discuss continuity of fat x = | 
Solution: Lim f (x) = Lim (3x7 —5x+4) =3-5+4=2.. 
and f(1) =3-5+4=2 
=> Lim f(x)=f@) eS 


f (x) is continuous at x =1 
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Example 4: Discuss the continuity of the function f(x)and g(x) at x=3. 


L-9 KES ie 
(a) f(x)=4 ~-3 (b) - g(x) xe. 
6. Waxed x3 
Solution: (a) Given f(3)=6 
*, the function fis defined at x =3. 








. yh 
Now Lim f(x)=Lim— 
x33 x73 xX— 
sa, (x+3)(x-3) 
x33 ao 


= Lim (x+3)=6 
As Lim Fixn=6 =F) 
“. f(x) is continuous at x =3 
2 


x" - x 
1 Re oe ee 





(b)  .g@)= 


A ia 


As g(x) is not defined at x =3 


= g(x) is discontinuous at x =3 


(see figure (11)) 


It is noted that there is a break in the 


>. 
1 
i 
) 
i 
) 
) 
I 
I 
I 
I 

A 
I 

3 


graph at x =3 





Fig (i) 
Example 5: Discuss continuity of f at 3, when 


x-l1 , ifx<3 
joe! 


2X41 5 SSX 
Solution: A sketch of the graph of fis 
shown in the figure (iti). 


We see that there is a break in the graph at the point when x =3. 





3. 


Unit 1: Functions and Limits 





Now f(3)=2(3)+1=7 

Condition (i) is satisfied. 

Lin Toy Da eases 
Lim Tix Lim (2x+1)=64+1=7 
Lin’ fs)# Lim £3) 


1.€., condition (11) is not satisfied 


s Lim f (x) does not exist 


Hence f(x) is not continuous at x = 3 Fig (111) 





EXERCISE 1.4 


Determine the left hand limit and the right hand limit and then, find limit of the 
following functions atx > c: 





c=-3 


me 
(i) f(x) = 2x7 +x-5,-€=P Ci) fx=* 


—s 


(iii) f(x)=|x-5], c=5 


Discuss the continuity of f(x) at x=c: 


2x+5 if x<2 


@) fO=\ae a Peds a" 


3x-lif x<1 
GDif(Ha- vayoiieekg c= 1 
2x! ifs xd 


3x if x<—2 


If f(x)=te" -1 vif -2<%4<2 


3 |: 0 


Discuss continuity at x=2 and x=-2. 
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x+2, xs-l 
c+2 , x>-=1) 


4,°' Tf fo=| 


find “c”’ so that Lim f (x) exists. 
Ka 


5. Find the values m and n, so that given function fis continuous at x = 3. 


mk. Wox<3 


: rs 2 a cd i) f(~)= mx if x<3 
(i) f(x)= n us (i) f(x)= Gy > 3 
—2x+9 if x>3 
V2x+5—-—Vx+7 D 
6 if f= eo ee 
k ~2= 2 


Find value of k so that fis continuous at x = 2. 


1.7 Graphs 


We now learn the method to draw the graphs of the Explicit Functions like 
y= f(x), where f(x) =a’, ©@, log, x, and log, x. 


1.7.1 Graph of the Exponential Function f(x) =a* 


Let us draw the graph of y=2*, here a=2. 


We prepare the following table for different values of x and f(x) near the origin: 
ee See | 
vasa | onas [ores[eas fas [x [aa] «| 6 


Plotting the points (x, y) and joining them with smooth curve as shown in the 
figure, we get the graph of y =2*. A 














From the graph of 2°, the characteristics of |_| | | J 


the graph of y = a* are observed as follows: ya of 
? =f(x)=2 


+——-}-- +—— 


If a>1,(i) a” is always +ve for all real values of x. pa Tak 


) ; 


| 
| | / ; 
is RE Re Oe. a 
i i 
| i 
' 





(i1) a* increases as x increases. 


(iii) a*= 1 whenx=0 





(iv) a* —>Oas x 4-00 
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72 Graph of the Exponential Function f(x) =e* 





As the approximate value of ‘e’ is 2.718 |» Graph of 
y=f(o=e 





The graph of e* has the same characteristics and 
properties as that of a* when a > | (discussed above). 


We prepare the table of some values of x and | 
f (x) near the origin as follows: | = ar es a I 





Plotting the points (x, y) and joining them with smooth curve as shown, 


we get the graph of y=e’. 

1.7.3 Graph of Common Logarithmic Function f(x) = /g x. 
If x=10’, then y=/¢x " 
Now for all real values of y,10° >O=>x>0 
This means /g x exists only when x > 0 


=> Domain of the /gx is +ve real numbers. 


Note: /g x is undefined at x = 0 





‘Scum idee: nt aad ea Graph of _ | 
| —}=3f-4+—4 + = @)F ee +. 
! : : | | 


| 

eo Ja wz aot . ot 

[Noe iriure] PS 
eS eS 


For graph of f (x) = /g x, we find the values of le x from the common logarithmic 


table for various values of x > 0 
Table of some of the corresponding values of x and f(x) is as under: 


Poe foals Ta Pa [6 Ts To [oem 
ye7eo=ex | >—=[-1 | 0 [oxo] ooo] om [oso | 1 [em 


Plotting the points (x, y) and joining them with a smooth curve we get the graph as 
shown in the figure. 









1.7.4 Graphs of Natural Logarithmic Function f(x) =inx: 


The graph of f(x)=/nx_ has similar 
properties as that of the graph of f(x) =/g x. 


PS: bey 
at a Ve) 
hie hae 


By using the table of natural logarithm for 
various values of x, we can get the graph of 
y = /n x as shown in the figure. 





1.7.5 Graphs of Implicit Functions: 
(a) Graph of the circle of the form x*+ y’=a’ 
Example 1: Graph the circle x’ + y* =4 (1) 
Solution: The graph of the equation x’ + y* =4 is a circle of radius 2, centered 


at the origin and hence there are vertical lines that cut the graph more than once. This 
can also been seen algebraically by solving (1) for y in terms of x. 


eeu 
The equation does not define y as a function of x. 
For example, if x = 1, then y = +,/3. 
Hence, (1, V3 ) and fs ) are two points on the circle and vertical line passes 
through these two points. 
We can regard the circle as the union of two semi-circles. 
y= V4—x? and y= —i4—x7 


Each of which defines y as a function of x. 


es : ly 
1,-V3) a 


Graph of x*+ y?=4 


Graph of y = V4 —x? Graph of y = — V4 - x? 
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We observe that if we replace (x, y) in turn by (—x, y), (x,y) and (—x,—y), 
there is no change in the given equation. Hence, the graph is symmetric with respect 
to the y-axis, x-axis and the origin. 


x=0 implies y?>=4 => y= #2 
x=1 implies y* =3 => y=+,3 


x=2 implies y?=0 > y=0 


By assigning values of x, we find the values of y. So we prepare a table for some 
values of x and y satisfying equation (1). 





Plotting the points (x, y)and connecting them with a smooth curve as shown in the 
figure, we get the graph of a circle. | 


2 2 


(b) The graph of ellipse of the form a +2—=3 


b? 
x? oy’? 
Example 2: Graph er We he i.e., 9x7 +4y? =36 


Solution: We observe that if we replace (x, y) in turn § 
by (—x, y), (x,-y) and (—x,-—y), there is no change in 
the given equation. Hence, the graph is symmetric 
with respect to the y-axis, x-axis and the origin. 


y=0 implies x7=4 => x=+2 





x=0 implies y>=9 => y=+3 


Therefore, x-intercepts are 2 and —2 and y-intercepts are 3 and —3. 
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By assigning values of x, we find the values of y. So,we prepare a table for some 


values of x and y satisfying equation (1). 





Plotting the points (x, y), connecting these points with a smooth curve as shown in 


the figure, we get the graph of an ellipse. 


1.7.6 Graph of Parametric Equations 
(a) Graph the curve that has the parametric equations 
Example 3: Graph x=t? , ¥ot joe2e fS2 == 43) 


Solution: For the choice of ft in [—2, 2], we 
prepare a table for some values of x and y satisfying 


the given equation. 


Graph of x=??, y=t 





We plot the points (x, y), connecting these points with a smooth curve shown 
in figure, we obtain the graph of a parabola with equation y* =x. 
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1.7.7 Graphs of Discontinuous Functions 


x when0 <x < 1 
x-1 whenl <x<2 


Example 4: Graph the function defined by y = 


Solution: The domain of the function is 0< x <2 
For 0 < x <1, the graph of the function is that of y = x 
and for 1 < x <2, the graph of the function is that of y = x -1 


We prepare the table for some values of x and y in 0< x < 2 satisfying the 
equations y = x and y=x-l 


Graph of 
f(x) =x 


I 
Pe 
8 
ry 
6 
5 
4 
3 
2 
1 


12 374 5 6 7 3° 9 1 1112 1314 15 16 £718 192 


=) 





Plot the points (x, y). Connecting these points we get two straight lines, which 
is the graph of a discontinuous function. 


2 
Example 5: Graph the function defined by y = ae x#3 


Solution: The domain of the function consists of all real numbers except 3. 


tat 
When x = 3, both the numerator and denominator are zero, and pe is undefined. 
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—9 _@ —3)(x+3) 
Simplifyme we get. y= ———_ = 
ae x—3 


table for different values of x and y satisfying the equation y=x+3and x #3. 


[3] 2[s Pope peepee aT 


LY | 0 ae eee 


=x+3provided x #3. We prepare a 








Plot the points (x, y) and joining these 
points we get the graph of the function which ts a 
straight line except the point (3, 6), 


The graph is shown in the figure. This is a 
broken straight line with a break at the point (3, 6). 


1.7.8 Graphical Solution of the Equations 
Example 6: Graph (i) cosx=x- (ii) sinx=x = Gi) 2 fonx=% 


We solve the equation cosx =x and leave the other two equations as an 
exercise for the students. 


Solution: To find the solution of the equation cos x = x, 
we draw the graphs of the two functions 
y=x and y=cosx ; -a<Sx<z 


Scale for graphs 
Along x-axis, length of side of small square = oa radian 


Along y-axis, length of side of small square = 0.1 unit 


Two points (0, 0) and ( 1) lie on the line y = x 
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We prepare a table for some values of x and y in the interval -z7<x<z satisfying 
the equation y=cosx. 


re fatale Pal [ee 
peso] [oe slo [afm fil [se [=| 









U 


~180° -150° -120° —fo° -60° -30° 97) | 





The graph shows that the equations y= x and y =cos x intersect at only 
where x = x radian = 0.73 
av PS OR TB ico 
Check: cos| ——z |=cos43 =0.73 
180 | 


Note: Since the scales along the two axes are different so the line y = x is not equally 


inclined to both the axes. 
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EXERCISE 1.5 


Draw the graphs of the following equations: 


2 2 


: 2 rns Xx y 

+y?=9 sa SL | 
(i) x+y (ii) aa 
iii) -y=e"* Gy)> y= 3* 


Graph the curves that has the parametric equations given below 


(i) s=t vei’ .-3<¥<3 where “tf” is a parameter 
(11) x=t-1l, y=2t-1,-l<t<5 where “t” is a parameter 
(it)... .x =sec@, y= tand where “@” is a parameter 


Draw the graphs of the functions defined below and find whether they are 
continuous. 


x—] n~ x<35 














wai Eee 
2 
ay © alr ye 
2.9 
(iit) x+3 if x#3 
lll = 
fa Ce 
2 
(iv) y=- bGhe srant 
X= 


Find the graphical solution of the following equations: 


(i) x= sin2x 
us x 
li —=cosx 
(11) - 


(ili)  2x=tanx 


Unit 2: Differentiation 41 





Differentiation 





2.1 INTRODUCTION 


The ancient Greeks knew the concepts of area, volume and centroids etc. 
which are related to integral calculus. Later on, in the seventeenth century, Sir Isaac 
Newton, an English mathematician (1642 — 1727) and Gottfried Whilhelm Leibniz, a 
German mathematician, (1646 — 1716) considered the problem of instantaneous rates 
of change. They reached independently to the invention of differential calculus. After 
the development of calculus, mathematics became a powerful tool for dealing with 
rates of change and describing the physical universe. 


Dependent and Independent Variables 

In differential calculus, we mainly deal with the rate of change of a dependent 
variable with respect to one or more independent variables. Now, we first explain the 
terms dependent and independent variables. 

We usually write y = f(x) where f(x) is the value of f at x € D, (the domain of 
the function f ). Let us consider the functional relation y = f(x) =x + 1 (A) 

For different values of x € D,, f(x) or the expression x + 1 assumes different 
values. For example; if x = 1, 1.5, 2 etc., then 

fly =e et = 2. Sh). +i = 2+ l= 325 
IQ 2 Gal = 441 = 5 
We see that for the change 1.5 — 1 = 0.5 in the value of x, the corresponding 
‘hange in the value of y or f(x) is given by 
fQ.5)-fQ) = 3.25-—2 = 1.25 

It is obvious that the change in the value of the expression x + 1 (or f(x)) depends. 
upon the change in the value of the variable x. As x behaves independently, so we call 
it the independent variable. But the behaviour of y or f(x) depends on the variable x, 
s° ve call it the dependent variable. 

The change in the value of x (positive or negative) is called the increment of x 
and is denoted by the symbol 6x (read as delta x). The corresponding change in the 
dependent variable y or f(x) for the change dx in the value of x is denoted by dy or 
Of = f(x + dx) — f(x). Usually the small changes in the values of the variables are 
taken as increments of variables. 
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2.1.1 Average Rate Of Change 


Suppose a particle (or an object) is moving in a straight line and its positions 
(from some fixed point) after times t and t, are given by s(t) and s(t,), then the 
distance traveled in the time interval t, — t where ft, >t is s(t,) — s(t). 


. s(t,) — s(t) . 
and the difference quotient par eres (i) 
1 


represents the average rate of change of distance over the time interval f, — f. 


If t, —t¢ is not small, then the average rate of change does not represent an 


accurate rate of change near t. We can elaborate this idea by a moving particle in a 
straight line whose position in metres after t seconds is given by 


s(t) (=r? +1 


We construct a table for different values of t as under: 


Average rate of change (i.e., average speed) 


ree 


5} ) 
f= 3 secs tot = 4 secs 




















20 — 12 
a 2 


s(4) — s(3) 3 (16 +4) -12 a 
4+3 ma 1 ¥ i 


t= 3 secs tot= 3.5 secs 


We see that none of average rates of change approximates to the actual speed 
of the particle after 3 seconds. 


Now, we construct a table by taking small intervals. 


i m ((3.1)'+3.1)-12 | 12.71-12 0.71 
= ia, . ~ 3 aA 2 af 


t= 3 secsto t= 3.001 secs 


















((3.01)'+3.01)-12 _ 12.0701-12 0.0701 
ee 









((3.001)" + (3.001))- 12 _ 12.007001-12 — 0.007001 as 
3.001 —3 - 0.001 =~ 0.001 = 7.001 
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The above table shows that the average rate of change after 3 seconds 
approximates to 7 metre/sec, as the length of the interval becomes very very small. In 
other words, we can say that the speed of the particle is 7 metre/sec, after 3 seconds. 


lf “t= 1+ 6 
then the difference quoteint (i) becomes 
s(t + dt) — s(t) 
or 


which represents the average rate of change of distance over the interval dt and 
lim s(t + 01) ~ s() , provided this limit exists, is called the instantaneous 
dt > 0 St 
rate of change of distance ‘s’ at time tf. 
2.1.2 Derivative of a Function | 
Let f be a real valued function continuous in the interval (x, x,) € D, (the 
domain of f), then 


f(x) —~f@) 
ee @ 
represents the average rate of change in the value of f with respect to the change x,— x 
in the value of independent variable x. 
If x, approaches to x, then 
lim J@)-J@ 


difference quotient 


provided this limit exists, is called the instantaneous rate of change of f with respect 
to x at x and is written as f ’(x). 
If x, =x + &x i.e., x, —x = Ox, then the expression (i) can be expressed as 


f(x+ “ — f(x) (i) 
and 


provided the limit exists, is defined to be the derivative of f (or differential 
coefficient of f) with respect to x at x and is denoted by f(x) (read as "f—prime of x”). 
The domain of f’ consists of all x for which the limit exists. If xe Dyand f "(x) exists, 
then f is said to be differentiable at x. The process of finding f°’ is called 
differentiation. 
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Notation for Derivative 


Several notations are used for derivatives. We have used the functional 
symbol f’(x), for the derivative of fat x. For the function y = f(x). 


y + dy = f(x + dx) 


where dy is the increment of y (change in the value of y) corresponding to ox, 
the change in the value of x, then 


dy = f(x + ox) -— f(x) (iv) 
Dividing both the sides of (iv) by ox, we get 
dy f(x+ 8x) -f@) 


Ox Ox | (v) 
Taking limit of both the sides of (v) as 6x — 0, we have 
oy JE SEE Ox) — FO) 
lim oe lim Toe ee at (vi) 
Srep Oo ees " 
im Se is denoted by dx > 50 (v1) is written as te a i (x). 
ox > 0 







dy 


Note: The symbol 7 is used for the derivative of y with respect to x and here it is 


dy 
not a quotient of dy and dx. = is also denoted by y’. 






Now we write, in a table the notations for derivative of y= f(x) used by 
different mathematicians: 


Name of Mathematician 


Notation used for derivative a or a D f(x) 


If we replace x + 6x by x and x by a, then the expression f(x + 5x) — f(x) 
becomes f(x) — f(a) and the change 6x in the independent variable, in this case, is x — a. 


So, the expression es is written as aes (vii) 


Taking the limit of the expression (vii) when x —> a, gives 
fat Oye 


roa) .x-a. = F@). Here; f’@) 


is called the derivative of f at x = a. 


2.2 


Example 1: 
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FINDING f ‘(x) FROM DEFINITION OF DERIVATIVE 
Given a function f, f’(x) if it exists, can be found by the following four steps: 
Step I: Find f(x + dx) 

Step II: Simplify f(x + dx) — f(x) 


Step III: Divide f(x + 8x) = f(x) by &x to get fer ete) and simplify it. 
LX 


Step IV: Find we 


lim f(x + 0x) —f() 
+0 5x 


The method of finding derivatives by this process is called differentiation by 
definition or by ab-initio or from first principles. 


(a) 


Solution: 


(b) 


(i) 
(il) 
(iii) 


(iv) 


(11) 


(i1i) 


(iv) 


f(x + 0x) ~f() _ 


Find the derivative of the following functions by definition 
f(x)= (b) f@x)=x 
(a) For f(x) =c 
f(x+o&)=Cc 
f(x+ 8x) -f@) = c-c = 0 


Ore 
Sx ae 
lim fx+o)-f@_ lim @_,g 
dx > 0 dx ox > 0 
d 
Thus, f’(x)= 0, thatis, 7 (c) = 0 


fc + &x) = (x + Sx)’ 
f(x+ x) —f(x) = (x+ 8x —2 = + 2x 8x4 (Gx) -¥ 


2x 8x + (Sx)? = (2x + x) &x. 


flr ’)-f6) rx 808 nese, #0 


dx 


lim f@+O)-f@) _ jim (2%+6x) = 2x 
dx > 0 ox Sx > 0 


i.e., f'() = 2x 
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Example 2: Find the derivative of sfx at x = a from first principles. 
Solution: If = f(x) = Jx , then 


(i) f(x + 0x) = \jx + 8x and 
(ii) flxt 8x) — fx) = Vx+8x —Vx 


( Vx + &x —/x) (A}x + &x +4/x) igo | 
A y+ 8x4 a/x numerator 


(x + Ox) —x 
ix + Sx + x 


Ox ‘ 
1.€., ix) -f{x) = SS | I 
Les I pte x+8x+/x ” 
(iii) | Dividing both sides of (1D) Sx, we have 


BAe Sen ee a ; (7 ox ~ 0) 
Ox aes ~ Ade + Sx +x 


(iv) Taking limit of both the sides as 6x — 0. we have 


lim f(x+0x)-f(x) _ lim 
ox > 0 8x dx > 0 Peay 
1.€., 4 iad 5 


io ee 
1 
and f-(a)-= Wa 


or 
Putting x =a in-f(x) = alx., gives f(a) ee Ja 
So, f(x)-fla) = Vx - Ya 


Using alternative form for the definition of a derivative, we have 


fO-f[@ _ Vx-Va 
X-@ X-@a 


(afx -- Va) ( vx + sla) 


(= wher Na) (rationalizing the numerator) 


ETE a, a OT | 
MEIN Cee) r+Va ’ SFO 
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Taking limit of both the sides of (II) as x > a, gives 
“Ate f@)-f(@ _ 





l 
= Li Oe apne 2 
x—a tea sete \x+Va Va+Va 
. payee ORS 
1.€., t (a) = aa 


Example 3: If y = 5 , then find < at x = —1 by ab-initio method. 
l 





Solution: Here, SAA 80 (i) 
] %, 
yr oy = (x + 8x) (11) 
Subtracting (1) from (11), we get | 
Sy = I os i = x — (x + dx)’ 
+ Oxy # x’ (x + bx) 
PGs 400) G54 dx)) 
i x(x + Sx)’ | 
— (2x+8y) dx) — —Ox(2x+ 0x) (iii) 
| + lero & 7 ee oxy ii 
Dividing both sides of (iii) by Ox, we have | 
by = -Ox(2x+6x) = —(2x+ 8x) (840) 


Sx (xt Ox? Oe (x + Oxy’ 
Taking limit as 6x — 0, gives 


Lim = Lim AS 
dx > 0 & 07 
_ =e (Using quotient theorem of limits) 
dy piss dy , —2 —2 





= 2% 





1.€., ay te and av 


yy ey OE 
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= | 
Example 4: Find the derivative of x° and also calculate the value of derivative at 
x= 8. 


2 
Solution: Let, f(x) = x° . Then 
2 
f(x + &x) = (x + dx)? 
and 
(x4 8x)? a8) [ (x8) + (4 Be) J + a] 
Oc altiey + 3 8x)? Ess 


f(x+ 8x) —f(x) = (x + x)! -x ee 


a 7 3 4 ae ae: 
(x+OxP+(xt+OxpP. P40 (x4 OxP4+(xF+ xr). 4H 
( 
i.e., fixt+8x)-f(x%) = be =e a (i) 
(x + SdretsG 5x)? gals 
Dividing both the sides of (i) by Sx, we get 


- =.5 
a+ af - C8) (x+ Sx —x 


fix + dx) — fix) 2x + Ox 3 
ie * 4 a ae (il) 


(x + dx) +(x + Ox. +H 
Taking limit of both sides of (ii) as x — 0, we get 





; 2x 2x 2 
i) =-T att Ei = tT 
4H. +H 3x? 3x? 
2 ] 
oe (3)3 


Example 5: Find the derivative of x° + 2x +3. 
Solution: Let, y = x + 2x +3,then 
Gi) y+dy = («+ 6x)’ +2(x+ x) +3 
and = (ii) Sy = [(x + 8x)’ + 2(x + x) + 3] — [e+ 2x + 3] 
= [(x + dx) — x] + 2[@ + Sx) — x] + (3-3) 
= [(x + 8x) —x][(x + 8x)? + (x + 8x) x + 7] + 28x 
(ii) | yA Ox[(x + Ox) + (x + Gx) x +: x7] + 28x 
dx ox 
= (x+ dx) + (e+ Ox) x4 7°42 
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= Lim [(x+8x) +(x + Ox) ¥4+2°42] 
ox > 0 


(iv) Lim 
6x > 0 


= (x); +) 4 +2x7 +2 


i.e Oe ae +3), = 3x2 
Los oy X = IX 


2.2.1 Derivation of x” where ne Z. 
(a) We find the derivative of x” when n is positive integer. 
(a). -Let . y = x”. Then 
y + Oy = (x + 8x)" 
and dy = (x + dx)" — x" 
Using the binomial theorem, we have 


Sy = E nx". &x+ UD x" (Gx) +... + xy" — x" 


[2 
a | 
1.€.; dy = ox [nx + MD rt, Ox +... + xy" (i) 
Dividing both sides of (i) by dx, gives 
re) a 
ai ty Oo tg rae (ii) 


pa ARS n 
Sept ae 


Note that each term on the right hand side of (ii) involves 6x except the first 


ee 


term, so taking the limit as 6x — 0, we get 3. = 


As y= x", So # Oy =n x 





Note: If n= 0, then the formula 4 (x") =nx"" reduces to 4 (x°) = Ox’ '= Oi. 


4 (1) =0 which is correct by example 1 part (a). 





(b) Let y =x" where n is a negative integer. 


Let n=—m (mis a positive integer). Then 


y=x"= mn (i) 


and y+ dy = (ce SOF (ii) 
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Subtracting (i) from (ii), gives 


Nee 1 7 Cr eee 





= (x + Sx)" xX" x(x + BN)” 


x(cx Bx + OD yt (Sx)? +... + (6x)”) 


x" (x + bx)” 
(expanding (x + dx)” by binomial theorem) 


— Bx mx me pen ... + (8x)"" | 


3 [2 
os x". (x + dx)” 
5 —1 + m(m-1 
and Sa Xx" (x + x)" (mart 4 Be Bc. +B" | 
Taking limit when &x —> 0, we get 
dy ee I Se ‘ 
xT gee (mx”"”) (all terms containing dx, vanish) 
meme eis me = ax [.. —m=n] 
gl : 
or a %") = nx"! 


So, far we have proved that oe |= nx", ifneZ 
The above rule holds if neQ-Z 


2 2 
For example rt FS eos ae = 
dx 3 : 
ax 


The proof of |x" = nx" when ne Q — Z is left as an exercise. 


Note that “ x" |= nx""' is called power rule. 


EXERCISE 2.1 


1. Find by definition, the derivatives w.r.t ‘x’ of the following functions defined 





as: 
G) fal ae eee appt Gyo & = 
Vx oi x-a 
(vi)  x(x-—3) (vii) 5 (viii) (x +4)” (ix) x” ay x 
(xi) x"\meN (aii) Sym EN (xiii) x“ (xiv) <x”. 
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2. Find e from first principles if 
] 


Jx+a 


2.2.2 Differentiation of Expressions of the Types 
] 


(i) eg oe Y (ii) 


(ax + b)'and = —— , feb 2.3. +24, 
(ax+b)" 
We find the derivatives of (ax + b)" and nee from the first principles 
(ax +b)” 


when ne N. 
Example 6: Find from definition the differential coefficient of (ax + b)" w.r.t. ‘x’ 
when n is a positive integer. 
Solution. Let y = (ax+b)', (nis a positive integer) 
Then y+d8y = [a(x+6x)+)]' = [(ax+b))+a&] 
Using the binomial theorem we have 
n 
] 


y + by =(ax+b)' + Joc or (a 5x) + Bice (a 5x) +--+ + (a 8x)" 


dy = (y + by) -y | ' Jos +b)” (a &x) + B (ax+b) .a’(&x)' + --- +a" (8x)" 


‘ n 
{1 Jo i) eae a (ax-+by".a'bxt--+a" wor 


dy % 1 " 2 2 1 
So, — = (ax+b)” a+ (ax+b)".a 8x+-:: +a" (8x) 
ee | 2 


Taking limit when 6x— Q we lave | 

lim dy lim 4 n—] _ 1 \n—2 2 n nl 
She : 5x30 [iJon o4{ lars .a Ox+-+-+ a" (dx) 
dy _ 


or 28s ff Jw +b)" .a [All other terms tends to zero when 6x > 0] 


Thus, ¢ (ax +b)" = n(ax+b)"'.a 
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Example 7: Find from first principles, the derivative of eS w.r.t. *x’, when 7 is 
a positive integer. 
Solution. Let y = ae (when 7 is a positive integer). Then 
[a(x + dx) + by’ 
re) =Vrt+ re) — = ee PN aa oh ag Ae 
no ie Ae + Basal 8a kane By 
or 8y = (ax + b)'— (ax + b + abdx)’ 
[(ax + b) + adx]" (ax + by’ 
l 


y+ doy= 


= — —___________________ x + b) + adx]"—(ax+b)’] (1 
(aes By abel (ax + By [(ax + b) + adx] —(ax+b)'] () 

Using the binomial theorem, we simplify the expression 

[(ax + b) +a &x]' — (ax + b)’, that is, 


[(ax+ b) + a &x}"— (ax-48)" = [axe by’ + Ki (ee bY (a Sx) 
+ Ss (ax +b)" . a’ (Sx) +--+ +(a 0x)"] — (ax + by’ 
= AG +b)" .adx+ (ax +b)" .a (8x) +--+ +a" (8x)" 


=&|( 7 Jax+om a+(5 \iax + by" a 8x+---+" Sx)" | 


Now (I) becomes 
ee - [(axt b) +a sie (ax + by’ Ié far +6)" é 
+(5 \(ax +b) .a &x+--- +a’ (Sx) 
dy 


5 
Ou 
| 


es “Tatra ena é Jel 
+(5 )lax+ dy? .@ &r+--- +0" @xy"| 


Using the product and sum rules of limits when 8x > 0, we have 


“ lim Oy i. dy d 
dy a l 2 fin Be éx30 §x dx 
dx (ax + b)" (ax + by’ j ) (ax+b)y .a all other terms containing 


6x vanish 
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See ee RA ot... ~(n+1) 
or ra kerea sd esa = n(ax+b) a 
EXERCISE 2.2 
2 Find from first principles, the derivatives of the following expressions w.r.t. 
their respective independent variables: 
(i) (ax+by (ii) (2x +3)’ (iii) (3t+2)~ 
: l 1 
av) (ax + by W) (az — b)’ 


2.3 THEOREMS ON DIFFERENTIATION 


We have, so, far, proved the following two formula: 


1. ¢ (c) = O Le., the derivative of a constant function is zero. 


2. ¢ (x") = nx*" power formula (or rule) when n is any rational number. 


Now we will prove other important formulas (or rules) which are used to 
determine derivatives of different functions efficiently. Henceforth, in all subsequent 
discussion, f, g, h etc. all denote functions differentiable at x, unless stated otherwise. 
3. Derivative of y = cf (x) 

Proof: Let y =c f(x). Then 
(i) y + dy =c f(x + dx) and 
(ii) y+dy-y =c f(xt+ dx) -c f(x) 
or dy =c[f(x+6x)-f(x)] | (factoring out c) 
a Sy _ (fx + dx) a) 
(111) — Cc Sx 

Taking limit when 6x0 
(i) y+dy=c f(x + &x) and 
(ii) y + by —y=c f(x + 8x) — cc flx) 

dy = c[ f(x + 8x) -f(@)] (factoring out c) 
by a + 3x) ad 
ox © Sx 
Taking limit when éx-0 | 
Gv) Lim Lim |e LEAP LON es tj LEER SO) 
6x0 &% 8-30 ox dx — 0 ox 


A constant factor can be taken out from a limit sign. 


Thus, = =c f'(x),that is.[cf (x)|' met 4%) 


(iii) 


Cc 
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d d 
or dx (Af) = co YOO 
4 
Example 1: Calculate 4 (33) 


’ d(_ # d (+ 
Solution: = 7 (3,3) = 37 (3) (Using Formula 3) 
4 i 
43 x4 x '= 4x — (Using power rule) 
4. Derivative of a sum or a difference of functions 
If f and g are differentiable at x, then f + g,f— g are also differentiable at x and 


p Sas via Ob d d 
[ fix) + g@)] = f (x) + 8’(x), that is, 7 [f@) + s@] =F, FF@)1 +g [s@] 


Also [fix)- g(a)l’=f'e)—8’Q0, that is, © (Ax) — aol =< tro -£ [eww 
Proof: Let @(x) = f(x) + g(x). Then 
(i) = o(x+ dx) = f(x + 8x) + g(x + Sy) and 
(ii) @(x + Ox)— G(X) = f(x + dx) + g(x + 8x) — [f(x) + 2(x)] 
= [f(x+dx) —f(x)] + [g(x+5x) — g(x)] (rearranging the terms) 
ee OX+8xX)— Gx) f(x + Ox)—-f(X) g(x + Ox) - g(x) 
(i111) Sx Se a ees ee 


dx ox 
Taking the limit when 6x30 
(iv) Lim ser Re —0) = {dim , (x + “ ra X) a(x + ~ Fo a 
dx 0 dx 0 | 
ee Lees OY J) 2 —I@) + Lim g(x + 0x) - 8@) 
dx-0 dx-0 Ox 


(The limit of a sum is the sum of the limits) 


o'(x) = f'(x) + 9'(x), that is [f(x) + o(x)I' = fx) + 2’(0) 


d 
o LW +e@Ol= £ (feol+S few) 


The proof for the second part is similar. 


Note: Sum or difference formula can be extended to find derivative of more than two 
functions. 
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——— ee 


Example 2: Find the derivative of y = =x + = + +H +2x+5 wrt. x. 


Solution. y= ay a x eax? + 2x45 
4 3 4 | 


Differentiating with respect to x, we have 


dy’ Ad [32 awl d (3 d (2 d (\ d d 
rae teeta el =a} E3”) +(x] +g en+ sO 
(Using formula 4) 
28 paid d 
= Lut) +5 £ () +5 (x) +27. (x) +0 (Using formula 3 and 1) 
id 

= = (4x 42 3x9! +5 (2x°~") +2(1.x'~') (By power formula) 

= 3°42 4+x+2 
Example 3: Find the derivative of y = “3 +5)(x° +7) with respect to x. 
Solution: y=(x" +5)(x° +7) =x +5x°+7x +35 


Differentiating with respect to x, we get 


oo |k' $5x° + 7x? +35] 


= £0 y+ 5— L(x + 7Z (x7 )+-£(35) (Using Ticnealas 3 and 4) 
= 5x" an +7x 2x7" +0 
= 5x* 4+15x7 +14x 
Example 4: Find the derivative of y = (2x +2)(x- Vx ) with respect to x. 
solution: y= (2Vx +2)(x- Jx ) 
| = Vx + NVx(Vx -1) = 2Vx(Vx +1) (Vx -1) 
2 2/x(x —1) =9( 43/2 — x!) 


Differentiating with,respect to x we have 


dy _ d © [xx tlle x!!2)] 


dx dx 
aie 12 
x eis 33 ual | 
dx dx 2 2 
aa 
ME ha ria 


= sie 
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a Derivative of a Product. (The Product Rule) 
If f and g are differentiable at x, then fg is also differentiable at x and 


[fag = f (x) g(x) +f(&) 9’ (x), that is, 
d d Ae | 
dx Ls] = be cfc] g(x)+ f(x) Paco 
Proof: Let (x)= f(x)g(x). Then 
(i) (x + Ox) = f(x + dx) g(x + dx) and 
Gi) GF Sx) — O)= flr + dx) g(x + 5x) —f)g@) 
Subtracting and adding f(x) g(x + 6x) in step (ii), gives oy 
P(x + Ox) — Px)= f(x + Ox) g(x + dx) —f(x) gx + Gx) + fix) g(x + 6x) = f(x)g(x) 
= [f(x + ox) —f(x)] g(x + dx) + f(x) [g(x + dx) — 2(x)] 
Gi) 94 * =H) _ ie + * 9) e(x + Sx) +(x) Ee + = e a0) 


Taking limit when dx—0 
‘ Lim Hx i Ox) a x) 
Saga ae ie 
see (ae + Ox) — f(x) oa + GOT): g(x + Ox) afi) 
dx-0 ox 
i ¢ “im Lx+ O)-fO@) Lim o(x + dx) + Lim f(x). Lim &&+ Ox) — g(x) 
6x0 Ox 6x0 dx—-0 6x0 Ox 


(Using limit theorems) 


Thus (x) =f'(x) g(x) +f) 8’) = ps 8 + dx) = (| 
4 


d 
or ¢ [f@) - 8] = GLP]. 8) +f@) ie &()| 
Example 5: Find derivative of y = oVx + 2)(x —Vx ) with respect to x. 


Solution: y= 2Vx + 2)(x =x 
= Vx +i)fx—Vx) 


Differentiating with respect to x, we get 


2 =2-[x+na-va)] 
= (Sole +n lovin ols ye) 
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| __- = Seem eee Eee ee 


- aa +0 fa Vx) + (/x + of ay 


l | 
2 | ie cose eoolt-3) 


feof 














2x 2x 
= abe + 2x— Ve + ve 
es 
Sia 


6. Derivative of a Quotient (The Quotient Rule) 
If fand g are differentiable at x and g(x) #0, for any x € D(g) 


then f is differentiable at x and (A) = aaa Ps aaa , 


d (£4) ’ ft pelle - 7 | Leen 





mat 1S de gtx) [er 
rroof: Let $(x) = 4). Then 
(i) (x + &x) = ae vind 
(i dx + dx) gy= ASD Le _ fas Soa fee 


Subtracting and adding f{x) g(x) in the numerator of step (ii), gives 


f(x t+ O&x)g(x) — f(x)g(x) — f(x)g(x + Ox) +f wee 


d(x + dx) -—O(x) = 2(x)e(x + Ox) 


] 
= oe Sn [( f(x + dx) — f(x) g(x) — f(x) (g(x + dx) - 9(x))] 
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G(X + Bx) — P@) _ ee + dx) — f(x) g(x + ae g(x) | 
(111) Sr cane ‘ + &) ner een ee g(x) —f(x) .2=——____2—- 
Taking limit when dx > 0 
Ww) im Se 


x0 


deed eas eke sind ioe + Gc) fae eee 
make aa + mt Sx ay) I) Sx 


Using limit theorems, we have 


, , , 
6°) = gay UO at) -fa) 8’) G lim g(x + &x) = et) 


a (fay. f'@) g(x) ~ fx) 8°) © rd (9 i E: Ly col] B(x) ~ J) E ise) 


g(x) [e(x)]}’ 8(x) [e(x)}° 
First Alternative Proof: 
o(x) = “24 can be written as f(x) = @(x) g(x). 


Using the procedure used to prove product rule, quotient rule can be proved. 


Second Alternative Proof: We first prove the reciprocal rule and then use product 
rule to prove the quotient rule. 


The reciprocal rule. If g is differentiable at x and g(x) # 0, then : is differentiable at x 


and 
7x (8) 

ym EA = ~ [eae (Proof of the reciprocal rule is left as an exercise) 
Using the product rule to f(x) . ree , we have 

d EP 

i (M-3e5) = a Vel) say +100 [ 
d 
y < [f0)] - 7 [eg] 
ga) ~ I “TGP 


o,f [bay , Leen eco] ge] 
i (x) [g(x)P 
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d +1)(@"°-1 
Example 6: Find yf if y = ofp ey (x #1) 


Solution: Given that 
Qz+D@"-) — Wr+DIQD -()) 


a x —1 ix —1 | 
: Gat De Ds tN mart yee eee 


(Vx+1) (fet +a) =(Ve+0 +0\x+ Dx 
xt1+2yx txyx +x= aie tbe 


d d 3/2 1/2 
ee + 2x + 2x? +1) = 2 (x + Zen+fear 421) 


ee 


] 
= a eee re = pk +2 +75 
(Vx +1) (x?? -2 
2 


Example 7: Differentiate 73 
ae 


with respect to x. 


(Vx +1) (x?? -1) 


3/2 1/2 
x — 


_ Wx +) (Wx) -1) 
Vx(x-1) 


_ x +l) Wx =D &+vx +1) _ (1) (et Vx4) 
Vx(x-1) Vx(x-1) 
xt+Vx4+1 
ame 0 
Differentiating with respect to x, we have 
od {stat 
de del ly 


Solution: Let y= 


eg Gt Lert Sele) 
(vx)? 
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] 


Finda toler deen te”) 
os desadh T EES ae ean 


f dy 5 hae 
bes ero 





a + vn 


ahead wa? a 








Dal x 2/x Peds it —1 \x—1 
; x Jx.2V/x 93/2 
Example 8: Differentiate ear with respect to x. 
Solution: Let @(x) = ass . Then we take 
Pi) ce De Bae and CT eae ae a8 | 
, d 
Now f (x) = = [2x° —3x° +5] = 2(3x*)-3(2x)+0 = 6° -6x 
and g (x) * ¢ [xe +1]= 2x+0 = 2x 
Using the quotient formula: (x) = Pe) ie , we obtain 
d esa | _ (6x = 6x)" + 1) = 2x — 3x + 5)(2x) 
dx x +1. fod (x* + 1/ 
_ Ox! — 6x" + 6x7 — 6x — (4x* - 6x + 10x) 
x (x* +1) 
_ 6x" - 6x + 6x7 — 6x — 4x4 + 6x? — 10x 
‘ (+1) 
_ 2x! + 6x" — 16x 
~ (x? +19 
EXERCISE 2.3 
Differentiate w.r.t. ‘x’ 
2 3 
Tee re. EE aed 43 — 


a—~—X 
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2x —3 CEP l 
4. eet S. (x-5) (3 -x) 6. a)x - +] 
4 (L+49) 4-2”) g (x +1) ¢ ¥ +1 
a) x x -1 ; x =3 
vl +x 2x — | a-x 
10 Niag 11 rs 12. -ye 


BR ae ; 14 fbi+x — V1=x 15 xva+x 
< USN ed Se oS al oe 


16. If y =x ap of show that 2x o + y = 2x 


17. If y = x +2x +2, prove that 2 = 4x\/y-1 
24 THE CHAIN RULE 


‘The composition fog of functions f and g is the function whose values fle(x)] 
are found for each x in the domain of g for which (x) is in the domain of f . (f[g(x)]) 
is read as f of g of x). a 
Theorem: If g is differentiable at the point x and f is differentiable at the point g(x) 
then the composition function fog is differentiable at the point x and 
(fog) (x)=f [g@)] - ¢ @). 

The proof of the claim rule is beyond the scope of this book. 

If y = (fog) () =f [gQ)], then 


(fog) (x) = fig) =—— 


=> 2 =f [2(x)] . g (x) | (i) 
Let u=g(x) coleeee ey (ii) 
Then y= f (u) | | (iii) 
Differentiating we and (ili) w.r.t x and u respectively, ye have 
a « ZIe@l=s@) iced. 
and > =—- —[fw)]= fw) 


Thus (i) can an written in the erat a fiche “aly 


(a) <(fw))= rose ee Bs | ae 
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©) Se ae 


= [g(x)|" and u= g(x) 
d , 
then y and > “~ (power rule) 
B dy = dy du mm a du 
Og ak. ae ae ae 


d a d , 
or Fe [eI =n[g@)]"™.¢’@) e de = 8 | 
Reciprocal rule can be written as 


d 7 d ie —I-1 , 


= (-l) [g@)I . g’() 





Example 1: Find the derivative of (x° +1)’ with respect to x. 
Solution: Let y = (x + 1)’ and u = x +1, then y=W 


d d 
Now a = 3x° and = 9u° (Power formula) 


d 
Using the formula a = oe a we have 
dy - 9,2 at 
aia | 
or Lien? = 9041) Bx) | w=x4+1 Be Say 
dx = | © U=X + an dx ~ xX 
Se xe 19 





Example 2. Differentiate - F = > (x #-a) with respect to x. 


se) ay uae dS ee: 
Solution: Let y = ages and u = a+x ten y =u 
d: 1 31 pee 
Now ds se we bt 


ot dpe] | Belen colons 
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= 1) (a+x) — (eA) IGF) =a FG x ae 


| (a+x) = (a+x) “(a +x) 
Using the formula 
d 
= = a & we have 


d Fs ene 1 “[evatl ‘ras 2 —2a fin a5 | 
dx\\Ja+x}~ 2"-|(a+x/y a+x}. “daray EF ga 


-3 
L 

















a-x —A 


“ eh +x) 


= Ioagiines 
(a+x) ” (a—x) (a+x) 


Vatx+ G=~ i 


(Sia mee 
E le 3: Find — if y= = == 0 
xampie In ee y va+x—leea (ist ) 
\la+x+va-x 
Soluti = 
ee YY laene loos 
Multiplying the numerator and the denominator by Ja +x - / a-—x, gives 
me ESS a-—x) (Vat+x-Va-x) 
© la+x-Va- — x) (lets —aie- x) 


( ax) -(ya- =x). (a+x)—(a-x) _ 2x 
“(a+x)+la— n-We-x 2-WwWa-x — 2(a-Va? — 2) 


thatis, y wt pe 
Let <f@js2 and g(x) = a- Ja’ —x°, then 
f@=1 and = 0-2 @-¥F = -5 @-*) 


en ees re Henk 
rare OY eae 


Using the formula 2 = sinha? Sea , we have 


1. (a-Va’ -2) =X Far 
‘ (a-Va-2)? 
‘A ava —% -(a2 -x2)-x 2 ava? -x-a’ 
Na = 2 (a-Va =)? © a= 2 (a-Va =)’ 


bd ig 2) 





S| 
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Se ee ee ee ere 
Ve =e (a-\e =e) Va -% (a-Va - X) 


d 3 
Example 4: Find 5 ify = (1+ 2x). 


Solution: y=(1+ 2a/x)’ ia = la + 2/x) (,2)| 


1 


Let u=(1+2Vx).x (i) 
Then y=? (ii) 
Differentiating (ii) with respect to u, we have 

d 1]}2 

= 32 = 3((1 + 2/x) Z| = 3(1+2yx) .x 


Differentiating (i) with respect to x, gives 


itn }# +(1+ 2h) oF 


1 + 2x _ 2a)x +1+ Qn) x ] + 4a) x 
2x 2) x ~ Ont 
dy _ dy 
Using the formula alee 


£ [(1 + 2\/x) die 31 2h 2x2 


= 5 (1+ 2x)? Ve (1 + aya) 


du | we have 
dx 


3 
= 5 (1 + 2x)? (x + 4x) 
Example 5: If y = (ax + b)’ where n is a negative integer, find a using quotient 
theorem. 
Solution: Let n =—m where m is a positive integer. Then 
] 
y= te (ax+ by" = (ax + by" (i) 

We first find £ (ax + b)”. Letu = ax + b. Then 

d m d m d m d . . 

dx (a + by = dx (4) = du) vi (Using chain rule) 

= ”" Xaz= m(ax +b)" a ( Se) 


Now differentiating (i) w.r.t. ‘x’, we have 
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; d 0 d 
Pe Pe Ne seo maar saan 


(ax + b)" [(ax + b)”}° 
_ 0.(ax+b)"-1.m(ax+b)".a 
2) (ax + by” 
= (—m(ax+b)"’.a)X(ax+b)” = —m(ax+b)” ”.a 
= (—m)(ax+b)”"".a = n(ax+ by" .a (" —m=n) 
2 OM 4 P 
Example 6: Find Fe ify=x wheren=¢, q#0 
Solution. Given the y = x" where n =<, q #0. Putting n = re we have 
P 
ya (i) 
Taking qth power of both sides of (i), we get 
y= x" (ii) 


Differentiating both sides of (ii) w.r.t. ‘x’, gives 


d 
£ iy" 3 f(x" or ° (y") = f(x" (Using chain rule) 


d 
=> @¥ a = Bete (iii) 
Multiplying both sides of (iii) si y, we have 
a S dy we 
gy Fas py x’ or ~ a. Xx" x — x’. x (Using (i) and (ii)) 
d ] 2 a | 
2 Babb here bah 
ae 
= Gx = nx” [2 =n) 


Thus f(t) = nx! ae! 


2.5 DERIVATIVES OF INVERSE FUNCTIONS 


If for each x € D,, f(x)=y and for each y € D,, g(y) = x, then f and g are 
inverse of each other, that is, 


(g 0 f) (x) = g(f(x)) = g(y) =x (i) 
and (fo g)(y)= f(a(y)) = f(x) = y (ii) 
Using chain rule, we can prove that 


f'(x).8(y)=1 
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fT 
S 
Rad 
Ht 

| 


Bae 
NORIO! GaP ice 2 Sa 


dx 
and g(y)=x => gy) = dy 


2.6 DERIVATIVE OF A FUNCTION GIVEN IN THE 
FORM OF PARAMETRIC EQUATIONS 


The equations x= arf and y= 2at express x and y as function of t. 


Here, the variable t is called a parameter and the equations of x and y in terms 
of ¢ are called the parametric equations. 


Now, we explain the method of finding derivatives of functions given in the 
form of parametric equations by the following examples: 


d 
Example 1: Find 5 if x=<af and y = 2at. 
Solution: we use the chain rule to find 7 
dy ad 
Here, adn de (2at) = 2a .1= 2a 


ax. <2 
and 7 = aa) = a(2t)= 2at 


md 
ay ay) dt. (ah 2a? 2a 
“4 de iy ae E> dar) ( 2at = y) 
t 


ak he yy ese tee e 
Eliminating t, we get x = a 9a) = 2 -a@ = 4g = te (i) 


Differentiating both sides of (i) w.r.t. ‘x’ we have 
d d 
dx (0) = ZG (4ax) 
d dy d d 
by OY Ges 4a @ > -2yQ = dal) 
dy 2a 


=> = i? 
cg ee ; 
Example 2: Find 7 if x=1-f and y = 3f —2r. 
Solution. Given that x=1-—f (i) and y=3f-2¢ (ii) 
Differentiating (i) w.r.t. ‘x’, we get 
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dx “a d d 
aH 7H) = 7) - 7, 0) = 0-2 =~ 28 


Differentiating (ii) w.r.t. ‘x’, we have 
dy d d d 
dt = gt ~20) = G3) -— Ger) 
= 3(2t)-2(3f) = 6t-—6f = 6t(1 —-t) 


Applying the formula 
dy 
dy_wy dt dt 
Ox GE AX ae 
et 
- — = —3(1+t) = 3(t-1) 
, dy . Geka s peer 2% 
Example 3: ~~ tf x= inf SF Tae 
Selassie <hieeh ik — (i -f) 4 =. ZF ‘ 
olution: Given that x = Pa (i) = an » ions ee (i1) 


Differentiating (i) w.r.t. ‘t’, we get 


d : ‘ d 
dx Apes (4, -#)) +e) -#). £1 +8) 





dt dtl\l+t (1+t/ 
= (es Oo ee. altel ad) oot 
(eety : (1+t/ (1+) 


Differentiating (ii) w.r.t. ‘t’, we have 


| g : ae 
ay df 2 (45 (20) (1+t)-2tx7 (1+f) 
Tez) = 








dt dt (1+f) 
_ 21+t)-22t) 24+2f-4F  2-2fF I~?) 
: (ENS Eaetaaee | 2d epee as ee 
dy 2(1 -f) | 
dy dy dt dt (itty 2P-fy £-1 
ax: Gi a SF ae Sa eae PP Ree 5 
dt (1+ 


2.7 DIFFERENTIATION OF IMPLICIT RELATIONS. 


Sometimes, the functional relation is not explicitly expressed in the form y = f(x) 


f 


3 d 
but an equation involving x and y is given. To find - from such an equation, we 
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differentiate each term.of the equation and use the chain rule where it is required. The 


d 
process of finding = in this way, is called implicit differentiation. We explain the 


implicit differentiation in the following examples: 


so see, 1 G2 
Example 1: Find 7 if x" + y° =4 


Solution: Here, x? + y? =4 (1) 
Differentiating both sides of (i) w.r.t. ‘x’, we get 
2x+2 ate =O) 
dx 
or pr => A is 
dx dx y 


Solving (i) for y in terms of x, we have 
y =t74-x? 


=> y=./4— x? (11) 


or y=./4-x (111) 


S found above represents the derivative of each of functions defined as in 
(ii) and (iii). 


son MEY 1 x 
From (1) —= ——————-x (-2x) = -—_—_—_— 
dx 2/4— x? A—x? 
x 
=-— hs 4-x’=y 
» ocak Pee 


a 1 —x x 
From (111) —-=—-————— x (— 2x) = —————— = -—__ [--_/4_ y= 
dx 2/4- x? . ~V4—x? y Nas ) 


a ee 
Example 2: Find 7» if y+x —4x=5. 


Solution: Given that y’ + x —4x =5 


(i) 
Differentiating both sides of (i) w.r.t. ‘x’ 


d 
ax LY + x -4x] = £5) 


Unit 2: Differentiation | 69 
dy d a ae a 
OD ee ae [ Lo) =- fo = Z| 


d d "= “6 
=e 2y a = 42x oo Rie (ii) 





Note: Solving (i) for y, we have 
2 


y=S+4-x > y =~ +\5+4x-x, 


Thus y = 5+ 4x—x : (iii) 
or y= -V5+4x-x% (iv) 


Each of these equations (iii) and (iv) defines a function. 
Let y = f(x) = V54+4x-x (v) 
and oy = f(x) = —V5+4x—-x | (vi) 


Differentiation (v) w.r.t. ‘x’, we get 
, I 2-1/2 a % 
7 Sal YEXGH2) ts [eee 


2? — 
From (v), 5 + 4x —x Spel Sy ki) $ 
Z-x 


1 2-2 
Also ..f,%x) = —5°0 + 4x) KE -22) Sa 
Iso f(x) = -5 ( yd 29) 
zs 7‘ 2- 
From (vi) ~\/5+4x—x tee AERP dae oN Bo _ 


Thus (ii) represents the derivative of f,(x) as well as that of f(x). 








ee: ese 2 
Example 3: Find dx if y—xy-x +4=0. 


Solution: Given that y —xy-x +4=0 (i) 
Differentiating of both sides of (i) w.r.t. ‘x’ gives 


d d 
a DY — xy - x + 41 = 7, (0) = 0 


dy dy 
or 2y x -(1.y+xq) -2e+0=0 
= A dy . 5 dy 2x+y = 
=> (2y-x)R = iaxt+y => ix ey —x (11) 
Example 4: Find £ if y —2xy +xy+3x=0. 
Solution: Differentiating the both sides of the given equation w.r.t. ‘x’, we have 


d d 
Fe [y’ —2xy’ + x'y + 3x] = 7 (0)= 0 
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or fy’ _£ (2xy’) + £ (xy) + £ (3x) =O 
£ vy’) -2|7 ry +x$9)| + (2xy +22) +3=0 
Using the chain rule on a (y’?) and £ (y’), we have | 
ay -2/y +x(2y9]|+ 2xy+x a +3=0 


or (3y -4 ee ae 
y —4xy +X) q = 2y’—2xy -F 


dy 2y —2xy -3 


me ax - 3y —4xy +x 


: ] 
Example 5: Differentiate x’ + 2 Wet. x -f 


] 
Solution: Let y = Ye and u=x- 





] 2(x° — 1 2(x —1)(x +1) 
ay = 2x+(-2).3 = 2 -z = set - fa 
du ] I x +] 
and qantet)- 3 = lth = 2 
dy _dy dx _ 2x -1)\(x +1) x 2(x 1) _ a -;) 
Thus, gy ~ dx * du x xr +] x > x 
EXERCISE 2.4 


1. Find a by making suitable substitutions in the following functions defined as: 


[= | in 
ay BN, Wy =Vxtve ii en pd 





. : a+x 
(iv) y= (3x —2x + 7) (v) ia 3 
a —x 
. dy | > 
Zz. Find dx it: 
(i) ete? = O (11) ayty = 2 


(iii) x‘ -—4xy —Sy= 0 (iv) 4x° + 2hxy + by + 29x+2fy+c = 0 
(v) aNE SY + NFO (vi) y(x —1) = xx +4 


3 Find —— “ of the following parametric functions: 


(i) x= 045 and y = 0+] 


Unit: 2: _ Differentiation 





re — al +f) = Zet 
ES Big oe rae 
dy | ek a 2t 
4. Prove that y= +x=0 if x= 75 2; Y=Tar 





= Differentiate 








: ] : . i a ee 
) x-3 wrt x (ii)(1 +x)" wert. x (iii) ss wrt. Sa] 


+b. ax +b x +] 
(iv) ry “Wind. Tae gg (vy) = ay Wel nf 


2.8 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS 


While finding derivatives of trigonometric functions, we assume that x is 











sin x lim ]-—cosx 


Z ! Ah lim 
measured in radians. The limit theorems 2a Aree a. ] and aad p> _ 


are used to find the derivative formulas for sin x and cos x. 
We prove from first principles that 


d 
£ (sin x) = cosx and Pa (cosx) = —sinx 


Let y= sinx. Then y+ dy = sin(x + dx) 
and dy = sin(x + dx) —sinx 





2 
S:) SIM | 2 
lim = lim | cos (+ 
&x 30 x30 : ae 
sin ae 
= lim cos + $ lim te: 
: ox hen dx > 0 
7 0 37 0 2 ae | 
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. ( & 
dy Sx sin| > 
Thus, ax ie ie ee | lim cos (x + $)- cosx and lim &x =] 
dx/2—0 b/20 > 


Let y = cos x, then y + dy = cos (x + dx) 





and dy= cos (x + dx) —cosx 
= cosxcosdéx—  xsin Ox—cosx 
= —sin x sin 6x —cos x (1 —cos 6x) 
oy | dd sin Ox 1 —cos & 
he (— sinx). ee COS X FEE Dn, 
 &v sin Ox 1—cos 6x P 
lim =.t= lim (— sin x), — cos x} ————— 
ix % 0 Ox Ox 





=F al jae Ox a ee 1—cos 0x 
&x-0 Ox a Ox 
lim sin &x 


Dy x30 & = |] and 
lim (* og 





dy 7 
Thus, ae (—sin x). 1 —(cos x) (0) 


dx 0 ox 
d 
or a (cos x) = —sin x. 
5 dee d 
Now using rs (sin. x) = cos ¥ aid ae (cos x) = — sin x, we prove that 
d d 
ae (secx) = secxtanx and ae (cot x) = —cosec’ x 


d 
Proof of Re (secx) = secx tan x. 


I , 
Let . y =Dsecx= Pee | (1) 


Differentiating (i) w.r.t. ‘x’, we have 


Z| |- Flea nh 








d 
7 W= — quotient 
e dx| cos x (cosx) ormula 


a 0.cos x—1.(—sinx) 


cos* x 








= . = secxtanx 
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, d 
Thus 7 (secx) = secxtanx 
d 
Proof of a (cotx) = - cosec’ x 
Let Y=cotx' = se i | (1) 


Differentiating (i) w.r.t. ‘x’, we get 





& (cos x) sin xX—Cos x & (sin x) Usin 2 
Bs to d jeosx) 1 bdiess pe 3 Gao Ai pines uotient 
dx) = sinx | (sinx) : 
sinx) formula 
he (— sin x)sinx— COS X (cos x) 
sin’ x 
— (sin’ x + cos’ x) ] 9 
= ae. =i. 2. =. cosegix 
sin” x sin’ x 
d 2 
Thus q (cot x) = —cosec x 


Now we write the derivatives of six trigonometric functions: 


d 
(1) £ (sin Xx): = COSX (2) dx (C98 x) = —sinx 
(3) dx (tan Xhoeusec xX (4) dx (Cot X) = —cosec’ x 
d d 
(5) dx (c0sec x) = —cosec x cot x (6) dx (See) = sec x tanx 


Example 1: Find the derivative of tan x from first principles. 
Solution: Let y = tanx, then y+ dy = tan(x + dx) and 
dy = y+ dby-y = tan(x + dx) -tanx 
_ sin(x+ Ox)  sinx _ sin(x + dx) cos x —cos (x + dx) sinx 


~ cos (x+ 6x) Ccosx — cos (x + dx) cos x 
ra sin (x + Ox-x) sin Ox 
~ cos (x + Ox). cosx cos (x + 6x) cosx 

6 ra 


ix cos (x+&x)cosx x 
lim oy — lim ( | lim e i 


44 éx0 &x ~ dx 0 |cos (x + &x). cosx) &0\ & 
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lim 
dy ] ; 5x 9 COS (x + OX) = cos x 
Thus gy = (cos x) (cos x) I = sec’ x , lim — sin &x _ 
ONE Seth Pe 


d 
Thus “ = sec’ x or dx (tan x= sec’ x. 


Example 2: Differentiate ab-initio w.r.t. ‘x’ 
(i) cos 2x (ii) sin ax (iii) cot’x 
Solution: (i) Let y =cos 2x, then y + dy = cos 2(x + &) 
and dy = cos (2x + 26x) —cos 2x 
2x+20x+2x . 2x +26 —-2x 


= -—2 ar arte! Nias, | wae ar = -—2 sin (2x + dx) sin ox 
oy sin Ox 
Now «5 = —2 sin (2x + Ox). oer. 
ij 
Thus = nai 2 sin (2x + ee); ae = 
lim sin & 


= 2 5" (sin 2x + &x). 5x0 ne, 


li : x 
=(—2 sin 2x). 1 =—2 sin 2x ( §x29 i (28 + &e)= sin 2x and 5" y= 1 ) 


ox 
(ji) Let y = sinv/x, then y+ dy = sin\{x + dx 


and dy = sin\\x + &x ~ sinn|x 
[vs + &Xx+ | o + dx —4 | 
=. 12 10S 2 sin > 


As (A/x + &k + x) (lx + &x —\/x) = (x + Sx) —x = & 
te x + &x —\/x 
oF» 20a FE} ager 


eae a|x + = + Vx) (Nx + ” —/x 


WEPECD me =n 
Cos a ad sin| aa *| 


= x + x tax Vx + & — yx 
2 
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cos abe Ox + sfx ; \Ix + Ox ~/x 


lim lim sin 3 


dy 2 
Th ee > 
dx dx ~ ox—0 ax + dx +x (dee daak) jx + dx —/x 
2 
cos fe aa 
dy naa ne cos Vx afx + Sx — x 


2 SR (pa SRR eee IES Hae 2 + 5 een ieee 
= hele nx - : 7 — 0 when 
ox > 0 


Gh): Let y= cot’ x, then 
y + by = cot (x + &) 
dy = cot’ (x + Ox) — cot x = [cot (x+6x) + cot x] x [cot(x+ dx) — cot x] 
ax 
= [cot (x + dx) + cot x]. rape asd 


sin x cos (x + Ox) —cos x sin (x + Ox) 


sin (x + Ox) sin x 





= [cot(x + dx) + cot x] x 


oy = cot (x i ox) + cot X (gl Sin OX Ox «* sin x cos (x + dx) —cos x sin (x + 6x) 
Ox sin (x + Ox) sin x Ox ( = sin(x —(x + &x)) = sin(— dx) = — sin dx 
lin = Lim (Let Ox) + cot x ie yee Ox 
S20 % 6&0 \ sin (x + dx) sinx 
| “s Poa cot(x + Ox) = cotx 
d (cot x + cot x) 
Thus == (-1) 1 and 

dx sin x sin x Lim sin (x + 5x) = sinx 

—2 cotx 7 scifi 

——x , 1 =. 2 Gel x COSeC 2 

sin* x 


Example 3: Differentiate sin’ x w.t.t. cos’ x 


Solution: Let y= sin’x and u=cos x 


Now 2 3 sin’ xcosx and a =2.cos x (— sin x) 
| dy _ dy © dx _ ae dx _ lL 
TRUS Oy eee ee (3 sin’ x cos x) - Sacks P du = ni 
dx 
ay ee Soe 
- 9 STN X 
2.9 DERIVATIVES OF INVERSE TRIGONOMETRIC 
FUNCTIONS 


Here we want to prove that 


d I 
1. 7 Lsin™ 2] ee 7 xe(-l,1) or -l<x<l 
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d | 
2. moe tanned: Se Kite Ah hale iad te x <7 
saan ] jw ( ) 
Te deh ined 
3. 7x Tan w= ea xeER 
d | y 
A Wee «1 = SS, e[-1,1]% [-1,1] =(C-~,-1)U(1, <0 
dx WCosec™ x] o Reese xe[-1, 1], [1,1] =( )U(L~) 
5. [Sec x] so xe [1,1], +1, 1] = C,-1)U(t,~) 
dx ixl ix? —J 
athe GiB, I 
6. ce iCof’ x "= a ae a? xER 
Proof of (1). Let y = sin x (i) 
Then = sny or x =siny for ye ek, 3 (11) 


Differentiating both sides of (ii) w.r.t. ‘x’, we get 


OW he tia ni a a 
= 7x (sin y) = dy (sin y) dx = SYA, 





ee xz 
ee cos ylO" ane Ae z) 


i ew ". cos y is positive for ye ee 
4/1 —sin y 22 


Cent eee 
Thus dx (sin a ekpey for —l<x<l. 


Proof of (2). Let y = cos x (i) 
then | x = cosy or x =cosy for ye[0,n] (ii) 
Differentiating both sides of (ii) w.r.t. ‘x’, gives 
d d dy d 
’ = dx (95 y) = dy (C98 y) x = — sin y 
dy I 
= x = gt for y € (0, 2) 


1 <a Se er the 
« Fi person [*.. sin y is positive for y € (0, 2)] 


d ] 
Thus =- (cos? x) = ——— rr 
Aa ) =x for l<x< J 
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Proof of (3). Let y = tan Ty (i) 


| a: 
then r= Yan y< or" x= hin or ye (-7- 3) (11) 


Differentiating both sides of (ii) w.r.t. ‘x’, we have 


d d dy dy 
dx (tan y) = dy (fan y) ee sec” y 7. 


gepripenticig 2 (22 2) 
dx ~ sec’ y for es 27 2 
] ] 
= Trtanty Joe, forxer 


1 











| d 
Thus 7 [tan™ x] = ad te ER 


Proof of (4). Let y = cosec’ x (1) 


us 
Then x = cosecy or x =cosecy for ye Be 


= _ a 8 — {0} is also written as Oe 8S fice 
Die 2 iz 


aa a sides of (11) z rt. % > we a 


’ 


= £ (cosec y) = se . = (cosec y) > 


(— cosec y cot a He 


Bi eee £5 
— dx ~~ > S cosec y-cot y for ye [ 3)" ~495 


1 EY 
When ye ( 0,5 , cosec y and cot y are positive. 
As cosecy =X, SOx is positive in this case 


and pele \/cosec? y-l= \\x? =f, ORR XSL. 


Thus = (cosec™ x) = == or x>1 


1 Ps, 
When ye (3 ; 0) , cosec y and cot y are negative. 


As cosec y = x, SO x is negative in this case 


and coty= ~Veosec” y-l= adel ~ when x < -1 
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Thus = [cosec’ x] = eS (x <-l) 


—] 
— x) ew (x <-I) 


Combining both the cases, we can write 


d ] 
ie [cosec’ x] = Gidet-1 for xe[-l,1] 


Proof of (5) is left as an exercise. 
Proof of (6) is similar to that of (4). 


Example 1: Find “ if y=xsin" & )+ sa? —x? 


Se ais et oe 7 a2 
eptatian: Given that y = x sin ( 3 \+ Ve be 


Differentiating w.r.t. ‘x’, we have 


dy d re ar’ "3 2 d d 2 2/2 
~~ “esl RSW: = —— 2x 
dx : a Xx |- ssi - (a Xx ) 


eg & I d 





= ey fe. a * (—2x) 
a x? a oo 
1-2 
= = BG +8. / - _ = sin! ~ 
a a’ —x? a a? —x2 a 


Example 2: If y= tan sil 5) show that @ = - +y) 
i 2) 


Solution: Let u = 2 tan” - , then 





y = tanu=> “ = sec’u = 1+tan*u = 1+y? 
du_d ey a fx 2 
and sae at spi a l=. x @ (3) =—3-4 = 
i 2 oe a 
dy dy du ili 4(1 + y*) 
Thus he du > deh SC aa ee: 


_ 
1. sin qt: leas | £@-2) 
“la 
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10. 


11. 
12. 
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EXERCISE 2.5 


Differentiate the following tri gonometric functions from the first principles. 


(i) sin 2x (ii) tan3x (iii) sin2x+cos2x (iv) cos xe 
(v) tan>x (vi) wvtanx (vil) cosVx 

Differentiate the following w.r.t. the variable involved. 

(i) x sec Ax (11) tan’ @ sec’ 0 

(ili) (sin 2@—cos 3 @) (iv) cos |x + af sin x 


ae thy 
Find vi if 
(iis y = X COS y (ii) x = ysiny 


66_.99 


Find the derivative w.r.t. “x 


litsx rite eee 
(i). cas res (ii) sin + es 


Differentiate 
, : ws ae: ae 
(i) sinx wrt. cotx (ii) sin’ x w.r.t. cos x 


d 
If tan y(1+ tanx) =1-—tanx ,, show that = =—| 





dy — 
tan x + tan x + {tan x + +--+ 00, prove that (2y — 1) 7. = sec’ x, 


If y 
3 dy 
If x = acos’ 0, y =bsin’ 9, show that a7, +} tan @ = 0 


d 
Find - if x = a(cost + sint), y = a(sin t —t cos t) 


66.99 


Differentiate w.r.t.“x 
. -1 x -? _1 x ee Ah. Te 
(i) cos > (ii) cot” 7 (iii) 7 sin” 


ae 
“+ 








ate 
(iv) sin’! {1 —x? (v) sec ez 7 (vi) cot ; 3 


f=xs 
(vil) cos” ( me =) 


DivoMiiten & 5 
Show that 7. = x if Pls tan’ 





y 
If y = tan(p tan” x), show that +x’) yp, -p(1 + pos 
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2.10 DERIVATIVE OF EXPONENTIAL FUNCTIONS 


A function f defined by 
faa 
if © a>Q0Q, a#1 and xis any real number. 


is called an exponential function. 
If a = e, then y=a* becomes y=e". e*is called the natural 
exponential function. 


Now we find derivatives of e* and a* from the first principles. 
& Let y = e’, then 





y+ dy = &*™ and Gz Ft eg et ae SS e* 
. Se oy e* — 
Thatis, dy = e(e*—-1) and a e.(§ ee 
ox 





ee) fe™ —1 -., fim 
bane ib eae et * |=¢- antl & A 


lim F 
€ 50224) 





d li een 
ae {Using tiene = 1 
d 
or mev=e 
Z. Let y = a@ then 


Dividing both sides by dx, we have 


4 
-(S) 
dy _ lim a*-1\ , lim a1 lim 
7 RE 0 See set | 
F ae. ae ae | 
= a’. (Ina)| Using can kh = log'e = Ina) 


or £ a’) = a’. (Ina) 





d 
Example 1: Find a ri) e* re (li) y = aN* 
Solution: (i) Let u=xX+ ; then 


y=e" (A) and He fesyer 
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Differentiating both sides of (A) w.r.t. ‘x’, we have 


Lae th da yee a il dit ; . 
dx) = Ge) = Gy le). a, Using the chain rule) 


li du . d x X 
=e + [Using dx (©? = e 
dy | | | d 
Thus 7. = fl (2%) Gras and oe 2x] 
(ii) u=r/x Then  y =a’ (A) 
ai @ in ; yi pes 
and y= a * 1S ~ Infx 


Differentiating a sides of (A) w.r.t. x gives 


isd s », auf .dy . dy du 
PRE dx (4) = a ae dx aoe 


dx du dx 


; d d 
(a” In a). 7 [Using a (2) =alna 


ran [3 w=afe and PE 3 4 


aes aN. as 
2 i 


Example 2: Differentiate y = a* wrt. x, we have 


qe flow 
Thus dx (4 = 


Solution: Here y =a‘ 
we yee 
Differentiating w.r.t. x, we have 
d eng eek 
ers —(xina) 
dx dx 
= e*""* (Ina) 
xina x 


= a’ (Ina) ee. 18 


211 DERIVATIVE OF THE LOGARITHMIC FUNCTION 


Logarithmic Function: 
If a>0O a# land x =a’, then the function defined by 
vyiesiien, , . x2) 
is called the es of x to the base a. 
The logarithmic functions log. and log* 9 are called natural and common 


logarithms respectively. y = log2 is written as y= Inx. 


Au ee ee areca ree Azecintietty 








d 
We first find my (In x). 


Let y = /n x, Then 
y+ dy = In(x+ &) and 


dy = In(x+ &&)—-Inx = n=) = inf +=) 





Xx 


Now 


S| 
T 
|~ 
—y 
t 

| 


Hl 
by [i 
S| 
Sy 
— 
+ 
+ |S 
EE a - 
HI 
= | 
= 
iment 
& |S 
, ee 
>| 


| 
oa 
3 
+ [— | 
= 
we 
+ 
+ |& 
ee 
S|» 
ee ee 
iH 
= | 
~~ 
= 
hee) 
= 
oOo ~ ae 
i 
+ 
a 
SS ee 


Thus pe Se 


6x0 
lim ¥ 
dy. -- +h ox V5 
i Ll fi +) | 


(.. ® 50 when & 0) 


] 1 
= 7 Ine | lim (+z = | 
| l e 
- -. 2S tee = 1) 
Now we find derivative of the general logarithmic function. 
Let y = log* , then 


y + dy = log, (x + &) and 
dy = log, (x + &) —log,* = log, Eee) slog. i ‘4 


me See | aa 2 x & 
1 &x Vai 
5 loge +) 
dy lim |1 &x)&| 1 lim | Sx ae 
me = Sylten(s- At deulne (8 


1 lim Sx = 
oe log, Be t +=) 
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hip dn . : 
= 7 log, .. tim (1+zy = e 
a,x te | Aratde dung?“ 
at dx lloga | Tix “dn a .. ofa = log.’ ~ In 4 
Example 1: Find if _ y = log), (ax* + bx +c) 


Solution: Let u = ax’ + bx +c. Then 








= | u ay ik I 
Fm AS a =. an han cn 10 
d SE SP b = a(2x) + b(1) =2ax+b 
and Gy = gy (ax + bx +c) = a(2x) + W(1) = 2ax + 
BY 8 A cf Bice Le ae 
et + SF 2 nals 
1 
~ (ax? + bx +c) In 10 (2ax + 5) 
da 2 ae er ene 


Example 2: Differentiate /n (x* + 2x) w.r.t. ‘x’. 
Solution: Let y = In(x*+ 2x), then 





d 1 d 
os = £ [In(x? + 2x)] = (e+ Ox) x (x + 2x) (Using chain rule) 
_ 2a~+)) 
2(x + 1) 


Thus a (In (x? + 2x)] = = ode 
2.12 LOGARITHMIC DIFFERENTIATION 


Algebraic expressions consisting of product, quotient and powers can be often 
simplified before differentiation by taking logarithm. 


Example 1: Differentiate y =e’ w.r.t. x. 
Solution: Here y=e’” (i) 
Taking logarithm of both sides of (i), we have 


In y = f(x).Ine 
= f(x) (-s ne=1) 
Differentiating w.r.t x, we get 


—o- £'®) 
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So eee fal of x fx) 
dx 


ps + emyre™ x f(x) 


7 2 
Example 2: Find derivative of ze +3 


x vx? + 3 | (i) 


Solution: Let y = (x2 + 1) 
Taking logarithm of both sides, we have 


2 
Iny = mn EA? ) In (xx? +3) —In(x +1) 


x°+1 
l 
or Sing Inx +5 In (x +3) -In(x + 1) (ii) 
Differentiating both sides of (ii) w.r.t. ‘x’ 


<tny) = £}inx+5In (x° + 3) —In (x + u| 














Sk ; Dee Cee ae | 
Ye PD ae g XB ao 
1 x 2x 
=X Tax ES THI 
— (6 43) 06 +1) +x. x6? +1) - 2x. x (2 + 3) 
ra x(x? + 3) (x? + 1) 
$4 434464 7 - 2x4 - 6° 3-x 
- x(x? + 1) (x? + 1) ~ x(x? + 3) (x? +1) 
Nini ee eID FO SE 
dx x(x +3) 0 +1) P41 | X07 43) 41) 


TIS i seg ches 
N+ 3. Oe +e 
Example 3: Differentiate (/n x)’ w.r.t. ‘x’ 
Solution: Let y = (/n x)" (i) 
Taking logarithm of both sides of (i), we have 
Iny= In{(Inxy] = xIn(Inx) 
Differentiate w.r.t. ‘x’ 


ld : 1 d 
cig a 1 .In(inx) +x. ine dx (nx) 


1 l 
= In(Inx)+x. Inx i x = In (In x) + aT 
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* 
oe ze yin (In x) pike = (px in (In x) + orl 
2.13 DERIVATIVE OF HYPERBOLIC FUNCTIONS 











The functions defined by: 
x x x aa 
é€ —e €é +e 
sinhx = ,) , SER: cosmx = >) , xER 
pte sinh x ée —e- s 
om cosh x ES tee 


are called hyperbolic functions. 
The reciprocals of these three functions are defined as: 

















1 2 
cosechx = Spy = Got FER-(0); 
1 2 
sech x = a Sa 4 err xER 
] e+e | 
coth x = tanh x = ef et , xe R-{0} 


Derivatives of sinh x, cosh x and tanh x are found as explained below: 








d 1 ae ] x —XxX l x = 
£ (sinh x) «i 415 (e-e*)| = gle -e" (-D Bayer Pe p= cone x 
d|1 A Peto ye I “x 
a 7 Be aa * “*)(e +e") —(e —e*) (e -e* 
dx tanh x] oF dx e+ at — (e* + e*y 


4 e+ 2—-( +e" -2) — 4 


(e+e°) le + e*y 


= FE 2 3) = sech? x 
ete 


The following results can easily be proved. 





d 
(cosechx) = —cothxcosechx ; 7G. (sechx) = —tanhxsechx 
- (cothx) = —- cosech’ x. 


Example 1: Find 2 ify = sink 2x 
Solution: Let u = 2x, then 
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dy 
y = sinhu =<. a = coshu 
du d 
dy dy du 


a 
ee: pte cosh u. = [cosh (22) baz = 2 cosh 2x. 
or < [ sinh 2x] = 2 cosh 2x. 


Example 2: Find if y = tanh (x’) 


dy 
Solution: Let u = x, then y = tanhu => ies sech’ u 


dud 

and 7, = aX) = 2x 
d ay a du 

Thus = = a x = = sech’ u. ie = [sech’ (x7)] «2X 
d 

OF ae [tanh x] = 2x sech’ x’. 


2.14 DERIVATIVES OF THE INVERSE HYPERBOLIC 
FUNCTIONS 
The inverse hyperbolic functions are defined by: 
1. y=sinh" x ifandonlyif x = sinhy ; x,yeER 
2. y=cosh'x  ifand only if x= coshy ; xe [1, ~), ye [0, ~) 
3. y=tanh" x ifand only if x = tanhy ; xe (-1,1),yeER 
4. y=coth’ x ifand only if x= cothy ; xe [-1,1]‘ ye R-{0) 
5 y= sech'x if and only if x= sechy ; xé€ (0, 1], ye [0, ~) 
6. y=cosech a if and only if x = cosechy ; xe R—{0},ye R—-{0} 
The following two equations can easily be derived: 
(i) sinh x =In(xt+V41) (ii) cosh’ x = In(x+/ -1) 
Proof of (i). 
Let y=sinh"' x for x,y €R, then 


e*> —e 
x= sinhy=>x= 





- = 2xe’ =e’ -] 
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or e° —2xe”-1=0 
Solving the above equation for e* , we have 


aya 2et V4x7 +4 
2 


2 
= aE arte Se 


As e’ is positive for ye R, so we discard 
x-Vx? +1 

Thus exh x? 41 5 Pale eV 441) 
= sink! =In|x4 Vx +1) 


Proof of (11). 
Let «y= cosh’ x for <é [1, ~), ye [0, ©), then 


y 


e+e? : 
es => x= 5 = & —-2x%+1=0 -++ (I) 


Qxtr/4x?-4 “2x +2\/x?-1 
Solving (I) gives, e” = da salar’ oA pe = xtr/x*-1. 
e@=x- Sax —] EE —1). 


If x=1, theny=m(1-V1-1 ) =In(1) = 0 but 


In (x —4]x? —1) is negative for all x > 1, that is, 
foreach x (1, ), y € (0, ~), so we discard this value of e’. 


Thus e = xt+\x?-1 which gives y = In(x +x? -1 ) , that is, 
cosh x = In(x +\\x?-1 3, 


Derivative of sinh™' x: 
Let y= sinh'x ; x,yER 
Then x= sinhy 





Xx 








dx dy ge 
yt ey = dx = tosh y > dk 

dy 
dy I : («cosh y >0) 


or dx 
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dy Re SRE I | 
ae = gy (sinh x) pate 7 (x € R) 
Derivative of cosh x: 

Let y=cosh'x; xeé[l,~),ye [0,~) 

Then x = coshy 





o.., ste fe Oe 
and dy = sinh y SP ake. = sinh y “ke = a 
. dy 
r lle ieee Deets (= hs >0 > 0) 
O ax sinhy = pee aig ~ sinhy >0, as y 
d d | : : 
Thus a = oe (cosh x) = 4 , ia FT} 


~ 


As cosh'x = In (x +\\x? -1) , SO 


l six? -1 +x | 





dad Te ing eee mc oe ie DS Oe ; i 
i 18 oral eet se Ce. ie -1 


Derivative of tanh” x: 
Let. t= tanh'x ; xe (-1,1),yeER 





im dx e 2 dy l dy l 
Then x= tanhy and dy = sech’ y => ax = > ‘ > = és 
dy 
dy nT 
dy = 1 —tanh’ y mo ee (-. sech” y = 1 —tanh* y) 


d if 1 ? 
Thus 7, (tanh™ x) Bae ee” : -1<x<1 or kli<1 
The following differentiation formulae can be easily proved. 


d 3 1 1 
dy (coth™ x) = 73 BW ee yy geal > | 


l 
xV1l-—x 
d 24 | 
dx (cosech > = “eee: x>0 


or 4 eosech x)= mee Sea xe R-{0} 
dx Ixhj14x2’ 


d 
ay (sech™' x) = - = O<x<l 
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Example 1: Find =~ <. if y = sinh” (ax +b) 
Solution: Let uw = ax+b, then 








oe sinh” u = = = 
3 du ~ N14 
Dia@ du] 2 dy 
ie au ax a oe Sade. 
a AS |, i dud 
Thus dy Lsinh (ax+b) = rrr. oe £ ix.= yar +b) =a) 
d : 
Example 2: Find = iy = cosh (sec x) »  OSxee a2 
Solution: Let u = secx, then 
y = cosh! — & 
du u—1 
d d 
and = 7 hy (secx) = secxtanx 
dy dy du | du 





Thus 77, Cede eee = 


( tan X) ( tan x) 
= secx tan xX) = secx tan x 
\Jsec? x — 1 tan x 


or £ [cosh”’ (sec.x)) = secx. 


EXERCISE 2.6 


= SeECcx 


l. Find f’(x) if | 
Be ae 
(i) f(x) = Gi) fx) =xe, (#0) ii) f= e eth x) 


WW) {a= a7 Wn re”) wi) f= Soe 


(ii) fx) = Vine™ +e) (ili) In(Ve* +e”) 


d 
pa = if 


In x . (ili) y 


(i) y= x Invx (ji) y= ex 

a ie ed | 
(iv) y= 2 In (v) y=ln ars (vi) y=ln (x tax? + 1) 
(vii) y= m(Q-x) (viii) y = e* sindx (ix) y= ee (x? + 2x7 +1) 
ion = xe" (xi) y= 50" (xii) y = (x+1) 
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fx? = 1.(% +1) 


(xiv) y= Ge + 1)” 





Inx 


(xii) y = (Inx) 


mae 
3. Find ae if 


Gi) y= casi2x / (ii) y = sinh3x 
(ii) y= tanh | (sin xX), et es five: Bee sinh ' (x’) 
(v) y = (Intanhx) (Vi): ere sinh ' 5 | 
2.15 SUCCESSIVE DIFFERENTIATION (OR HIGHER 
DERIVATIVES) 


Sometimes, it is useful to find the differential coefficient of a derived function. 
If we denote f’ as the first derivative of f, then(f’)’ is the derivative of f’ and is called 
the second derivative of f. For convenience we write it as f”. 
Similarly (f’”)’, the derivative of f”, is called the third derivative of f and is 
written as f’”. 
In general, for n > 4, the nth derivative of fis written as f ‘ys 


Here we state different notations used for derivatives of higher orders. 


3rd derivative 
ay 
dx 














a'f 





dx’ 
Example 1: Find higher derivatives of the polynomial 
me IN A ies Bigg, 
F(x) 12* ~ 6% ss 4% Ze + 7 


1 
Solution:  f’(x) = 35 (4x) - 2 Br’) +5 (2x) 4240 = se -SP 4g r+2 


l 1 
FG) = 3 Y) 72x) +5(1) +0 = P—x4 5 
f(t) = 2x-1 
f%(%)= 2 


All other higher derivatives are zero. 
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; | 
Example 2: Find oer if y=Inlxa Ve +a") 


Solution: Given that y = In(x+ a)x° +a’) (i) 
Differentiating both sides of (i) w.r.t. ‘x’, we have 


dy 1 re 


1 Lx 2x 
a pe mene i+ aaa 
yr tartx 





5 ey | eS 
That 1s, arm = ap (ii) 
Differentiating (11) w.r.t. ‘x’, we have 

dy NS a ey. D2. 23 

de = AIG +a‘) he 5 +a°)~" X 2x 

Jy eee cn 
or et ary Y+ay” (111) 


Differentiating (iii) w.r.t. ‘x’, we get 


3 3 | 
LG Hey se 7 (play ax 


sae 


me w@sa™ 
£ 
on eee rent 
Solution: Given that y+ 3ax°+x =0 (i) 
Differentiating both sides of (i) w.r.t. ‘x’ gives 


Example 3: Find 


d d 
ay D+ 3ax? +x] = 7,(0)= 0 


d * yt 
3y" . + 3a(2x) + 3x°= 0 = ye = —(2ax+ x) 
d Qax+ x’ % 
ae = = rae Be (i1) 


Differentiating both sides of (11) w.r.t. ‘x’, we have 
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d’y 
dx 


| | a 
nts i ne ancsieds alt ata 2y 5 


a ad 
(—B) dx y? (y?y 


3 2 2ax + x° 
2(a +x) y —(Qax+x°).2yx a igills io 


= — | ys 


2 2 
2|(a-+x)y? + aoe 


ae 4 
y 
_ 2[a@+txy + Qax+x)’] 
ab Ws iS 
Fe be ah 8 2 
_ _ 2[@+x).(3ax = meme Cis ge na? 3) 
2x" [—(a +x) (3a +x) + (4a* +x + 4ax)] 
Saas ee. inet Be ae 


y 


_ 2 [+ Ba’ + 4ax 42°) + 4a" + + 4ax] 


ox" bat PY: le a 
3 ees ee _ = ae 
Example 4: If x =a(@-sin@), y = a(1+cos 0). Then 
d’y 


2 


Show that y +a=0 





Solution: Given that x = a(@+ sin @) (i) 
and y.-= a(1+cos 8) (ii) 
Differentiating (i) and (ii) w.r.t. ‘8’, we get 


= = a(l1+cos 0) (iii) 


at a | | 
and aa a(— sin ®) (iv) 


ay Ai 80S 


Using ke ae de S , we have 


SISSIES 


—asin@ ASS sin 0 
a(1+cos @) 1+cos 0 
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dy sin @ 
‘dt <4 ecos 0 ) 
Differentiating (v) w.r.t. ‘x’ 


d’y cowie: sin 0 5 d {_sin®@ dé 
dx* ~ dx \ 1+cos 0} ~ d@\1+4¢os 0) * dx 


_ cos 0(1 + cos 8) — sin 8 (— sin Q) dé 


That is 





(1 + cos 6) " dx 
dy _ _ cos 0+cos* 0+ sin 0 d@ 
aa (1 +.cos 0) " dx 
4 1 +cos 0 I dx 
= st dere 6) * a(1 + cos @) (. Aa ee 0) 
I l l l y 
= a (eas Be a yy E I+ cos 8 = =] 
3) 
ear eye 
Se ais yy? 
,ay | ay 
or y 5 = -a = yatta s.9. 


Example 5: Find the first four derivatives of cos (ax + b). 
Solution: Let y = cos (ax +b), then 


v= 4 [cos (ax + b)| = — sin(ax+b). 4 (ax + b) 
= — sin (ax + b) x (a +0) =—asin(ax+b) 
yn = — a [sin(ax+b)] = (—a) [cos(ax +b) x(a + 0) 


~ a’ cos (ax + b) 


y3=-a £ [cos(ax + b)] = (-a’) [— sin(ax + b) x ~ +0) 
a> sin (ax + b) 


V4 a < [sin(ax + b)] = a’ x [cos (ax+b)| xa = a’ cos (ax + b) 


3 
: dy 
Example 6: If y=a™ , than show that yg a’y=0 


—ax dy d —ax —ax d —ax 
Solution: As y=a",so 7 = 7 (e™) =e. (ax) = ea) 
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ee. oa 
Thatis 7 = — ay Ge Par + 
d [dy] _d ay es 
Y dx dx = axl Ol > Ge = 8 ae Oe es 
dy . , 
or <3 = = ae : (i) 
Differentiating (i) w.r.t. ‘x’, we get 
df[dy d d°y Ae 
> i = Glayl= 73 = 0G = 7 (ay) = -ay 


d°y 
Thus 33 + ay = 0. 


3 
ample 7: If y= sin” : , then show that y, = x(a’ ae } 2: 


i x 


Solution: y = sin- my 2 


SO 


dy To Se NOISE ae | 
Me ade Wee a ( ike 
{ =< 


Ss eS a a (a2 — xy? 
z a 2_ > 
Eee Va — 2 


y> = A [(a* a ey) om 5 (a we rag Peaks x = 2x) on (a’ if eo wale 


EXERCISE 2.7 


1. Find y if 


(i) y= 2P-3xt+4x°4x-2 (ii) y = (2x45) (iii) yar +r 


2. Find y if 


2x+3 
(i) y=x. e* Gi) y = nF] 
3. Find y if 
i) x«+y =a Gi) ¢e-yp=a@ 


(ili) x = acos®, y = asin® (iv) x = ar, y = bf. 
(v) x+y +2ex+2fytc =.0 
4. Find yq4 if 


(i) (y= sin 3x (ii) y = cos’x (iii) In (x —9) 
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°, 


2. 


16 


If x = sin 8, y = sin m0, show that (1 —x*) y.— xy + m’y = 0 
If y = e& sinx, show that _ 22 +2y % 0 

Ef y3= e™ sin bx, show that a - 2a + (a? +b’)y = 0 

it oe ae: (cos x)’, prove that (1 saa) y2 -— xy, -2=0. 

If y = acos a i ad prove that yey xe +y = 0. 


SERIES EXPANSIONS OF FUNCTIONS 


A series of the form ag + ajx + a2x° + a3x° + agx* + ++ + G_x" + + is called a 


power series expansion of a function f(x), where do, a1, a2, ***, Gn, «+ are constants and 
x is a variable. 


We determine the coefficient do, a), a2, +++, Qn, -*: to specify power series by 


finding successive derivatives of the power series and evaluating them at x = 0. That 


1S, 


f(x) = ag + ax + anx + a3X? + age + ase + -- +a" + (OQ) = ao 
f(x) = ay + 2anx + 3037 + Sage? + 5asx* + 6 + nan"! + - fF O)= a) 
f(x) = 2ay + 6a3x + 12a4x7 + 20a5x? + --- + n(n—Ia, x"? + +» £0) = 2a 


447 


f(x) = 6a3 + 24agx + 60a5x* + +--+ | f() = 603 


(4) 


(4) 


f (x) = 24a, + 120a5x errs | f (0)= 24a, 


(4) 
774 0 f (0) f (0) 
So we have ao = f(0), a, =f (0), a = ! 7 ahh See ont A! 
3 (n) 
| f (0) 
Following the above pattern, we can write d, =~) 


Thus substituting these values in the power series, we have 
(4) (n) 


s 47 0 444 0 0 0 
f(x) = f(0) + f(0) x Oe +a xk Af + A X" $e 
This expansion of f(x) is called the Maclaurin series expansion. 

The above expansion is also named as Maclaurin’s Theorem and can be 


Stated as: 


If f(x) is expanded in ascending powers of x as an infinite series then, 


(4) (n) 
- “0 ) “0 ) (0 ) (0 ) 
f(x) =f(0) + f (0) x + FH vst 31 res ae x" 
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Note that a function fcan be expanded in the Maclaurin series if the functions 
is defined in the interval containing 0 and its derivatives exist at x = 0. 


The expansion is only valid if it is convergent. 


Sigh 
Example 1: Expand f(x)= jy, m the Maclaurin series. 


Solution: fis defined at x = 0 that is, f(0) = 1. Now we find successive derivatives of 
f and their values at x = 0. 


f'(~) = C1) (1+x)” and f’(0) = -1 | 
f(x) = (-1) (2) (1 + x)> and f (0) = (-1 |2_ 
f(x) = (-1)-2)(-3) (1 +x) and f’’(0) =(-1)° [3_ 
f(x) = (-1)(-2) (-3)\H4) (1 + x)? and f(x) = (-19* [4 
Following the pattern, we can write f(0) = (-1)"|n_ 
Now substituting (0) = 1, f’(0) =-1, f’(0) =(-1)*|2. 
f’’'O) =(-1¥ [3.,f O) = (-1 ‘ [4 , ++» f(@)=(-1)" |n_ in the formula. 
I, Il, 4 
fx) = fl0)+f(0)x+ aera oe Os eae 
£0) 


i 
| + in x + » we have 


2 3 4 
jen et CDSs (-1)° ie (-1)° is 1), iz x* 


=| -x¢x—O4a'4 vos t(—1)" x" + -- 


Thus, the Maclaurin series for {+x 18 the geometric series with the first term 


1 and common ratio — x. 










Note: Applying the formula S = mae , we have 

AN A 5 I 

~ 1-(-x) ~~ 1+x 

Example 2: Find the Maclaurin series for sin x 

Solution: Let f(x) = sinx, then f(0) = sin0=0. 
f"(x) = cos x and f’(0) = cos 0 = 1; f(x) = —sinx and f”(0) = —sin0 =0: 
“Co a cosx and f’’(0)=—cosO0=-1; f™ (x) =-—(— sin x) = sinx 
and f (0)= sin(0)=0. 

fF) =cosx and f” (0) =cos 0 = i es (x) =— sinx 





l-—x+x2-—2x3+ Bae 
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andf” (0)=0;f\” =—cosxand f (0)=-1 
Putting these values i in the formula a a 


“Bae wt as 


Sin x = agmensiy§ + aes p Poy tit os sip Duta ny pe 


oi Babee) Ei tie ie 


+ ..., we have 


x“ ,2 a 


foe Tia ale Vigo 6. te i 
[3 als [7 
Example3: Expanda’ inthe Maclaurin series. 
Solution: Let f(x)=a,, then 
f(x) = d Ina, f"(x)=a (Ina), f'"(~)=a (Ina), 
: @ ©) =a (In a) , ts “i (x)=a'(ina)’. 
Putting x = Of), f@),f"@. "OS @), ---F "(&), we get 
f(0) = a =1, f(0)=a° Ina= ina, f"(0)=(Ina) , f""(0)= (ina), 
f°'(0) =(Ina) ,..., f (0)= (Ina). 


Substituting these values in the formula 


" ») 
f= FO+FOxtL Ov + LO 2,4 Ov 


+..., we have 


[2 [3 ia ald 
~a44 (In a).x+ (in ay’ 2 + (nay 3 +...4 COB) yn 
[2 Bis [n 












Note: If we puta =e in the above expansion, we get 
x? x? x" 
etext — +h RE ( Ine =1) 


[7 






Replacing x by 1, we have 






ik Le Sak 


2 2B 


Example 4: Expand (1+ x)" in the Maclaurin series 
_ Solution: Let f (~)=(1+x)’. then 
| f(x) =n(1t+x)", f'"() = nn-1)l +x), 

f'"(@) = n(n= 1) (-2)(1+x)", f°) = n(n-1)(n-2)(n-3) (1 +x)" 
Putting x=0,we get 

f' (0) = (1+0)'=1, f(@)=n(1+0)"'=n 

Ff") = n(n=1)(1+0)"*=n(n=1) 

<F®) = n(n-1)(n-2)(1 +0)" =n(n- 1) (0-2) 
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y o)= n(n—1)(n— 2)(n- 3)(1+0)"*=n(n—1)(n—2)(n-3) 
Substituting these values in the formula 
fix) = $0) + fx + £ — 2 ies oa 
n(n-1) eg n(n—1)(n—2) 534, 
[2 


(l+x)" =l+n.x + 


3 “ 
2.17 TAILOR SERIES EXPANSIONS OF FUNCTIONS: 


If f is defined in the interval containing ‘a’ and its derivatives of all orders 
exist at x=a, then we can expand f (x) as 


fis) = f(a) + f' (aXx-a)+ £ ce += ia es (x-ay? 
Pipe 2k FI ry 20? Base 
4 [n 


ay 4 (x-a)” +... 


Let f(x) = a,ta,(x—a)+ a,(x-a) + a,(x— a) +a,x—a)'+... 
+ a(x—a) +... 
Obviously f(a) =a, (*-" goin Ge - a, all other terms vanish) 
Sx) = a, + 2a, (x-a) + 3a; (x- a) oo a) +...+na,(x—a)" us 
ft" (x) = 2a, + 6a, (x —a) + os (x-a) +....+n(n- la, &- a) +. 
f'"' (x) = 6a, + 24a, (x-a) +.. 


Putting x = a,we get f'(a)=a,; f"(a)=2a, > a= 7) i, et (a) = 6a; 


[2 
g I (a 
2 ae 
f(a) 
Following the above pattern, wehave a, = ——— 


[n 


Substituting the values of a), a,, a,,a;, ..., we get 


f(x) = f(a) + f'(a(x- a) + De is ls bs 
[2 [3 


a a 


(")- \. 
+ ahs C.F +... (A) 
[n 


This expansion is the Taylor series for f at x = a. The expansion is only valid if it is 
convergent. 


If a = 0, then the above expansion becomes 
F(x) = f(0) + f'(0)x+ FAO) + Fe KO) 3 + ...4+ L°O » + 
[2 [3 Ln 
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_ which is the Maclaurin series for fatx=0. 
Replacing x by x + hand a by x, the expansion in (A) can be written as 
v7 vit (n) 4 
S(xth) = f(x) + f'(x)h+ LO, + Jy + ...4 J) +... (B) 
[2 [3 [n 
The expansions in (B) is termed as Taylor's Theorem and can be stated as: If 
x and h are two independent quantities and f(x + h) can be expanded in ascending power 
of has an infinite series, then i 
ft = FO\4+ SOW et ea ee 
[2 [3 [n 
Example 1: Find the Taylor series expansion of /n (1 + x) atx =2. 


Solution: Let /f(x)=/n ( + x), then f(2) = In (1 + 2) =1n3 
F inding he successive derivatives of /n (1 + x) and evaluating them at x = 2 
ra =— sand Ss FD 
oe eee y, 143 3 


f'(x) =(-1)0+x)* aid ys 1+ 27 =- 
f'"'(x) =(-I(-2)0 +x)? and f'"(Q2) = [2.04 2° == 
f (x)= (I-23) + x)* = (-1) [3 (1+x)4 and f(2)=- -= 


The Taylor series expansions of ‘f’ at x =a is 


F(x) = f(a) + f'(a).(x-a@) + LO, a + SM Os Es 


[2 [3 
Now substituting the relative values, we have 
12 md 
| BPR ye. er eee 4 
In (1+x) =In3 + —(x-—2)+—(x-2) += (x4+2) + —(x-2) +... 
n (1+x) 5D Pe 2) 4 (42)! + EL (2) 
* ae Sgn 3 _2y 
ain te ee ee 


Lory 2, as 4.3° 
Example 2: Use the Taylor series expansion to find the value of sin 31°. 


Solution: Wetake a=30° = = 


| Tt 1 Gay | 
L t = 7 , th _— — ; — —_— ll 
et f(x) = sin x en f 4 sin Ge 


Sexe Tt | 
Now taking the successive derivative of sin x and evaluating them at = we have 
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F(x) = Ea a and | r(2| = COs - = : 
—| 
T(x) = —sinx and f(t = geusi?2 = a: | 


Sfx) = -—cos x and jis 


. a le nega 
a 
mo 


Ala a 


™~, 
S 
One 


¥ m (x) = —(-sinx) = sinx and 


iI 

<<) 

x 
Ala 

iI 


Thus the Taylor series expansion at a=7 is 
Ah rips crab govt oh op 
sin.x =3+3(1-2)},2 [x-2) +2 (2-5) Tae 
ee 6). -12 6 (3 6 
ree (5) “ae 3) 
= —+—| x-— |—-—] x-—] +—|x-—-—| + 
aun 6) 22 6 2|3 6 
For x =31° ,x-— = (31° — 30°) = 1° ~.017455 7 


sin 31° w+ 4 ¥3 (917455) -1(017455y -3 (017455) 
ree 4 12 
= 5 + .015116—0.000076 = .5150 


| 2 3 
Example 3: Prove that e*” “1 +h+ fi + o4 s 
2.13 
Solution: | . 
Let f(x + h) =e"*", then f(x) =e .. (i) 
By successive derivatives of (i) w.r.t ‘x’, we have 
f'MO=6, f"@M=e, f'"(«) =€ etc. 


By Taylor’s Theorem we have 


h? h : 
x+h) = f(x)+h f'(x)+ — f(x) + — f'"(x) +... 
f (x+h) = f(x) IO)+ 7 FC) 37 
Putting the relative values, we get 
2 3 
et" = 6 + he™ 4+ wh a age | 
2 £8 


| 2 3 
ae eg aca OTS 
Clea 
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2.18 


defined by the equation y=/(x). 

Let P(x, f(x)) and O (x + dx, f(x + dx)) be two 
neighbouring points on the arc AB where x, 
x+0x ED,. | 


it makes Z.XSO with the positive direction of 
the x-axis. (See the figure 2.21.1) 


perpendicular PR to NQ, we have 


EXERCISE 2.8 
Apply the Maclaurin series expansion to prove that: 
3 4 
' 3 x + areas 
i Infi+x) = x-—+—-—-— H+... 
(i) (l+x) : eg ET 
| HOT alah >? 
il cosx=1-— — + — —- — +... 
Seeive Ras ha GH” 
2 3 
bei era > x ) 
ill Jl+x=1l+=-—+—+ ae 
(at) Orn Ti aa 
x’ x 
iv e@=1+ x +— + — Fe 
(iv) 2*B 
4x? 8x° 
V aa 1s ee oe he 
Show that: 
2 ,3 
cos (x + h) = cos x —h sinx-— — cosx + — sin x +...... 
( ) 2 3 


and evaluate cos 61°. 
(In 2) h’ kn 2h 
[2 [3 


+...} 





Show that 2°**=2" {1 + (In 2)h + 


GEOMETRICAL INTERPRETATION OF A DERIVATIVE 


Let AB be the arc of the graph of f 


The line PQ is secant of the curve and 


Drawing the ordinates PM, ON and 


FIGURE 2.21.1 
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RO =NQ-NR=NQ- MP =f (x+ 6x) -—f (x) 
and PR =MN =ON-OM=x+6x-x=6x 
Thus tanm ZXSO=tanm ZRPOQ 
_ RO _ f(x+8x)-f(x) 
PR ox 

Revolving the secant line PO towards P, some of its successive 
positions PQ,, PQ, , PQ, ... are shown in the figure 2.21.2. Points Q. (i = 1, 2, 3, ....) 
are getting closer and closer to the point P and PR, 1.e; 6x; (i=1, 2, 3 ..) are 
approaching zero. 


In other words 
we can say that the 
revolving secant line 
approaches the tangent 
line PT as its limiting 
position at P while 6x 


approaches | zero, that is, 


FIGURE 2.21.2 





tanm ZXSQ ——> tanm ZXTP when &x > 0 
f(x+8x) — f(x) | 
Sx 
Lim Sf (x+0x) — f(x) 

ox >0 Ox 


or ——> tan mZ.XTP as 6x > 0, 


sO = tan mZ XTP 


or f(x) = tan mZXTP 
Thus the slope of the tangent line to the graph of ‘f’ at (x, f(x)) is f(x). 
Example 1: Discuss the tangent line to the graph of the function | x | at x = 0, 
Solution: Let f(x) =|x| 
f(0) =|0| = 0 and, 
f(0+8x)=|0 + &x| =| 8x], 
so f (0+ 8x)— f(0) = |dx|- 
se f(0+ &x)- fF) _ |&| 


ox 8x. 
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Thus f' (0) =: aa 
8x 30 Ox 
Because |6x|= 6x — when 8x > 0 


and | dx | = — 8x when 6x < 0, 


SO we consider one -sided limits 


Lim | 5x | = Lim all 
dx > 0° + Ox 
a eee 

and bx > 0° ox 


The right hand and left hand 
limits are not equal, therefore, the 


x | 5x | 
Lim — _ doesnot exist. 
dx > 0 

This means that /’(0), the 


derivative of f at x =0 does not 
exist and there is no tangent line FIGURE 2.213 
to the graph of f atx =0 (see the 
figure 2.21.3). 





Example 2: Find the equations of the tangents to the curve x —y — 6y=0 at the 
point whose abscissa is 4. 
Solution: Giventhat x —y —6y=0 (i) 
We first find the y-coordinates of the points at which the equations of the 
tangents are to be found. Putting x = 4 is (i) gives 











16-y —6y=0 => y + 6y—- 16=0 
6 + /36+64 -6+ 100 -6+10 . 
or y= , that is 
2 pa 2 
—6+10 4 -—6-10 -16 
= —--—=+?2 or — = —— = -§ 
ci teaeetcth cipted PE 


Thus the points are (4,2) and (4,—8). 

Differentiating (i) wart. ‘x’ we have 

ce 62 = = 22 (y +3) er ee 
dx y+3 





2x — oan 
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+ 4 


Thesl f the tangent to (i) at (4, 2) = x 
eslope of the tangent to (i) at (4, 2) a4. 5 








Therefore the equation of the tangent to (i) at (4, 2) is 
y-2=2(-4) = 5y -—10 = 4x - 16 


or Sy = 4x -6 4 4 


The slope of the tangent to (i) at (4, —8) = - =——. 
=8:+-3 5 





Therefore the equation of the tangent to (i) at (4, —8) is 
y ~ (8) =-2G-4) 
or Sy + 40 = -—4x + 16 => 4x +Sy+24=0 
2.19 INCREASING AND DECREASING FUNCTIONS 
Letf be defined on an interval (a, b) and let x,, x,€ (a, b).Then 
(i) f is increasing on the interval (a, b) if f(x,) > f(x,) whenever x, > x, 


(ii) fis decreasing on the interval (a, b) if f (x,) < f(x,) whenever x, > x, 











Gx, og, 8 By. Ki. Xa 


F(X) > f (%)) ifx, > x £2) <f@) ifx, > x, 





We see that a differentiable function f is increasing on (a, b) if tangent lines to 
its graph at all points (x, f(x)) wherex € (a, b) have positive slopes, that is, 

f'(x)>.0forallxsuchthata <x <b | | 

and f is decreasing on (a, b) if tangent lines to its graph at all points (x, f (x)) 
where x € (a, b) , have negative slopes, that is, — 

f'(x) < Oforallxsuchthata <x <b 


Now we state the above observation in the following theorem. 
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Theorem: 


(i) 
(ii) 
Let 


Let f bea differentiable function on the open interval (a, b). Then 
f is increasing on(a, b)if f(x) > 0 for each xe(a, 5) 

f is decreasing on (a, b)if f'(x) < Oforeachxe(a, 5) 

f(x) = x’, then © 


F(X) —f(x;) — > —Xx; =(X, ee (x,+x,) 


If x,,x,€(—oo, 0) andx, > x,, then 


f(x.) -f(x,) < OC x,- x, >Oandx,+x,<0) 

=> f(%)<f%) 

= fis decreasing on the interval (—°,0). 

If x,,x,€(0,0)andx,> x, , then 

F(x,)-—f(x,)>9 (-:x,—x,>0 and x,+x,>0) 
=> f(%.)>F(%) | 

= f is increasing on the interval (0,0). 


Here f’(x)=2x and f’(x)<0 for all xe(—~, 0), therefore, 


_ f is decreasing on the interval (— ©, 0) 


Also f'(x) >0 for all x €(0,0), sof is increasing on the interval (0, 0). 


From the above theorem we can conclude that 


. 
Z, 


f'(x,) <0 => fis decreasing at x, 

f'(x,) =0 = f is neither increasing nor decreasing at x, 

Bs '(x,) >0= / is increasing at x, 

Now we illustrate the ideas discussed so far considering the function f defined as 


f(x) =4x-x (I) 


To draw the graph of f , we forma table of some ordered pairs whichbelong to f 
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The graph of / is show in the figure 2.22.1 


FIGURE 2.22.1 





From the graph of /, it is obvious that y rises from 0 to 4 as x increases from 0 
~ to2 andy falls from 4 to 0 as x increases from 2 to 4. 
In other words, we can say that the function f defined as in (I) is increasing in 
the interval 0 < x < 2 and is decreasing in the interval 2 < x < 4. 
The slope of the tangent to the graph of fat any point in the interval 0 < x < 2, 
in which the function / is increasing is positive because it makes an acute angle with the 
positive direction of x-axis. (See the tangent line to the graph of / at (1, 3)). 
| But the slope of the tangent line to the graph of f at any point in the interval 
2 < x < 4in which the function fis decreasing is negative as it makes an obtuse angle 
with the positive direction of x-axis. (See the tangent line to the graph of f at (3, 3)). 
As we know that-the slope of the tangent line to the graph of f at (x, f(x)) is 
f' (x), so the derivative of the function f, i.e., f'(x) is positive in the interval in, which fis 
increasing and f(x) is negative in the interval in which / is decreasing. 
The function f under consideration is actually increasing at each x for which 
f'(x)>0. 
Le, 4-—2x>0 —2x > -4 Sis ie | 
Thus it is increasing in aa interval a 00, 2). Similarly we can show that it is 
decreasing in the interval (2, «). 
Now we give an analytical approach to the above discussion. 
Let f be an increasing function in some interval in which it is differentiable. Let 
xand x+6x be two, points in that interval such that x+8x> x. 


As the function /, is increasing in the interval, it conveys the fact that f(x + 5x) >f(x). 
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Consequently we have, f(x + 6x) —/(x) >0 and (x+6x)-—x > 0, that is, 
f(x+8x) —f(x)>0 and ox>0 
f(x+8x)-f() . 


ox 
The above difference quotient becomes one-sided limit 


f(x +0x)— f(x) 


Or 


Lim 


dx 0° ox | 
As f is differentiable, so f'(x) exists and one sided limit must equal to f'(x). 
Thus f(x) >0 
Example 1: Determine the values of x for which f defined as f(x) =x’ +2x — 3 is 
(i) increasing (ii) decreasing. 


Le (iii) find the point where the function is neither increasing nor decreasing. 
Solution: The table of some ordered pairs satisfying f(x)= x +2x-—3 is given 
below: 





The graph of fis shown in the figure 2.22.2. 
f"(x)=2x+2 
(1) The condition f(x) > 0 = 2x+2>0 
= 2k SZ 
which gives x > — 1, so the function 
defined as f(x) =x° + 2x — 3 is increasing 
in the interval (—1, 00). 
(ii) | Andthecondition f(x) < 0 = 2x+2< 0 
=> 245-2 
which gives x < —1, so the function f under consideration in the example | is 
decreasing in the interval (—00, —1). 
(iii) | The function is neither increasing nor snorenees where f(x)=0, thatis, 
2x+2=0 => x=-1. 
If x =—1, then f(-1) = (-1)’ + 2(-1) -3 = 4. Thus fis neither increasing nor | 
ee at the a (—1,-4). 





FIGURE 2.22.2 





108 Calculus and Analytic Geometry 
a SE a SE SS RE a SE 


Example2: Determine the intervals in which f/ is increasing or it is decreasing if 
f (x) =x? — 6x? + 9x 


Solution: = f(x) =3x°—12x+9 


= 3(x°—4x+3) 
= 3(x-—1)(x-3) 
f(x) > 0 
—s x-4x+3 >0 
= = DG=3}- 20 





‘(x-1)(x-3) > 0 inthe intervals (—co, 1) and (3, 0). 

f(x) < 0 => (x-l)(«-3) < 0 | 

(x-—1)(¢-3) < 0 if x >land x < 3, thatis 1< x < 3. 
2.20 RELATIVE EXTREMA 


Let (c — dx, c + dx) C D,, (domain of a function f), where dx is small positive 
number. 


If f (c) = f (x) for all x € (c — 6x, c+ x) then the function f is said to have a 
relative maxima atx=c. 


Similarly if f (c) < f (x), for all x € (c — 6x, c + dx), then the function f has 
relative minima at x=c. y : 


Both relative maximum and -> 
relative minimum are called in general 
relative extrema. 


The graph of a function is shown 
in the adjoining figure. It has relative 
maxima atx = band x=d. But atx=aand 
x=c, ithas relative minima. . 


Note that the relative maxima at 
x= dis not the highest point of the graph. | 


2.21 CRITICAL VALUES AND CRITICAL POINTS 


Ifc € D, and f'(c) = 0 or, f'(c) does not exist, then the number c is called a 
critical value forf while the point (c, f(c)) on the graph of f is named as a critical point. 


Note: There are functions which have extrema (maxima or minima) at the points 


where their derivatives do not exist. For example, the derivatives of the 
function f and ¢definedas. 
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f@)= |xl 
sath - 2-x x>0 
dae g(x) = 24x x<O0 Graph of |x| 







do not exist at (0, 0) and (0, 2).respectively. 
But f has minima at (0, 0) and @ has|* 

maxima at (0, 2). See the adjoining figures. . 
Those critical points on the graph of / at 

which f’ = O are called stationary points of /. 


2—-x x>0 
. ' 
2+x x<x0 
Now we discuss relative maxima and 


relative minima of the differentiable function f 
_ defined as: 


y=f(x)=x -3x° +4... (1) 


Graph of fis drawn with the help of some ordered pairs tabulated as below: 
[seta [ae [pt [ele ee 
-¥ [we | 0 [ase [+ [ame 2 [se [0 fae [a 

Now differentiating (i) w.r.t. “x’weget — 

f' (x) =3x— 6x =3x(x—2) . 
ft’ (x)=0 = 3x(x-2)=0 =>x=0 or x=2 


Now we consider an interval (—dx, 6x) in the neighbourhood of x = 0. Let 
0—€ isa point in the interval (—5x, 0). We see that 
JF (O-e) =3C8)(-e-2) (+ f(x) = 3x%—-2)) 
| =se(e + 2) > 0: {2 > Ge 2 0) 
That is f’ (x) is positive for all x <(—dx, 0) 
Let 0+ ¢, is a point in the interval (0, dx), then we have 
f' O+€,)=3(€,)(E, —2) | | 
=3¢,(2-¢,) <0 («2-€,> 0,¢,> 0), thatis 
f(x) is negative for all x € (0, 5x) 
We note that f’(x)> 0 beforex=0, (x)= 2 
atx =Oand f(x) < Oafterx = 0. 
The graph of f shows that it has relative 
maxima atx=0. 
Thus we cpubliae that a function has 
relative maxima atx = cif f’(x) > 0, before 
x= c, f’(x)=Oand f'(x) < 0 afterx=c. 
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Considering an interval (2 — dx, 2 + 8x) in the neighbourhood of x = 2 we find 
‘ the values of f’(2 —)and f(2+¢)when2-« € (2—6x,2)and2+¢ € (2, 2+6x) 


f 2-&)=32-s)(2-e-2) [- f'@)=3x(x-2)] 
= 3(2-—«)(s) | | 
=—35(2—s)<0 | (-e >0, 2-—e>0) 

and = f’ (2+ s)=3(2+)(2+e-2) } 
: =3e(2+¢) > 0 (:¢>0, 2+e>0) 


We see that f(x) <0 beforex=2, f’(x)=Oatx=2 and f’(x)>Oafterx=2. 
_ Itis obvious from the graph that it has relative minima at x =2. 


Thus we conclude that a function has relative minima atx = cif f'(x) < 0 | 
beforex = c, f(x) = Oat x = cand f’(x) > Oafterx = c. 
First Derivative Rule: 


Let f be differentiable in neighbourhood ofc where f’ (c)=0. 


l. If f’ (x) changes sign from positive to negative as x increases through c, then f(c) 
is the relative maxima of f. | eg? 
gd Iff’ (x) changes sign from negative to positive as x increases through c, then fc) 


is the relative minima of 7. 


: 1. Astationary point is called a turning point if it is either a maximum point or a 
minimum point. 
2. If f’(x)>0 before the pointx=a, f’(x)=Oatx = aand f’(x)> Oafterx = a, 
then f does not havea relative maxima. 


See the graph of f(x) = x’. Inthis case, we 
have 3 


f' (x) =3x’, thatis, 

f' O-s)= 3(--s) = 3e > 0 
and =f’ (0+ s)=3(e) = 36 > 0 t 
The function f is increasing before x = 0 
and also it is increasing afterx=0. 


Such a point of the function is called the 
point of inflexion. 


Second Derivative Test: | 
We have noticed that the first derivative f’(x) of a function changes its sign 


from positive to negative at the point where f has relative maxima, that is: yy isa... 
decreasing function in the neighbouring interval containing the point where f has 











¥ 


relative maxima. 
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Thus f” (x) i is negative at the point where has a relative maxima. 


But f(x) of a function f changes its sign from negative to positive at the point 
_ Where f has relative minima, that is, f’is an increasing function in the neighbouring 
interval containing the point where f has relative minima. 


_ Thus /’(x) is positive at the point where f has relative minima. 
Second Derivative Rule | | 
Let 7 be differential function inane sighbourhood ofc where f' (c) = 0. Then 
1. fhasrelative maximaat c if f” (c) < 0. 
2. f hasrelativeminimaat c if f’(c) > 0. 
Example 1: Examine the function defined as 
fOhex ~ 6¢ + Ox for extreme values. 
Solution: f’ (x) = 3x —12 +9 
= 3(x'-—4x+3)= 3-1) @—-3) 
First Method | | AE 
Ifix= 1—é, where ¢ is very very small positive number, then | 
(x—1)(x-3)=(1-e-1)-8e-3)=(eX-e-2)= e(2+6) > 0 
thatis, f’(x)>0beforex= 1. For x=1+e, we have 
(x—1)(x-3)=(1 ¥e— 1) #e-3) =e (-2 re OE ee 
thatis, f° (x) < 0 after x=1 | 
As f(x) > Obefore x=1 capt (x)=Oatx= 4 dna 9" (x)< Oafterx=1. 
thus f has relative maximaatx= land f(1)=1-—6+9=4. 
Letx=3-—es, then ak : * 
| G+ D@-3)=GHe-HO+e3)=2+8) Ce) =-sO-2) <0 
thatis f(x) < Obefore x= 3. | 
Forx= 3+¢€ 
(x-—1)(x-3)= GB + ¢-1)Gt+eE- siti (2+8)(-€)>0 
thatis, 7’ (x) > Oafterx=3. 
As f’(x) < 0 before x=3, f(x) =Oatx=3.and f’(x) > 0 after x= S 
Thus f has relative minimaatx=3, andf(3)=3(3) —12(3)+9=0 
Second Method: /” (x) = 3(2x—4) = 6(x-2) 
f” () = 6(1=2) =-6 < 0,therefore, 
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f has relative maxima atx= 1 and/(1)=(1) —6(1) +9(1). 
=1-—6+9=4 
f” ()=6(3-2) =6>0,therefore f has relative 
minima atx =3 and f(3)=27 -—54+27=0 
Example 2: Examine the function defined as / ar = 1+ x° for extreme values 
Solution: Given that f(x) = 1+ 
Differentiating w.r.t. ‘x’, we get f (x) =3x° 
BA Ca 15 ii PTR gl Me = 
f'(x)=6x and f'(0)=6(0)=0 
The second derivative does not help in determining the extreme values. 
f'(0-—)= 3(0-s) =3e > . 0. 
f'(0+e)=3(0+e)=3e > 0 


As the first derivative does not change sign at x = 0, therefore (0, 0) is a point of 
inflexion. 


Example3: Discuss the function definedas f(x) = sinx - e cos 2x for extreme 


0 


valuesin the interval (0,277). 


Solution: Given that f(x) = sinx + a (cos 2x). 


242 


f'(x) =cos x + Ad sin 2x) = cos x ~spsin 2x (i) 


= agile’ (2 sinx cos x) =cos x —V2 sin x cos x 


=cos x (l- J2 sin x) 


Now /'(x)= 0 7 => cos x(1—,/2 sin x) = 
| eae; a 
ss cosx =0 => x=-,— 
or 1-/2 sin x =0 => ‘anes = 2 capped 
V2 aK .2 


Differentiating (i) w.r.t.'x', we have 


l 
f"(x) = -sinx - 5 (cos 2x)x 2 =-sin x — J? cos 2x 


Unit 2: aon | | 2113 
As 1'(E)=-sin 3 - Bo wimiin 2 x (-1)= B-150 
C07 oe ee (32) = sin 2 - JB. 3x = -1(-1)- Bc jeri 


3n 


Thus f(x) hasminimum values for x = - * and ies 5 
(20-4 


As "(2 | =-sin& - Vi.c0s $= =e Ba id 


3 3m 31 | I 
" ; i, mo RE SR AO A ee 
and a (=) = v8 3 1g 5 [> | 


Thus f(x) hasminimum values for x = and x = — 


EXERCISE 2.9. 


he Determine the intervals in which fis increasing or decreasing for the domain 
mentioned in each case. 
(i) f(x)=sinx x € (-7, 7) 

| —t 1 

(11). f(x) =cosx xéE (= 4 ) 
(ii) fQ)4e ee: x €(-2,2) 
(iv) f@)=x43x4+2 : xe (-4,1) 

2: Find the extreme values for the following functions defined as: 
i) f(x)=1-x (ii) * “f(x -—x-2 
(iii) f(x) =5x°—6x+2 (iv) f(x)=3x° 
(v) f(x)=3x-4x+5 (vi) f()=2x'-2x -36x+3 
(vii) f(x) =x'-4x° (viii) f(x)=(x-2) (x-1) 
(ix) f(x)=5+3x-x 

3. Find the maximum and minimum values of the function defined by the following 


equation occurring in the interval [0, mise 
f(x) =sinx + cosx. 


In x 
4, Show that y = fee ~ has maximum value at x = e. 


5. Show that y = x* has maximum value at x = - 
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Application of Maxima and Minima 


Now we apply the concept of maxima and minima to the Araetiel problems. 
We first form the functional relation of the form y = / (x) from the given information 
and then find the maximum or minimum value of fas required. Here we solve some 
examples relating to maxima and minima problems. 


Example 1: Find two positive integers whose sum is 9 and the Bapenee of one with the 
square of the other will be maximum. 


Solution: Letx and 9—x be the two required positive integers such that 
x(9—x) will be maximum. 
Let f(x) = x(9—-x)’.Then 
Fa) Hg —x)' +x .2(9—x) x (-1) 
= 9—x)[9 -x—-2x] =(9—x) (9 -—3x) =3(9-—x) 3 —x) 
f(x)=90 => 309-x)3-x)=0 => x=9 or x=3 
In this case x= 9 is not possible because 
9—x = 9—9=0 which is not positive integer. 
£@)=3[C-DG -x) + O-x) x (CI)]=3[-3 +x-9 +] 
 =3[2x-12]=6(x—-6) 
As f'(3) =6(3 —6)=6(—3)=—18 which is negative. 
Thus f(x) gives the maximum value if x = 3, so the other positive integer is 6 
because 9—3 =6. 


Example 2: What are the dimensions of a box of asquare base having largest volume if 
the sum of one side of the base and its heightis 12cm. 


Solution: Let the pi an of one side of the base (in cm) be x kod the height of the box 
(in cm) be h, then V=x *h | 


‘It is given thatx+h=12 = h=12-x 
Thus V=x°(12 —x) and 


= = 2x(12 — x) + x*(—1) = 24x — 3x* = 3x(8 — x) 

dv | 

ne =O $= =>3x(8— x)= 0. In this case x cannot be zero, 
ee oe en) am oe a 

d’y 

—— = 24 — 6x which is negative for x = 8 

dx’ 


Thus V is maximum if x = 8(cm) and h = 12 -8 = 4(cm) 


- Unit 2: Differentiation 





Example 3: The perimeter of a triangle is 20 centimetres. If one side is of length 8 
centimetres, what are lengths of the other two sides for maximum area of the triangle? 
Solution: Let the length of one unknown side (in cm) be x, then the length of the other 
unknown side (in cm) will be 20—x—8=12 —x. 

Let y denote the square of the area of the triangle, then we have _ 


y =10(10 — 810-2010 ie ec lores 
, : 2 


of the triangle = x(x ~a)(s—b)(s-c) 


~. y=10.2(10—x) (x—2) =20(- + 12x—20) 
by Boe 20-o 20 oe 
dx ; by f . 
ii 
dx 


4 
| ll = —40(1) = —40 


= () mae Bie 8 9 


2 
As : is — ve, SO x = 6 gives the maximum area of the triangle. The length 
dx 





of other unknown side = 12— 6=6(cm) 

Thus the lengths of the other two sides are 6 cm and 6 cm. 
Example 4: An open box of rectangular base is to be made from 24 cm by 45cm | 
cardboard by cutting out square sheets of equal size from each corner and bending the 
sides. Find the dimensions of comer squares to obtain a box Pe largest neg 


~ volume. 


Solution: Let x(in cm) be the length of a side of each square sheet to be cut off from each 
_ comer of the cardboard. Then the length and breadth of the resulting box (in cm) will be 
45 — 2x and 24 — 2x respectively. Obviously the height of the box (in cm) will be x. 
Thus the volume V of the box (in cubic cm) will be given by 
V=x(24—2x)(45 — 2x) =2x(12—x)(45-2x) .* 
| =2x(540 —69x+ 2x’) 
"and x = 2[1.(2x" —69x +540) + (4x-69)] 
= 2(6x" - 138x+540) | 
=12[x° —23x+90]= 12(x—5)(x-18) 


dhe => 12(¢-5)(x-18)=0.. =  x=5 or x=18 
=> x=5[- ifx=18, then 12—x=12-—18=-6, thatis, 
_ Vis negative which is not possible] 
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oT =12(2%=23) | ee ta 





2 





a is negative for x =5 becausel2(2 x 5 —23)=12 (13) 


2 


Thus V will be maximum if the length ofa side of the corner square to be cut off is 5 cm. 


Example 5: Find the point on the graph of the curve y = 4— x which is closest to the 
point (3, 4). 
Solution: Let/be distance between a point (x, y) on the curve y =4— x’ and the point 


(3, 4). Then ? = (x-3/Y + (y—4/ 
(x-3) dl x" —A)? (-. (x, y)is on the curve y =4 — x’) 





Now we find x for which /is minimum. 
dl | 


= ———————————. , | (2(x-3) + 4x° 
de ZAI 3¥ Hx" i ging a 


] 3 
= —,2(2x +x-3 
a] (2x5 ) 


= (2x +x-3) | 


: i ~1)(2x? + 2x +3) 
dl i 2 | 2 
v7 = 0 Pie ee +2x+3)=0 => x-1=0 or 2x? +2x4+3=0 
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=> x=1 (+ 2x°+2x+3=0 gives complex roots) 

/is positive for 1 —€ and 1 + € where € is very very small positive real number. 
Also: 2x? + 2x43 =200)4x'+ a) +2= 245)" +3is positive, forx=1—e— 
and x=l1+¢e | 

dl 
The sign of pie depends on the factor x-1 

x — 1 is negative for x = 1 — ¢ because x — 1 = 1-—e-—1=-6...... (i) 

x—lis positive for x= 1+ebecausex—1=1l1+e-1l=e ...... (ii) 

From (i) and (ii), we conclude that © changes sign from —ve to +ve at x=1 


Thus / has a minimum value at x = | 
Putting x = 1 iny=4 — x’, we get the y-coordinate of the required point which 
is 4— (1) =3 


Hence the required point on the curve is (1, 3). 


EXERCISE 2.10 


| 1. Find two positive integers whose sum is 30 and their product will be 
maximum. 


2. Divide 20 into two parts so that the sum of their squares will be minimum. 


3. _- Find two positive ina sum is 12 and the product of one with the 


ximum. 


—— 


\ 


_ square of the other will be 


4, The perimeter of a triangle is 16 centimetres. If one side is of length 6 cm, what 


are length of the other sides for maximum area of the triangle? 


5. Find the dimensions of a rectangle of largest area having perimeter 120 


centimetres. 





10. 


Ll. 


12. 
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Find the lengths of the sides of a variable rectangle having area 36 cm’ when its 


perimeter is minimum. 


A box witha square base and open top is to have a volume of 4 cubic dm. Find the 


dimensions of the box which will require the least material. 


Find the dimensions of a rectangular garden having perimeter 80 metres ifits area 


is to be maximum. 


An open tank of square base of side x and vertical sides is to be constructed to 
contain a given quantity of water. Find the depth in terms of x if the expense of 


lining the inside of the tank with lead will be least. 


Find the dimensions of the rectangle of maximum area which fits inside the semi- 


circle of radius 8 cm as shown in the figure. 





Find the point on the curve y = x’ —1 that is closest to the point (3,-—1). 


Find the point on the curve y= x'+ | thatis closest to the point (18, 1). 
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Integration 


3.1 INFRODUCTION 

When the derived function (or differential coefficient) of a function is known, 
then the aim to find the function itself can be achieved. The technique or method to find 
such a function whose derivative is given involves the inverse process of differentiation, — 
called anti-derivation or integration. We use differentials of variables while applying 
method of substitution in integrating process. Before the further study of anti-derivation, 
we first discuss the differentials of variables. 


3.1.1 Differentials of Variables 
Let f bea differentiable function in the interval a<x <b, defined as y=/(x), then 


Oy =f (x + x) —f (x) 


and lim — = lim Jihocrt Ba) Oat = f'(x), that is 
5x >0 ox dx >0 Ox : 
oO = f@) 


We know that before the limit is reached, differs from f'(x)by a very 
% : 


small real number é. 


Let = = f'(x) +€ where ¢ is very small 
x 
or oy =! Ff (x)ox + 6x | (i) 


The term f(x) 6x being more important than the term €6x, is called the differential 
of the dependent variable y and is denoted by dy (or df) | 
Thus dy=f'(x)ox - (ii) 
As dx =(x)'8x=(1) dx, so 
the differential ofx is denoted by dx and is defined by the relation dx = 8x. 
The equation (11) becomes 


dy=f (x) ax ‘ ii), 








i raed aaniyed Gcomnaey 


3.1.2 Distinguishing Between dy and oy 


The tangent line is drawn to the | 
graph of y = f (x) at P(x, f(x) and MP is 3 | we 
the ordinate of P, that is, MP = I(x) | 
(see: Fig.3,1.) 


Let 6x be small number, then the 
point N is located at x + dx on the x-axis. 
Let the vertical line through N cut the 
tangent line at 7 and the graph of f at QO. 
Then the point Ois (x + 6x, f(x +6x), so 











dy=dx=PR Figure; 3.1 | , 
and dy= RO = RT+ TQ | ir 
= tan pox + re d tan 9-2 | 


where ¢ is the angle which the tangent PT makes with the positive direction of the x-axis. | 
or dy=f"(x)dx+TQ = (= tang=f'(x)) 
>  bdsy=dy+TO | 
We see that dy is the rise of f for a change 6x in x at x where as dy is the rise of the 


tangent line at P corresponding to same change 6x in x. 


The importance of the differential is obvious from the figure 3.1. As ,dx 


approaches 0, the value of dy gets closer and closer to that of 5y , so for small values 
of dx, | 


dy = by 
or dy = f'(x)dx | [v dy= f'(x)ad] (iv) 
We know that dy = f(x +6x)—/(x) 
F(x+8x)=f(x) + dy 
But dy = dy,so 
f(x+ 8x) = f(x) +8 | (v) 
or F(x+ dx) = f(x) +f" (de (vi) 
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Example 1: Find 5y and dy of the function defined as 
f (x) =x’, when x = 2 and dx = 0.01 
Solution: As f(x) = x,sof(x)=2x | 
= f(x+8x)—f(x)= (e+ bx) -x° 
= 2x dx+ (dx) =2x dx+(dxy (~ 6x=dkx) 
Thus f(2+0.01)—f(2) = 2(2)(0.01) +(0.01Y 
= 0.04+0.0001 = 0.0401, that is 
— Oy = 0.0401 when. x=2 and dx=dx=0.01 
Also dy = f'(x) de | 
= 2(2)x(0.01)=0.04 (+ f(x)=2x,x=2 anddr=0.01) 
Thus dy —dy = 0.0401 — 0.04=0.0001 


3.1.3 Finding o. by Using Differentials 


We explain the process in the following example. 


dy 


Example2: Using differentials find om when —Inx =Ine 


Solution: Finding differentials of both sides of mn given equation, we get 
a) In x |-d [In c|=0 
BP 
using d(ft+g)=df+dg, we have 
a> | _d(Inx)=0> £{y.2}-=.de=0 
a AEN KYW 
using d(fg)= fdg + gdf ,we get 


XxX Xx x 








te el eats 


Xx 
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_ ‘Thus ote | | [-. dy=f' (x)dx] 


x 
3.1.4 Simple Application of Differentials 
Use of differentials for approximation is explained in the following examples. 
Example 3: Use differentials to approximate the value of V17 ; 
Solution: Let f(x)= Ux 
There f(x + 6x) = Vx+6x 
As the nearest perfect square root to 17 is 16,so we take x=1l6 and 5x=dx=/ 
Then y= (16) = V16 = 4 
Using f(x+6x) = f(x)+dy 
‘= f(x)+ f" (x) dx, we have 


1 l 
16+1) = 16 x meat ee = —_—= 
f(U6+1) = $(16)+ rex (D P(x) a | 


z 4 ins due 
2x4 8 


Hence VJ17 =. 4.125 


Example 4: Use differentials to approximate the value of V8.6 
Solution: Let (x)= Vx - then 





PN i = Vx+0x = Vxt+dx |+s 8x =dx and f'(x) aback 2 


3x3 
As the nearest perfect cube root to 8. . is 8,s0 we take x =8 and dx = 0.6, then 





l 1 
f(8)= 3/8 an f' (8) 3 OW te 


3(8): 
so dy= f'(x)dk = = * (06) = 0.05. 


Using J (x+6x) =-f(x)+dy, we have 
f(8+0.6) = f(8)+ 0.05 
= 2+0.05=2.05 
But using calculator, we find that V8 6i 1S approxmately equal to 2.0488. 
Example5: Using differentials, find the approximate value of sin 46° 
Solution: Let y=sin x, then 


yt+dy = sin(x+8x)=sin(x+dx) | (. dx = dx) 
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We take x =45° =7 and dx =1° ~ 0.01745 
| | dy... 
Hence dy = cos x dx $3 Pig ie = COS Xx 


= (cos 45°)(0.01745) = 5 (0.01745) 


=~ 0.7071(0.01745) 
~ 0.01234 
Using f(x+0x) = f(x) + dy we have 
sin(46°) = sin 45° + dy = = 0.7071+ 0.01234 = 0.71944 | 
= 0.7194 
Using calculator, we find sin 46° approximately equal to 0.71934. 


Example 6: The side of a cube is measured to be 20 cm with a maximum error of. 12 cmin 
its measurement. Find the maximum error in the calculated volume of the cube. 


Solution: Let x-be the side and V be the volume of the cube, then 
V =x and dV=(3x) dx 
Taking x = 20 (cm) and dx=0. 12 (cm), we get 
dV= [3(20) *](0.12)= 1200 x (0.12)= 144 (cubic cm) 
The error 144 cubic cm in volume calculation of a cube is either suai or 


negative. 
EXERCISE 3.1 


1. . Find dyand dy inthe following cases: : | 
(i) y=x-1 _ whenxchangesfrom 3 to 3.02 


(ii) y=x +2x whenx changes from 2 to 1.8 
(ili) y= Vx whenxchangesfrom 4to4.41 
2. Using differentials find . and . in the following equations 
Go) ls 9p hhh Ges uate ae Sb Gil) abet oe 
(iv)  xy—lnx=c . 
3. Use differentials to approximate the values of 
Gi) 17  chqp? bya? 
(iii)  cos29° (iv) sin61° 
4. Find the approximate increase in the volume of a cube if the length of its each 


edge changes from 5 to 5.02.. 
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3.2 INTEGRATION ASANTI-DERIVATIVE 

(INVERSE OF DERIVATIVE) 

In chapter 2, we have been finding the derived function (differential 
coefficient) of a given function. Now we consider the reverse (or inverse) process 1.e., 
we find a function when its derivative is known. In other words we can say that if 


o (x) =f (x), then ¢(x) is called an anti-derivative or an integral of f(x). For example, 
an anti - derivative of f(x)=3x is ¢(x) = x because ¢/(x) = £8 )=38 = f(x) 
The inverse process of differentiation i.e., the process of finding such a function 
whose derivative is given is called anti-differentiation or integration. 


While finding the derivatives ofthe expressionssuchas x +x, x +x +5, 


x +x—3 etc., we see that the derivative of each of them is 2x + 1, that is, 
d 2 d ? d 2 
—(xX +x)=—(xX +x4+5)=—(x 4x43) =2x41 
ye: ze igi ae ¥ aa 


Now if f(x)=2x+1 | (i) 
Then ®(x)=x +x 
is not only anti-derivative of (i), but all anti-derivatives of f (x) = 2x + 1 are 


included in x’ + x + c where c is the arbitrary constant which can be found if further 
information is given. 


As c is not definite, so B(x) + ¢ is called the indefinite integral of f(x) , that is, 
If(x)dx=@(x) +c | (ii) 
In (11), f(x) is called integrand and c is named as the constant of integration. 


The symbol J....dx indicates that integrand is to be integrated w.r.t. x. 


d : : 
Note that rs and J...dx are inverse operations of each other. 


3.2.1 Some Standard Formulae for Anti-Derivatives 


We give below a list of standard formulae for anti-derivatives which can be 
obtained from the corresponding formulae for derivatives: 
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General Form 
In formulae 1-7 and10-14,a4#0 


(ax + By 


aed +c,(n#—l) . 


1. | (ax =)" de = 


2. | sin (ax + b) dx = -+cos(ax+b)-+e, 


» 


[cos (ax +b) dx =~ sin(ax +b) +c 


_ 


[ sec’ (ax +b) de=— tan (ax+b)+c 


ws 


| cosec’ (ax +b) dx = ~<cot (ax+b) +c 


or 


{ sec (ax-+b)tan (ax-+b)de = — sec (ax+b) +e 


—~] 


l 
. | cosee (ax+ b)cot(ax + b)dx = ae cosec(ax+b)+c 


Ax ] Ax+ 
fe "dea e ae ie 


9° 


(A #0) 


ad 





for axe gf OF FE (a>0, a#¥1, A#0) 
Aln a 





l s 
10. = ! 
fae (ax+b) | dx 
= : In\ax + b| + c,(ax +b # 0) 
Il. | tan (ax +b) de = < In|sec(ax + b)| +e 


rhe 3 In|cos(ax + b)| +C 
a | 


12. | cot(ax + b)dx = <in |sin (ax+b)|+¢ 


13. [sec (ax + b)dx = F in|sec (ax +b) +1an(ax+b)|+c 





Simple Form 


n+l 


+c,(n#—l) 





x 
|x" d= 
n+l 
| sinx de =—cos x+ec 
| cosxdx = siInx+cC 
2 
sec x dx = tan x+c 


sec x tan x dx=sec x+ce 


2 
| cosec x dx =—cot x+c 


{ cosec x cot x dx = cosec x+c 


[ede=e+e 
x l x 
[a dx= ——.a +c, 
Ina 
(a>0,a#1) 


| ! ie=In|x|+e, x#0 


| [tan %ax= In|sec x| +c 


=—In|cos x|+e 
| cot xde=In|sin x|+¢ 


| secxat =I/n lsecx+tan x| +C 


14. |cosec (ax + b) dx= Zin |cosec (ax + b) —cot(ax+ b) + | cosec xdx=In lcosec x- cotx| +C€ 


- These formulae can be verified by showing that the derivative of the right hand 
side of each with respect tox is equal to the corresponding integrand. 
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Examples with solution: 


5+] 6 











ts: [xde=s eae (vf { tat Jt ary = tet oe] 
5+l1 6 dx \6 — 6 ax 6 
| ‘3 ae 0 2 
2. | ——dv =|x * d= ac ay 
eke rE 
- | 
4) ‘esa fener rust.) 
War ak Nace’ Soave ©, wa ae Miemeiy P a 
Vx) cs 2) Te | 
441 3 ' 
3. [ ae =Jeaxt3y tx Le AeR Marek ent Dincic 05 
7 Qxt3) 2) eo Se 6(2x+3)° 


( d [ het ca ee ae ae 
Whee nD eee. ee a ((2 x4 
dx\ 6(2x +3) 6 dx | 





] i Ly re 
= ——(-3)(2x +3) (2) = mr 
| 6 | (2x +3) 


7: has d(\ | | 
4. | cos 2x dx =—sin 2x+c c “(+ sin 2 sedi 2x)= Stsis 2x) x 2=cos 2 
2 : dx \.2 2 dx 2 


I 4b Goan oat ld ie 
=F | sin3x ae he 3x+C 2 oS eos ar = 1 ear 3x)x3 = sin x] 


} e 
6. | coséc x adi =-cot x+c 


d aS: 2 
“= a (—cot x) = -(—cosec’ x) = cosec’ x 








Ts | sec 5x tan 5x dx = ee .<(= ) | 


ao" = ries 3x tan 5x) x 5= sec 5x tan x] 


_ Unit 3: Integration 12 7 


ax+b eo d oor ae ax+b 
8. fe a= eC aia ~ riz xa)=e 








a 











Sa Sia 1 
9, | 3" dk= +c ti te Ln fS C= 3 
Aln3 dx\ 7in3} Aln3 


10. [ ——ae = (ax +b) de = ~In(ax +b) +6 (ax+b>0) 
ax+b a 


d/l ] l ] 
oo — —In(ax+b)=-. a= 
dx \.a a ax+b ax+b 








11. a dx =In(x+ x +a )+c 
Vx +a 
ly 2 
d ] xt+a +x l 
*—(In(x+Vx' +a’))= x -——— 
dx : +a 











l 
SS (1+ nas : — = : 
x+a/x +q dfx? +a’ xt) x? +a x*+a x 


3.2.2 Theorems on Anti Derivatives 
I. The integral of the product of a constant and a function is equal to the product 
of the constant and the integral of the function. 

In symbols, 


| af (x)dx =a | ST (X)yae, ¢ where a is a constant. 


II. The integral of the sum (or difference) of two functions is equal to the sum (or 
difference) of their integrals. 
In symbols, 


JL@+AO)] d=[f@) at] A@d 
3.2.3 Anti- Derivatives of | f(@x)]" f'(@and [f (0) ""f' (x). 


Prove that: (i) ft T(x) f' (x) ad&k= OAC) +¢, (n #-l) 
n+] 


Prove that: (ii) [[ f(x)" f" (x)de=In f(x) +6, (f (x) > 0) 


Proof: 


(i) Since < (f(x) = (nt+DUf (x) T' (x) 
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by definition, | (nt+)[f(~)] f' (Zak =[f()]"" +e, 
(n+) LFQOI' f' (ar = Foor” +c, (by theorem I) 


or LFQOI' F’ @) ae = eee oe, +e: vy wherec = —-(n #1) 
n+l 


(ii) Since [in f (x)]=——. f' (x) 


f(x) 
By nto we have 
[—-f @d& =nf@+e , Y@>d 


f(x) 
or [FQ] f" @) dk =In f(x) +e, 


Thus we can prove that 
n+l 


+c, | (n#-1) 





Rein Ue 

w) x"de =" : 

(ii) [ (ae+b)"de = PF*") (ax0,n#-1) 
a(n +1) 


(iii) germs 
(iv) J a=- — Inl(ax+b)| +c, (ax 0) 


Example 12: Evaluate 
(i) | @+D@-3) de (ii) [x x’ -1 dx 


a x , 
(111) \— 4. (x > —2) | (iv) aa rE dx, (x > 0) 





dx sin x +cos x 
(v) (x > 0) (vi) 0 al al et rl 
hercr tc J cos’ x sin x 
(vii) f ee A ese eS —1) 


1+cos 2x 
Solution : 


(i) [(@+1)(e-3) dx =| (x -2x-3) de 
=| x” dx —2 [x ae -3] 1 dx | (By theorems I and II) 


n+l 





2 
xX m4 x 
=—-2? ,—-3., oh any n —_ 
3 5 x+e [x ax ae +c, and 


3 


m > . act 
“* —x —-3x+ec [ide = x drat +0, 
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(ii) [xvx°-1 at> = fa? =n? x dx 












= [LPO 5 f°) a [it £0) - x’ 1, 
= ; [LF@OPS (&) ae then f’(x)=2x => x= af )] 
te rem Loran? i 
% 
(iii) de = | a, (x >—2) 
= fi Ja = [@e-2[(x+2)" Ide =x-2 In(x+2)+e 
1 a nr 
Te “fess ae re Rg 
=(Lf@)T" . 2f' dx E f (=> if f(x) =Vx+1 
=2[ [F000 F (a) ae oF Fa] 
=2In f(x)+c = IUn(Vx+1)+e 
(v) 


dx 
| Tivinaketeited 
Rationalizing the denominator, we have 
f dx =f Vx+1+Vx 
Vx+1-Vx (Vx+1-—Vx)(vx+1+4 1 rte 
= seve - fee+n? x) dx 
x+1-x 


=[(x+n? de+ [x a 
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4 3 
. SimX+COS X 
(vi) | « 


? 
COS XSINX 


. 3 ‘ 3 
SIN X + COS SIN X COS X 
Solution : |= dx = Sie ka ee dx 
COS XSINX COS XSINX COS XSIN X 


= [te Jas 


= [ sec” xdx+ | cot x dx 





= tanx+In|sin x|+c 


(vii) | i dx, (cos 2x#-1l) 


l+cos 2x | 
Salution'! i Cos 2x epoa C+ con® (1+cos 2x) dx =f 1 Jee - 
1+cos ge l+cos 2x 1+cos 2x 
4 2 
= | ———_ d& - | ld& =|2 sec xadk-lla& 
J 2 cos’ 2x J J 
= 2 tanx-x+c 
EXERCISE 3.2 
1, Evaluate the following indefinite integrals 
S ] 
(i) (3x° -2x+1) dx (ii) (vi +e) dx, (x>0 
J [ve+ Jae, @>0 


(ii) [x(Jx+I de, (x>0) (iv) [(2x+3)? de 
(v) [x +1) aH (e>9) 39) I ¥e-,] dx, (x>0) 


Ne ee ak (x>0) (viii) 2) yy, (y >0) 


(ix) > set ly’ 


—<e 
ao (0>0) @ [Sw so 





(xi) f ote ds 
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3, Evaluate 


(i) (—— x+a>0 < t2’ de 
1 il . 
—* x+b \ x+b>0 wy Prec 


(x>0,a>0) (iv) [(a—2x)? d& 





(iii) sheen 
aa 
od oe dx (vi) [sin (a+b) x de 





(vii) [ JT—cos 2x dx,(1—cos 2x>0) (viii) (In x) x tes a0 
x 





' es ] T ‘1 
ix sin’ x dx X dx, | -—<x<— 
sta J @) Travers ( p) _ | 

ax+b fr 
XI ——_—_—_—_—_—_—_—_ Xil cos 3x sin 2x dx 
(a) ee (a) J 
(xil1) |——— as <= Se (l+cos 2x #0) (xiv) | tan’ x dx 

1+cos 2x 


3.33. INTEGRATION BY METHOD OF SUBSTITUTION 

Sometimes it is possible to convert an integral into a standard form or to an 
easy integral by a suitable change of a variable. Now we evaluate f(x) dx by the 
method of substitution. Let x be a function of a variable f¢, that is 

if 
x= ¢(t), then dx = ¢(t) dt 
Puttingx x= (0), and dx = $'(t) dt, we have 
[ f(xdx =f fOO)$ Od 
Now we explain the procedure with the help of some examples. 


a at 
Example1 : Evaluate | ,  (at+b>0) 
24 lat +b 





Solution: Let at+b=u. Then 
a dt=du 


a at 


ies ii 2Vat+b “|o5 au 4 


l 
Digs 1} u? 2 
me +c=—| —I|+c =U +c=Jat+b +c 
2 Waal 2} 1 
; | 


~l 
u> du 











Example 2 : Evaluate | 


Seek 
V44+x° 
Solution: Put4+x°=12 
=> 2xd=dt on xdre= = dt, therefore 


ion dx = [— c = fe? a1 te 
4+x° vt fe 2 1/2 
= Jt+ce=V44x +c 


Example3: Evaluate | xvx-a dx, (x>a) 


Solution: Letx-a=t => x=att 
=> d=dt 
[xVx-a de = |(a+ove at 


= ff? a= af a+ fe dt 





ours 

Lap hey es 245 23), 
tg 5 
me 

-2'(2 rile 2(x—- (2 +FO-a) +c 
PLS 3} 2 


:) 3 
=2(x—a)? Wiaiioe ES 2 0% 25.32"). 
15 15 
3 
Ter (2a+3x)+c 


Example 4: Evaluate pon dx, (x>0) 
Solution: Put Vx ea 
l 
then d(Jx) = dz => —Hdke=a 
Ws) 2x 
l 
or ad =2az 
Vx 





Tins [22% a = fords. Fe de = fot 2. (2 
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= 2| cot zde = 2/ sae ae = 2 (sin z) cos zdz 
sin z 
= 2In|sin z| +c, (z>0 as x>0) 


='Pin lsinvx|+c 


Example5: Evaluate (i) J cosec x dx (ii) | sec x dx 
Solution : (i) [ cosec x a= ace EH cit tai dx 
(cosec x — cot x) 


Put cosec x cot x =t, then (—cosec x cot x + cosec’ x) dx = dt 


or cosec x(cosec x—cot x) dx = dt 
cosec x(cosec x—cotx ] 
so feesee aleasee =0013) fy = In|elvc 
(cosec x —cot x) t 
Thus | cosec x dx =In |lcosec x— cot x| +C [". t=cosec x —cot x] 
. sec x(secx+ tan x 
(ii) [sec x de Ft ocbe 
(secx+tanx) 
Put secx+tanx=t, then (sec xtanx+ sec x) dx = dt 
or sec x(sec x + tan x) dx = dt 
sec x(sec x + tanx ] 
so fasentvccxtians) gy fg in |e| +c 
(secx+tanx) t 
Thus | secx dx =In |secx + tan x| +C (.. t=secx+tanx) 


Example 6: Evaluate | cos’ x /sin x dx,(sinx > 0). 





l 
Solution : Put /sinx =f, then dt= .cos x | dx 
| eee = | 


or 2t dt =cosxdx & \sinx ait 
Putting ./sinx =t and cos x dx = 2t dt in the integral, we have, 
[ cos” x,/sinx cosx dx = fa-#).1x 2t dt, (s cos x =1—-sin’ =1-1') 
=2/(F —t°)dt=2[t° dt -2 [eae 
3 7 
age om ae 
: 3 7 
3 7 
ee ee n-ne 
= =(sinx) ~ 3 (sinxy’ +¢ = 7 Sin'x—_ sin'x+c 
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Example7 : Evaluate 1+sin x dx, (- <x< 4 


ick vl-sinx —sinx Vi=sin?x sin’ x 
Solution : | l+sinx dx= J Vi+sinx ~ Rene 3 ig l—sinx 
ay tit a COS X 


Jl- “gs 


Put sin x =t, then cos xdx = dt. therefore 


l—sinx 


| Jl+sinx dx = loam .cosx ax = [= “eas ~ dt 


ee taacig =-2Vl-t+c 
[-F +10 


=—2,/l—sinx+c, 


ol idl 
x(In 2x)” 
Solution : Put /n 2x =t, then 


Example$8 : Find | (x >0) 


ee 2dx =dt or Leonia 
2x x 


—2 








Thus | A de=[5.dt=[P d= i 
(In is x t —2 
Giteataa- Sas 0 
2t 2(/n 2x ) 
Example9: Find [ax’ x dr, ) (a>0, a#1) 


Solution: © Put x = t, then x dx = ; at 





Example10: Evaluate 


; l 2 
(1) Fes dx, (-a<x<a) (11) i= dx, (x-a or x <-a) 
2 keg ithar 
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where a is positive 
Solution: (i) Let x=asin@, that is, 


x=asin9 for —><0<-, then dx=acos0d0 


Thus {© = fie a cos 0d8 


ya’ —a’ sin’ ® 


“s [eSoee iy ra 
a,|1—sin’ @ 


J1d@=0+c 


sin” (=| +C F ee sin 0| 
a a 


Put -x=asec6 te., x=asecO Gor 0<0<> or *<O0<n 
Then dx = a sec 9 tan 0 d@ 


Thus | 





me, 


acos ® 


a sec8 tanO8d8 


eh. veer’ Al PO Facade KAD 
xVx -a’ a secOVa sec 0—a’ 
~ fs sec® tanO0d0 bl (see O28 


a sec. atan® 


= ~[ide=+0+e 
a a 


l FES x 
= —sec —+C ** secO=— 
a a a 


3.4 SOME USEFUL SUBSTITUTIONS 


We list below suitable substitutions for certain expressions to be integrated. 


Expressions Involving Suitable Substitution 
(1) eax x =asin® 
(ii) Pee x=asecO® 
(111) a +x x =atan® 


(iv) ~Vx+a(orvx-a) Vx+a= torvx—a =0 


(v) 2ax-x° x-a=asin® 
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(vi) \2ax +x x+a=a sec 9 








] 
Examplel: Evaluate | ————— dx, (a>Q) 
J [ yt 
Solution : Let =atan 9 for = <O0< > Then 
dx =a sec @d0 
Thus 
1 1 ; asec 0d0 
——— _ dx = xa sec 0d90=| —————— 
Ip =x" pre tan’ 0 a\j1+tan’ @ 
2 
= [S866 848 ~ f sec 0d0 
asec 8 
Be Ch hele @  =In (sec 0+tan 0) +c, 
- sec8+tan 8 
a +x | ( 2 ; x atx. 
= In| ————__+ — +C, ‘' sec 9 =1+ fan 8=1+—= ——1Le., 
a a a a 
[se +x = woax 
= [In| ———__——_ +, sec = as sec 8 is 
a a 
=In(x+Va +x )-Inate, rover * <0. <5 | 
2 2 


=In(x+Va +x')+c where c=c-Ina 


2 2; o,8 
Note: x+Va +x is always positive for real values of x. 





Example2: Evaluate | 


thos BOM  (x>0) 
2x +x’ 

(epee ee £ epenti 

J2x +x (x41) 1 


Let x +l1= sec 8, Then (0<0<%) 
dx =sec O@tanOd8® 


Solution : 





sec 0 tanOd®_ -¢secOtan0 dO 


Gone re, 0d0 
Rene a ecw: | ne 


Thus |——— 


= In(sec 0 + tan®)+c — =In(x+1+V2x+x° )+¢, 














EXERCISE 3.3 
Evaluate the following integrals: 
—2x dx x” 
Begs | 2 [= 3. [ee 
V 4— ory x +4x4+13 4+x 
e 
4. dx 3. 
xInx J e +3 
6. x+b der Fenn 2 sec’ x 
= J t 
(x° +2bx +c)? % "se 


8. (a) Show that Jaa ar=in( rds =a) +c 
x -a | 
2 
(b) Show that [va -x dx = ~ sin’ +> Na" x HC 
a 


Evaluate the following integrals: 


dx ] 1+x 
9. | =~ 10. ge py Ro 11. [im 








(1+ x’)? 
sib ax : dx 
12. 13. ————— 14. | ———— 
Fees + COs 7) 4 i ipa: 
1s. [——~— dc 16. feos »( at Na 17. ae 
sinx In sinx sin x 442x+x 
x | x ] 
18. | ———.—-_ & 19, cos{ Vi-)| «(4-1 Ja 
atts j 2 Vx 
x+2 /2 
20. 21. —_—_—_——— d&k 
JI Zz Xx+COS X 


22. j—=,— 


Soin > 2 bbe x 
2 2 
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3.55 INTEGRATION BY PARTS 
We know that for any two function / and g. 


“| f(~g@l= f' (x) g(x)+ fx)g" (*) 


or = f@ge'() = = Lf @e@I—f' (x) g(x) 


Integrating both the sides with respect to x, we get 
[@) 2g! @a& =| Zr@eey-F ©) 09 ds 


= | (<1 f(x) g)] dx — i f' (x) g(x) de 


= f(x) g(x) +c-[ f'()g(x) de (By Definition) 
ic, | f(x) g' (x)de = (2) g()-| g@) f'(@) dete (i) 
orf f'(x) g' de = SX) a) -[e@) wa (i) 


A constant of integration is written, when | I(x) f(x) d& is evaluated. The 
equation (i) or(i)’ is known as the formula for integration by parts. 
If we put u = f(x) and dv=g'(x)dx 
then du =f"(x)dx and v = g(x) 
The equation (i) and (i)’ can be written as 
fu dy = uv— |v du +c (11) 
[udv =w-[vdu (ii)' 


Examplel: Find [x cos x dx. 
Solution: If f(x) =x and” 2x) = cos. x, 
then J'@)y=1 and g(x) =sinx 
Thus | xcos x dx = xsin x-| (sin x)(1) dx 
= x sin x—(-—cos x)+c 


= xX sin x+ cos x +c. 


Unit 3: Integration 139 





Example2: Find | xe” dx 
Solution: Letu=x and dv=e dx 


then du =\.dx and v=e 
Applying the formula for integration by parts, we have 


[xe‘ de =xe"-[e*x1 dx=xe -e +c 
Example3: Evaluate | x tan’ x dx 
Solution : | xtan’ x dx = | x(sec” x -l) & (: 1+tan’ x=sec x) 
= [x sec’ x de—|x dx (1) 
Integrating the fist integral by parts on the right side of (I), we get 


2 
| xtan’ x a= [xtanx-| tan x. 1 a {2+6] 
| 2 





2 2 
l , ei x 
= xtanx+ | . (-sin x) dx -| —+c, |=xtanx+lIn|cos x|+c,-—-—c, 
COs xX 2 2 
2 » 
x 
=xtanx+In|cos ar +C, where c=c, -c, 


Example 4: Evaluate | x Inx dx 
Solution : [x Inx dx =[|(Inx)x° de 


x x ] x ] 5 
= (inx)—-]—. ~ de= — ‘ene [x dx 


6 
6 6 
x bi .x 
= —— Nx 4X) 
jam kael 
° Cc 


6 
x x 
=—Inx-—+c where c=— 
6 36 


On 


Example 5, Evaluate {In(x+x' +1) de 


Solution: Let f(x) = n(x + Vx" +1) and g'(x) =1, Then 


{)=—=— 


a 
— «| epee 4 2 
x+Vx 41. | ” 





a: | —_____________Calculus and Analytic Geometry 





i x 
ELE SY fF Pas 
x+vVx' +1 f om 
ee | Vx’ +14+x ] 
i XK and g(x)=x 
x+vVx° 41 ix7+1 Vx’ +1 
Using the formula | f(x) g'(x) de = f(x) g(x)- | 2() f(x) de, we get 
1 
In(x+Vx7 +1).1 de = [In(xt-Vx? 41)). x—[ x. = ax 
[im ee i xX | Je +1 


=(In(x+V x2 41). x5 foe +1) 2(2x)dx 





l 
2 42 
= xIn(x+vVx° +1) -> ay te, 


2 
= xIn(x+Vx° +1) ~Vx' +l+c, where c=-56, 


Example 6: Evaluate | x .ae™ dx 
Solution: If we put f(x) = x and g'(x) =ae”, then 
7 (xy = 2x, ene g(x) =e” 
Using the formula | I(x) g' (x) dk = f(x) g(x)- | 2(x) f' (x) dx, we get 
[x°.ax* dx = x e* —|e™ (2x) de 


=x e"-2[x e” dx 


But = [ xe" dx +f =)-[ 2). 


Rie ax ax _ 
=-xe wn fe few ee if +C 
a a a a\a 


Thus |x’ ae™ de =x e® -2|4 x eae 46, 
a a 


2 a ax 2 
ee Ome Hee” Se where c = —2c. 
a a 
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Example 7: Evaluate | e” cos bx dx 





Solution ; Let F(xj= e":* end | g' (x)= cos bx 
then f' (x)= a.e™ and _2(x)= me 
Thus fe* cos bx dx ne s( SO) (Se) x (ae” ) dx 
== e% sin bx = 5 fe sin br de (I) 


Integrating | e” sin bx dx,by parts, we get 


Je sin bx dx = e” x [<a se) x (ae) ax +c, 


2 eons bx +<[e* cos bx dx +c, (II) 
b b 
Putting the value of e° sin bx dxin(I1), we get 
ecos bx ele sind 2) =e" cos bx +<[e*cos bx dx +c 
b b| 5b b 
2 
JE Pea bx +e” cos bx -<fe* cos bx dx ae: 
b b b b 
; 2 
or eat [e* cos bx dx = 1 oa sin bx+—e* cos bx—-<¢ 
b | b b b 


2 


ree oe eh eh 
i.e., |e cos bx dx= —e sin bx + — i, Mapes pea 
i.e fe cos bx =| 4 ge cos X A io te 





Pe : [d sin bx+a cos bx |+ c, where c = POET. Sas 
a +b b(a’ +b’) 


If we put a=r cos 0 and b=r sinO, 


thna+b=r=>r = Va’ +b 





rsin 8 1b 
o, BES aa => =tan'— 
a rcos 8 


and a cos bx +b sin bx = rcos @cos bx + r sin ® sin bx 
= r [cos bx cos 0+sin bx sin@] =r cos (bx —-8) 
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= Ja +b cos bx ta” 2 fs @=tan 2 
a a 


The answer can be written as: 





fe* cos bx dx = 


a 


“ e 
=e cos{ bx —tan ai 
a+b 


Example 8: Evaluate } Va +b’ ax 
l 
Solution : [va +x ldx = (Va dil +x’) ?, 2x dx 
Pap gh Nal plac a 
ti # 


J [? aha i joreae ae Me 

xVa +x’ WEP +x 

2[ Va’ +x" dx = xVa?+x? +0’. |— ae 
=xVa +x +a *tIn(x+Va° +x )+e,] 


(See Example] Article 3.4) 


2 
de + PRES 
wg 


2 


2 
a Mee: » he ee 2 2 ac 
| a +x dx =~ Na +X + In(x+Va +x )+c, where c=— 


Similarly integrals [va —x’ dx and | vx’-a’ dx can be evaluated, 


Example 9: Evaluate | sin’ x dx. 





Solution: ' [ sin’ +a = | sin’x.sin’ x dx = | sin’ x(1—cos’ x) dx 
| sin’ x dx ~ | sin’ x cos’x dx 

2 
Integrating | sin’ xcos’ x dx by parts, we have 


2 2 2 
[ sin cos x ax = | cos x sin’ x cos x dx 


dx — | sin’ x cos’ x dx (I) 





my nx | | ar 
= Cos x eee). bie ae x (-sin x) dx [if f(x) = cos x and 
g'(x)=sin’ xcos x. 


I 
= iis sin’ rts | sin’ x dx ...(II) then f'(x)=-—sinx 


ee 
and g(x) = ie | 


Putting the value of | sin” x cos’ x dx in (1), we obtain 


[ sin’ Yat = (3-) ds -| $009 x sin x+ ‘ | sin’ x as| 
2 3 3 


Xx 


2 ~fl ax ~~{cos 2x he ok x “ae as | sin*x dx 
2 2 3 3 


or (143 [ sin’ . of = 4 25 ve aide x sin x 
3 2 2 2 3 
| sin’ x he a 5x-qom 7 a cos x sin’ x +4] 
4|2 4 3 
3 ‘ l “3 ; 3 
= — x-— sin2x —— cos x sin x+c, where c=—C, 
8 16 4 4 
yo ae ° 
Example 10: Evaluate | AR a 


x may 5 x 
p e | 1+2 sin—cos— 
e (1+ sin D de = f ( 2 4 


+ COS X 


Solution : | dx [':14+cosx=1+2cos’ aA 5 


l+cos x 2 cos’ ~ 

i.e., [ee dx =[e’ (+ sec’ ~ + tan *) dx 

1+cos x 2 Z 2 

= fet sec? X de +(e* tan% dx  @ 
2 
But tan? |e EX. ae (tan. _ | e {sec z).J 5 — dx+c, (Integrating by parts) 
x x ba x bee em 2x 
fe an =e tan= -— Je sec arte (II) 


Putting the value of e° tan : dx in(I), we get 


s(l+sinx) 1 fy Ease et sec! d+ 0|=—e" tan 2 
Je 1 + cos x dx = > Je'sec' 5 3 3! 2 2 
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Example 11 : Show that | ela f(x)+ f'(x)] dk =e" f(x)+e. 
Solution :_ | eo" [af (x) + f'(x)] dx = | e* a f(x) dx + | e. f'(x) dk (i) 
In the second integral, let g(x)= e” and g' (x) = f'(x), 
then y'(x) = (e")xa and g(x) = f(x) 
sO fe" S'@) ax e* x f(x)— | (x)x(ae") de +c 
e* f(x)-[a e f(x)dx +c 
[a e f(x) dx + fe f'(x)de +¢ 
= [a e f(x) dx +[e~ f(x)-[ae f(x)de+c] 
=e f(x)+c 
EXERCISE 3.4 


Evaluate the following integrals by parts add a word representing all the functions 
are defined. 


_ thus | "laf (x) + f' (x) ad 





1. (i) [x sin xdx (ii) [In x dk (iii) [x In x dx 
(iv) px In x dx (v) ie In x dx (vi) [x In x dx 
(vii) tan” x dx (viil) | x” sin x dx (1x) [x tan x dx 
(x) | x tan dx (xi) [x tan x dx (xii) | x cos x dx 
(xiii) | sin” x dx (xiv) | x sin x dx (xv) | e sinx cos xdx 
(xvi) | xsinx cos x dx (xvii) fx cos x dx (xvili) [x sin’ x dx 
(xix) [an x) dx (xx) [Un (tan x) sec’x dx (Xx1) | ae dx 

pe Evaluate the following integrals. E 
(i) | tan’ x dx (ii) | sec’ x dx (iii) | e sin2x cos x dx 
(iv) | tan’ x secx dx (v) | x ede (vi) | e° sin 2x dx 


(vii) | e’* cos 3x dx (viii) | cosec’ x dx 


] . 2 -| =) 
e sin| bx-tan —\+c. 
Le +b? a 
4. Evaluate the following indefinite integrals. 
(i) fya-x’ de Gi) [Vx? =a" dk (iii) | a Sx" kx 
(iv) f V3-4x° de (v) | \x7+ 4 ce (vi) | xe” dx 


3. Show that | e° sin bx ax = 
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5. Evaluate the following integrals. 


(i) e : +/n x] dx (ii) | e' (cos x + sinx) dx 


(iii) | e. c sec'x+ ees dx (iv) | e* ip i dx 





(v) e* [-sinx +2 cos x] dx (vi) Prone dx 
gmtan x 
(vil) | e* (cos x — sinx) dx (vill) fear (+ +x) dx 
2s) ) - e(1 
(1x) J i-sinx @ (x) J ery 


wi) SES) ea 


36 INTEGRATION INVOLVING PARTIAL FRACTIONS 
| If P(x), Q(x) are polynomial functions and the denominator Q(x)( # 0), in the 


rational function ae can be factorized into linear and quadratic (irreducible) 


factors, then the rational function is written as a sum of simpler rational functions, 
each of which can be integrated by methods already known tous. ..° 


Here we will give examples: of the enOW aS thee cases when the 
denominator Q(x) contains 
Case I. Non-repeated linear factors. 
Case II. Repeated and non-repeated linear factors. 
Case III. Linear and non-repeated irreducible quadratic factors or non ee 
irreducible quadratic factors. 


EXAMPLES OF CASE I 


+6 
Example 1: Evaluate lagi +6 dx, (x > 2) 


Solution: The denominator 2x°-7e +6 = (x—2)(2x-3), 


—x +6 a Lae B 
let Ge 2)(2x-3)  ~ e-2 72-3 
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or —x +6 A(2x — 3) + B(x — 2) which is true for all x 


Putting x = 2, we get 


2 +6 A(4-—3)+Bx0O0 >A = 4 


3 3 
and Putting x = >, we get -> +6 = Ao) +B (5-2 





or | ; = a -5 | =B= -9 
x+6 | 4 ~9 
Thus | yay a = J (Fa+ aoa) 


4) @-2y" Lax -3 | @x-3y!.2ax 


4 In (x-2)-3 In (2x —3) +c, (x>2) 


2x’ — 927 + 12x 
Oe oy THe 2 


Solution: After performing the division by the denominator, we get 


(2 9x + 12x = J (x —x + 6 ) ax 


Example 2: Evaluate | 


Ix 46 Bd ae 
= Jr ax fide + [As dx+ | 55 dx, (See the Example 1) 
2 x x 44In(e-2)-2Qx-3) + Cy, (x > 2) 


Example 3: Evaluate (i) fas aap dx, (x>a) — (ii) Jno dx, (x <a) 


Solution: (i) The denominator x - a’ = (x-a)(x +a), 
Re} ee SEY 
(x-a\(x+a) ~ x-a ‘x+a 

1 


l 
= x-a ~x+q’ Applying the method of partial fractions) 





Let 


Thus face dx = | ford dx =| (x-ay", Idx = (x +a)". l.dx 


= In\x-al-In|x+al+cz In 2 + ¢, (x > a) 


(ii) ‘It is left as an exercise. 
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EXAMPLES OF CASE II 





1 
Example 4: Evaluate | adeeb (x > 1) 
Solution: | We write 
7x -1 ae A B ef c 
eit ae” ee ie ee 


Z 3 2 Applying the method zh 
Tx bel, (x-1f x41 Partial Fractions 

















7x — 1] 2 3 2 
thes open =| Few ttrss x+1 | a 
| = lo — 17° Ld 3100-1) dx —2)0c+ 11d 
1y2 | 
= 2 In (x-1) +3 SS -2m +I) +e, (x > 1) 
ayn 

= 2 [In (x= 1) = n(x + 1)] +3] =| +C 
x-1 3 

| gy He 
ey x—I 

e(x +1) 


Example 5: Evaluate | (x + 1) dx 


+ | | 2 2 . 
Solution: | anes ax) = | e 1 es + ered dx , (By Partial Fractions) » 


_, Pee he be 2W—S Ly — dx+2){—SG 


(x + 1) ree es dx (1) 


(x + 


We integrate by parts the last integral on the right side of (I). 


peat jet) og 


‘ace: 1)° dx 








e* e* e 
Or fi dx Cees +5 dx (il) 


Using (ID), () becomes 


fest acm rte 2) coy aes2(-eqeh ore 
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= (+0-2J— a-“& 42] 


x+1 Par ade dx 


x+1 





2e" meee |) ean). 


ratte WI ee Vi Si x+1 Pict te 


TC. 


Example 6: Evaluate | a dx 


Solution: The denominator x*-1= (x-1)@? +x+ 1), 


1 A Bx+C 


let (x — 1) +x +1) eee es tetxel 


x-1 +. x eo ho? (Applying the method of partial fractions) 


U2) 
~ 
| 
bean 
| 
— WW | 
as 
of 
o 
+ 
a" 


| A Cr peoor tins 1 1 _2x+4 
Lr rages gear oa ice eet) si 


We. 1] OO nok ae 





Ye Wag 
Sere ene 
Stat 6 P4eeh 6 eexeare 


iY ‘By @ 
(+3) +) 
iy 
x+5 


1 1 eh 2M 
Vateiaaee 2 1 ai 


2 » aaa 


3 Jx-1y'dx-% Jo? +x+1y'Qx+ bar -5 





1 1 Vy sfx J 
3 In I(x-1)l 35 In (xe +x4+ Miah tan (a?) +c 
Note: x’ + x + 1 is positive for real values of x. | 
Example 7: Evaluate | — dx 
x-1 
Solution: Put x = 1, then 2xdx= dt and 


Be 9 de direc he dt =] 





(¢— es can 


OM ae ee 








dik 1 BS aE se 
sail ae AIG neere Dis tan (5 )+e 


(see the example 6) 





= + In (?-1)-4 In (x + x° + D-35 tan *) +c 


= ale 
Example 8: Evaluate parte dx, x#0, x#1 
Solution: Let Sa hel LO aps SA a 
x(x —Dc ee XT x 4x] 
Bias. I 2x +1 


=— +—— +, (By the method of partial fractions) 
BNR ae eo De 


Let | acne dx = Le | & 
= Ly ay dx + ee 1)'l.dx + lee +x+1)'(2x+ 1)dx 
= 3 Inixl+ Inlx—-1l+n(+x+1)+ce 
= —3/n Ixl +in Ix-—11 GC +x4+1) +e 
= -3In Ixi+in Ix’ -—1l+c 


| 6 
Example 9: Evaluate | ESN CESTED) ax 





Solution: | 
2x + 6x _Ax+B Cx+D 


2x + | 2x+3 | 
= agg ee x a De 3 (Applying the method of partial fractions) 


2x° + 6x 2x + 1 2x +3 
Thus lainey & . Necserrerss ko 








2x +2 l 
[Spal sae) sae +) yaa 


1 4 Reena Tost: 
loe+ I) (2x)dx + Sera dx — | (02 42x+3) (2x+2)dx | x + 1)? + 2)? dx 


} l xt] 
In (x +1) + tan'x—In (x + 2x +3)" tan” NG +¢ 
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I. 
ae 


5. 


11. 
oe i? 
15. 
17. 
19. 


21. 


25. 


27. 





Calculus and Analytic Geometry 





EXERCISE 3.5 
Evaluate the following integrals. 

| pet wy Ps 2. ae gr ic 
[ace 6 Se Garn sare 
js ax i [ a5 ele by > a) 
| eeaseca OP b= er ae 
l es 0. | eo peD & 
| StS as | ater as dx 
l ie 4 |oneay & 
| pra ti resy,eews, sg 
(ee ow Ee 
lanen & Sagan & 
| are ve 2+ xf ao dx 

tied 24. | ig) are aes 
Peres neers 4 6.| | areca @ 
l rawr & 8 Joes & 
| oS ie cS a oe a 


29. 


31. 


f 3x° 4+ 4° + 9x45 


(e+x4 1+ 2x43) & 


(C—x+2(eex+2) & 
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3.7 THE DEFINITE INTEGRALS 


We have already discussed in section 3.2 about the indefinite integral that 1s, if 
(x) = f(x), then 


| f(x) dx = Q(x) +c, where c is an arbitrary constant 


b 
If | f(x) dx = @(x) + c, then the integral of f from a to b is denoted by |f (x) dx 


a 
(read as intergral from a to b of f of x, dx) and is evaluated as: 


b b 
[ fode= [oWde — (iff)=9@) 


= |x) +c), = [6(6) +c] -[e(@) +c] = ob) - O(a) 
b 
| f(x) dx has a definite value @(b) — @(a), so it is called the definite integral 


of f from a to b. o(b) — o(a) is denoted as [ox)] or oo] (read (x) from a to b) 


The interval [a, b] is called the range be integration while a and b are known 
as the lower and upper limits respectively. 


As @(b) — 0(a) is a definite value, so the variable of integration x in | f(x) dx 
a 
can be replaced by any other letter. 


b b 
[ fojdx= | fiat = 9b)-6@ 








NOTE: If the lower limit is a constant and the upper limit is a variable, then the 
Xx 


= 19()! = $(x)- ¢€@) 





integral is a function of the upper limit, that is, | f(t) dt 
a 


2 3 
‘For Example, | 3f dt = [7], a ge 
a 
The relation (x) = f(x) shows that f(x) gives the rate of change of (x), so 
the total change in @(x) from a to b as o(b) — @(a) shows the connection between anti- 
b 


derivatives and definite integral | f(x) dx. 
a 
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3.7.1 The Area Under The Curve 

About 300 B.C and around the mathematicians succeeded to find area of 
plane region like triangle, rectangle, trapezium and regular polygons etc. but the area 
of the complicated region bounded by the curves and the x-axis from x=a to x=b 
was a challenge for mathematicians before the invention of integral calculus. 

Now we give attention to the use of integration for evaluating areas. Suppose 
that a function f is continuous on interval a <x < b and f(x) > 0. To determine the area 
under the graph of f and above the x-axis from x =a to x =b, we follow the idea of 
Archimedes (287-212 B.C.) for approximating the function by horizontal functions 
and the area under f by the sum of small rectangles. 


To explain the idea mentioned 
above, we first draw the graph of f defined 


as:  f(x).= 5x 


The graph of f is shown in the 
figure. We divide the interval [1,3] into 
four sub-intervals of equal length = 2—t =3 
As the subintervals are 

[xy X bitte Meld os, F5)- 1x, %1,'S0 


x, = 1, x, = 1.5, x, = 2, x, =2:5, x, =3 
In the figure MA =f(x,), NB =f(x,) and MN = &x, so it is obvious that 


the area of the rectangle AMNC< the area of the shaded region AMNB < area of the 
rectangle DMNB, that is, 


F%). dx < area of the shaded region AMNB < f(x,).dx 


Let x ,, X 5, X , x, be the mid point (ae 





of four sub-intervals mentioned above. 
Then the value of f at x , 1s fa 1), SO 
the area of the rectangle FMNE = f(x 1) Ox. 


(See the rectangle FMNE shown in 
the figure) 


We observe that the area of the 
rectangle FMNE is approximately equal to 
the area of the region AMNB under the 
graph of f from x, to x,. 
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Now we calculate the sum of areas of the rectangles shown in the figure, that 


is, fla) 8x +f(x,) x +f) 8x + fx) dx 
= (fe) +f) +r) + fey) & 


[3 ott, PA (xr 1 (apts 1 (ast ¢ 1 
SLOT Dp De Pe eee ata ae ab oa 2 
0 1 141.5) (1.542 (242.5) (2.543 { 

a a JT 2 | Rae Spon IS 


[(1.25)° + (1.75)? + (2.25) + (2.75)'] 














aN 


(1.5625 + 3.0625 + 5.0625 + 7.5625) 


(17.25) = 4.3125 


i 
Ai- Al Al 


3 3 
1 l 
But J 5 2 dx = 133] =. Basi Ware ae = ees 
I 
If we go on increasing the number of intervals, then the sum of areas of small 


rectangles approaches closer to the number 4.3 ) 


If we divide the interval [1, 3] into n intervals and take x, the coordinate of 
any point of the ith interval and x, = x, — x,.,,/= 1, 2, 3, ...,m, then the sum of areas of 


hn rectangles is 3 f(x;) 8x, which tends to the number 4.3 and when n—o and 
i=l . 
each dx, > 0. 


Thus lim Er f;) 6x,= 4.3 and we conclude that 
i=1 ' 


n —> 0 
dx; > 0 


3 
1 *% ] 
lim — & f(x) 0%, = J 5 rar. 
n—>c i=l 1 
~ 6x0 
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Thus the area above the x-axis and under the curve y = f(x) from a to b is the definite 
b 


integral | ix) dx. 
J | 


Consider a function f which is continuous on the interval a <x < b and f{x) > 0. 
The graph of fis shown in the figure. 

We define the function A(x) as the 
area above the x-axis and under the curve 
y = fix) from a to x. Let dx be a small 
positive number and x + dx be any number 
in the interval [a, b] such that a<x< x + Ox. 


Let P(x, f(x)) and Q(x + dx, fix + dx)) be 
two points on the graph of f. The ordinates 
PM and QW are drawn and two rectangles 
PMNR, SMN@Q are completed. 





According to above’ definition, the area above the x-axis and under the curve 
y = f(x) from a to x + dx is A(x + 8x), so the change in area is 
A(x + 5x) — A(x) which is shaded in the figure. 
Note that the function fis increasing in the interval [x, x + dx]. 
From the figure, it is obvious that | 
area of the rectangle PMNR < A(x+6x) — A(x) < area of the rectangle SMNQ, 
1.63) 
f(x) dx < A(x + 8x) — A(x) < f(x + 5x) 8x 
Dividing the inequality by 6x, we have 
y A(x + dx) — A(x) 
Fee Be ga Se A HB) 


lim f(x) =f(x) and lim f(x+8x)= f(x) 
dx > 0 ox > 0 


(I) 


Since the limits of the extremes in (I) are equal, so 


A(x + 0x) — A(x) 
Agito AW) __. Fx) when &x > 0. 


Thus lim Aus S0— AG) = f(x), 
dx > 0 


or A(x) = f(x) 
that is, A(x) is an antiderivative of f, so | f(x) dx= A(x) +e 


Unit 3: Integration A AOL TOM Wee TREE aE 155 





and | f(x)de = [AW = A@)-AC@) 
a 
Since A(x) is defined as the area under the curve y =f(x) from a to x, so A(a) =0 


Thus A(x)= | fQx)dx (I) 
a 
Putting x=b in the equation (I), gives 
b 


A(b) = fix) dx 


which shows that the area A the region, above the x-axis and under the curve 
b 


y =f(x) from a to b is given by [ f(x) dx, that is, A = | f(x) dx 
a a 


If the graph of f is entirely below the x-axis, then the value of each fx) is 


negative and each product f (x;) dx; is also negative, so in such a case, the definite 
integral is negative. : 
Thus the area, gerne in this case by the curve y = f{x), the x-axis and the 


lines aaa F(x) dx. 
a 


For example, sin x is negative for 
—m<x<0O and is positive for 0<x<z. 


Therefore the area bounded by the 
x-axis and graph of sin function from 
—mtomis given by 





0 Tt —1 tt b a 
~| sinxdx+ | sinxdx ae sinxdx+ | sinxdx|'s | fx)dx=-[ fQ) dx 
-7 0 0. a b 


[= cos x] \ *4 [= cos x] = — [cos (=n) — cos 0] + [= (cos m= cos 0)] 


-[(-1)-1]-[Cl)-1] = 2+2= 4 
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3.7.2 Fundamental Theorem and Properties of Definite Integrals 
(a) Definite Integral 
b 
J f(x) dx gives the area under the curve y = f(x) from x=a to x=b and 


the x-axis (proof is given in the article 3.6.1) 


(b) Fundamental Theorem of Calculus 
If f is continuous on [a, b] and (x) = f(x), that is, 
@(x) is any anti-derivative of f on [a, b], then 


b 
J fea) dx = $(0)— $40) 


Note that the difference o(b) — (a) is independent of the choice of anti- 
derivative of fi function f. 


(c) | pay ae --| paves 


b c b 
(d) | feo dx = | foo dx +] foo dx, a<c<b 
Proof of (c) and (d): 


(c) If @(x) = f(), that is, if @ is an anti-derivative of f, then using the 
Fundamental Theorem of Calculus, we get 


b a 
J fix) dx = $(b)-9(a) = -[6(@)-9@)] = - | f(x) de 


(d) If (x) =f (x), that is, if (x) is an anti-derivative of fe then applying the 
Fundamental Theorem of Calculus, we by 


J fon dr = $40) oa) and f fa) dx = $(b)- $c) 
c . b 
Thus [ fix)dx+] flx)dt = 9(c)-9(a)+9(b)- $10) 


b 
= $(b)-9(a)= | fax 





Other properties of definite integrals can easily be proved by applying the 
Fundamental Theorem of Calculus. 


Now we evaluate some definite integrals in the following examples. 


3 Bg 
“+ | 
Example 1: Evaluate (i) | (x? + 3x’) dx (ii) | in 1 
La | 





dx 


Solution: 


3 3 3 
i) | G43 de = | Pace | 32ax 
i i of ae 
3 


[=] +teI) = oka +10) =) 








$1 if 
- |9 a [27-(-41)] = +Q7+1) 
= 20428 = 48 
2 
; x +1 x-1+2 
(ul) | re dix irae ae iG 





2 
a be 2 2 
erneerset. J (x—1+ 54) at 





2 
| -[x] + 2in (x + 1] 
2 2 
i“ ar a ~ [2-1] +2[n (2+ 1)-n (1+ 1) 


2 —-1+2[m3-In 2] 


I 
—~ 
ro 
| 
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1 
NE 4 
Example 2: Evaluate: (i) | an dx (i1) | sec x(sec x + tan x) dx 
0 0 
Solution: 
N3 3,041 en N3 x +9x l 
(1) | r+9 a rt+9 te 4+9)% 
“4 ' x(x +9) ] ail V3 1 
‘ ; PE TL 59) FT x47 49) 
3 V3, 
= | xdx+ | ‘ais dx 
0 0 
ey i! 1a 
= fs + 3 tan 3 ’ ( Jos Fgitt3 tan ‘3*¢) 
3)? ; 
= ‘ = oF) +3 (tan! 3B - tan 9) 
— (5-0) +3 { tan! tan 0] 
3 1f(z 3 
= 5 +3(6-9) = 5) +18 ( tan WB 6 and tan Q 0) 
1 T 
4 4 | 
(11) | sec x(secx+tanx)dx = | (sec?x + secx tan x) dx 
0 0 


Ls 
4 

sec’ x dx + | secxtanx dx 
0 


ll 
Oo — HIS 


f hs 
[tan x ] + [sec x] = (ian n = tan 0) + (sec ri = Sec 0| 


0 


(1-0)+(V2-1) = 2 
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7m 
4 
Example 3: Evaluate l 
| J 1 — sinx dx 
0 
a a 
t l . | 
: | + sinx 
Solution: 1 — sinx dx = (1—sinx(1+sinn & 
7m 7 
r 1+ si F 1 + si 
sinx by: sinx 
J l-siian?' = J cos'x 
0 0 
7m ! 
t ] in 
a he, SEX y, 2 | 
= (castes | dx J (sec’x + secxtanx) ax 


4/2 (See the solution of example 2(ii)) 


2 
Example 4: Evaluate [ (x+1x1) dx 
“a 


Solution: 


2 0 as 
[ @tlxl de = [ (e+lxl det] (+lxl dx (by property (d) 
-1 af 0 

: : é* . 
= | + Col drs | (x + (x)] dx Eis, eee 

0 2 2 | 
= | Ode+f 2xdx= 042) xd 

0 | 0 

iepaat-f «« 

Fa saan 6 Me: 


7 
Example 5: Evaluate Irs 





Solution: Let f(x) = 5 +9, then f(x) = 2x, so 
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3x 220 ae -$ 
|e de = Poss at = 5 Je +9) Qn ae 


= | treo? ¢@ ax 








[f(x] 2 


l 
—7 +1 


4. i 
; 3[f@P +c = 30°49) +c 


L(7 + 9 —(O+ 9) 





u; a 
Thus, ee dx Re +o) 


316-9] = 34-3) = 











v3 
2 Lge 
sin x 
Example 6: Evaluate dx, x #-1,1 
' | tae 
2 
° ee r TU Tt 
Solution: Let t=sin x, then x = sint for oy StS5 
and dx = costdt = \\l—sin’t dt ie cos tis +ve for—5 <1 <3 
= V1-x7 dt 
1 
ion ame dx=dt (x#1,1) 
If Ge hs ee ah eee ae 
aa Ie > = Sin Tb SIT ere 
| ae 3 
and if x = “7 _» then os = simt >t rT sin 2 =5 
f : 
2 oe 
sin x l 
Thus, dx = } (sin x) reemye #0 
2 2 
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x 
3 
= t dt (x= sint = sin x=) 
7 
6 
x 
_ Bl i Al aY_(x |= Ifa 
2 Ix. 2 (F | (Z| Ab 36 
6 
= 1 4n*— n° ao zs ith 
a 


Pad 
6 

Example 7: Evaluate Jx cos x dx 
0 


Solution: Applying the formula 
[£@) 9) dx = f®)$@)- [O@) FG) dx, we have 
|x cos xdx = x sinx— [(sinx) (1) dx 


x sinx —[(—cos x) +c,] 


x sinx+cosx+c, wherec = —c, 


a 


4 
6 — 
. 6 
Thus | xcosxdx = [x sinx+cosx] 
0 0 


1 
= z sin + cos | — (0 sin0 + cos 0) 


(1 2B B 


ie Ste Ne 
es get a ia cae VE Ge 


e 


Example 8: Evaluate | xln x dx 
| 


Solution: Applying the formula 
| f(x) (x) dx = f(x) bx) - Joe) f(x) dx, we have 
[(nx)xde = (Inx : “SF = dx 
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Jan x) x dx 


I 
Nl— 
ty 
nN 
a 
> 
| 
NR | 
be 
I 
NO | — 
~ 
nh 
> 
* 
| 
Nol— 
a, 
Ne, 
EE 
ol 
Cy 


é 
] 2 
Thus, | xinxdx = |3x%inx-5 | 
] | 


1 3 l 
Example 9: If | f(@) dx=5, | I (x)dx =3 and | 2(x) dx = 4, then 
| 2 1 es | 


Evaluate the following definite integrals: 
] 


3 
i) J fea (i) | (2f0)+3g@)) ax 
-2 


Ie. 
l ] 
(ii) | 3f@)ax- | 2e@) a 
2s nie ae 


5 1 3 
Solution: (i) | f@) dx = | Aode+] f@ar= 543-8 
«9 —2 ] 
i ‘. 1 
Gi) J (2fa+3e@ar = J 2¢@dr+ [ 3e(xax 
ee —2 —2 | 
1 l 
= 2[ fa)dr+3[ swa 
2 a, 


= 2(5)+3(4)= 10+12 = 22 
I I Cay | 1 
Gi) [ 3f@)dr-J2e@)dx = 3) fdr-2 J gwar 
“) ) 2 2 


= 3x5-2x4 = 15-8 =7 
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EXERCISE 3.6 
Evaluate the following definite integrals: 














Zz 1 1 
1 | +d a& 2 [| @ +1) ad 
] —] 
2 V5 
4. | \3—x dx es OF at fast 
—6 ] 
- x : 1 \2 
7. | 342 dx 8 P| dx 9. 
& 
3 3 
dx 
10. J ie 11. J cos t dt 12. 
6 
2 2 ‘ 
13. | Inxdx is. Pleo?) ax 15. 
] 0 
x x 
6 4 
16. ie, 6d0 17. I cos’ @cot?@d@ = ‘18. 
0 x 
6 
a x 
3 4 
19. | cos’ sin@d@ 20. | (+cos? 8) tan°@d@ 21. 
0 0 
5 1 2 
(342) 
22. | ix—3lde 23, J a 24. 
a BA ss 
s 
x 
3x?-2x+1 t si 1 | 
xr— + SIN X — 
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cos 0+ sin® 
2 cos’ 0 


oe} p/A 
Q. 
D 


cost dt 


o— B/S 


sec @ 
sin@+cos @ ~ 


oe Alay 








164 le a Calculus and Analytic Geometry 








7 
1 : 2 
x COS X 
28 4—3x ax 29. | Sinxt+sing) © 
6 
x 
SINX 
30, {———_—_—_____ 
9 (1+ cos x) (2+cos x) 


3.8 APPLICATION OF DEFINITE INTEGRALS 


Here we shall give some examples involving area cast by the curve and 
the x-axis. 


Example 1: Find the area bounded by the 
curve y = 4 — x’ and the x-axis. 


Solution: We first find the points where 
the curve cuts the x-axis. Putting y=0, 


we have 
4-x?=05x=22. 


So the curve cuts the x-axis at 
(-2,0) and (2,0) 





iv 
The area above the x-axis and under the curve y = 4 — x’ is shown in the figure 
as shaded region. 


2 3772 
Thus the required area = | (4-x) dx= as =| 
ao _2 


= [4cy-S [40 2) - 27 on 


Unit 3: Integration | 165 


Example 2: Find the area bounded by the curve y = x* + 3x” and the x-axis. 
Solution: Putting y=0, wehave y 
x +3x? =0 
=> x*(x+3)=05 x=0,x=-3 
The curve cuts the x-axis at (-3,0) and 


(0,0) (see the figure). 


0 
Thus the required area = | (x? +3x*)dx 





a ee fe = p a Ne a 1 mb iis OS 
— | ; : | | ; | 1 ; 
{ 4 ) | Ps ar rae AS ee Ne —te— 4- -_ = = 3 1 rs ==} --— 
- ; ’ ; j i 

Xx 2 | br ‘ca 
3 r-- es ne nee CNRS CR eee Ton Seen DEY BREE Stee Bcoeen semen teen eens jee | 
aeg ll -+- x Pa oS? Seok. A 
= os See See eee ee Es a oe 1 TE ee ES ee 
: / i ' | | | ; Y 


4 ro Ry i ee ae a i os 
-3 BESREEE #4 CNG RaKee 


4 
= ($ +0} aed y’ 
4 4 


We oe oe i 
4 4 4} 4 


Example 3: Find the area bounded by y = x(x’ — 4) and the x-axis. 





Solution: Putting y =0, we have 
x(x? —4)>x=0,x=12 


The curve cuts the x-axis at -2,0),(0,0) and 
(2,0). The graph of f is shown in the figure 
and we have to calculate the area of the 
shaded region. 


f(x) = xx -4), 


f(x)20 for —2<x< 0, that is, the 
area in the interval [—-2, 0] is above the 
0 


x-axis and is equal to | x(x7-4) dx 
» 











0 
= | 0-4») dx = 
y 
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9 _{ 2" i es 
= Q- bra P -21-27 Joa 4 J (4-8)=4 


f(x) £0 for O< x < 2, that is, the area in the interval [0,2] is below the x-axis 
2 


2 4 
and is equal to— f(x" —4x)dx= - ast 
0 0 


_[(¢-20} 


= -[4-8] =-(-4) =4 
Thus the area of the shaded region = 4+4=8 
Example 4: Find the area bounded by the curve f(x) =x — 2x’ + 1 and the x-axis in 
the Ist quadrant. 


Solution: As fl) =1-—2+1+=0, so x-1 is factor of x — 2x’ + 1. By long 
division, we find that x — x — 1 is also a factor of x — 2x’ + 1. 


Solving x*-x-1 = 0, weget 


1+V1+4 145 
- oe 
1475 1-5 


Thus the curve cuts the x-axis at x= 1, ‘uk: ae and 5) 


x = 





The graph of the curve is shown in the 
adjoining figure and the required area is shaded. 


The required area A will be 


a= fied 
0 


4 3 1 


+. ge | 
4-23 +], 


1.2 3-8 +12 
= (;-3+1])-0 = i 2 








mln 








Example 5: Find the area between the x-axis and the curve y’ = 4 — x in the first 
quadrant from x = 0 tox =3. 
Solution: The branch of the curve above the x-axis is 
y=v4-x 
The area to be determined is shaded in the adjoining figure. 
3 
Thus the required area = { V4—x dx 
0 
Let4-x=t (i), then -—dx=dt=>dx=-dt 
Putting x = 0 and x = 3 (1), we get t=4 and r=1 


Sp a pte 
Now the required area a hs x (—dt) = [re ae 
- 4 





4 


oy aes Sele ea ee’ _14 | 
2h —(1) - 3 [s-1]= 5 (square units) 


3 
t? 








EXERCISE 3.7 


1. Find the area between the x-axis and the curve y = x° +1 fromx =1tox=2. 
2. Find the area, above the x-axis and under the curve y = 5-—x from x = -1 
tox =2. 


3. Find the area below the curve y = 3,/x and above the x-axis between x = 1 


andx = 4. 
4. Find the area bounded by cos function from x = a tox.= : ; 
5. Find the area between the x-axis and the curve y = 4x- x’. 
6. Determine the area bounded by the parabola y = x° + 2x —3 and the x-axis. 
7. Find the area bounded by the curve y = x + 1, the x-axis and linex = 2. 
8. Find the area bounded by the curve y = x — 4x and the x-axis. 
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9, Find the area between the curve y = x(x — 1)(x + 1) and the x-axis. 


10. Find the area above the x-axis, bounded by the curve a: =3-—x from 
x= Tix = 2. 


11. Find the area between the x-axis and the curve y = cos ox from x=-7 to 7. 
12. Find the area between the x-axis and the curve y=sin2xfrom x=Oto x= - 
13. __ Find the area between the x-axis and the curve y=¥2ax—x* when a>0. 


3.9 DIFFERENTIAL EQUATIONS 


An equation containing at least one derivative of a dependent variable with 
respect to an independent variable such as 





dy 
arg. 2x = 0 (i) 
d° d 
ot a + Ee ee ew (ii) 


is called a differential equation. 


Derivatives may be of first or higher orders. A differential equation containing 

only derivative of first order can be written in terms of differentials. So we can write 
the equation (i) as y dy + 2x dx = 0 but the equation (ii) cannot be written in terms of 
differentials. 
Order: The order of a differential equation is the order of the highest derivative 
in the equation. As the order of the equation (i) is one so it is called a first order 
differential equation. But equation (ii) contains the second order derivative and is 
called a second order differential equation. 


3.9.1 Solution of a Differential Equation of First Order 
Consider the equation 
y = Ax +4 (iii) 
where A is a real constant 
Differentiating (i111) with respect to x gives 


dy | 
dx = Ax (iv) 


>— 


From (iii) A = 2 Poe putting the value of A in (iv), we get 
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dx x 
= x = ly—8 which is free of constant A 
d 
= 2y—x . = 8 (v) 


Substituting the value of y and its 
derivative in (v), we see that it is satisfied, 
that is, 


2(Ax’ + 4) — x(2Ax) = 2Ax +8-2Ax =8 
which shows that (i11) is a solution of (v) 


Giving a particular value to A, say 
A=-1, we get 


y=-x+4+4 





y’ 
We see that (v) is satisfied if we put y=-—x +4 and =—2x,soy=-x' +4 


d 


is also a solution of (v). | 


For different values of A, (iii) represents different parabolas with vertex at 
(0, 4) and the axis along the y-axis. We have drawn two members of the family of 
parabolas. 


y = Ax +4. for “A= -1,1 
All solutions obtained from (iii) by putting different values of A, are called 


particular solutions of (v) while the solution (iii) itself is called the general solution 
of (v). 

A solution of differential equation is a relation between the variables (not 
involving derivatives) which satisfies the differential equation. 


Here we shall solve differential equations of first order with variables 
separable in the forms 
yf) 2 
dx ~ g(y) dx ~ f(x) 
Example 1: Solve the differential equation (x — 1) dx + ydy =0 


Solution: Variables in the given equation are in separable form, so integrating either 
terms, we have 
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Ja- 1) dx+J ydy = C,, where c, is a constant 
2 2 
or (5 -x] + A =e which gives 
x —-2x+y = 2c, 


Thus,the required general solution is x+y —2x=c, where c=2c.. 
Example 2: Solve differential equation 


dy 
: 1l)— =1l= 
x Qy* 1) 0 
Solution: The given differential equation can be written as 
¥Yay+n2 = 1 | (i) 
1 
Dividing by x’, we have (2y + 1) a Sis (x #0) (11) 
Multiplying both sides of (i) by dx, we get 
; dy I 
2y +1 F: ar] = —dx 
( y ) dx x 


or (2y+1)dy = dx («+ Geax = dy 
x 


Integrating either side gives 


1 
Joy+ Day = Jaa 
l 
or ¥+y ees +C g frrdr =* [+e] 
l 
Thus, y +y=c- i the general solution of the given differential equation. 


1d 
Example 3: Solve the differential equation ce = —2y=0 x0, -y>0 


Solution: Multiplying the both sides of the given equation by . dx, gives 


1 (dy ) e ' ag oe dy 
5 (eae 2x dx = 0 ory dy = 2xdx (- B ae=ay | 


dx 
; ° . . .- . 2 . 
Now integrating either side gives /n y = x +c, where c, is a constant 
x*+e ee 
or yrue “=€ .€° 
2 
Thus, y = ce* where e" = c 


is the required general solution of the given differential equation. 





dy yeti 
Example 4: Solve a = Pe 
Solution: Separating the variables, we have 


] ] 
Sa Wy = de = e dx 


Now integrating either side gives 
tan” y= e'+¢, where c is a constant. 
or y = tan(e'+c) 
which is the general solution of the given differential equation. 


Q<y<2 
2 
Example 5: Solve 2e tany dx+(l1—e') sec ydy=0 , 


3x 
or m<y<> 





Solution: Given that: 2e* tan y dx + (1 — e’) sec’ y dy =0 (i) 
Dividing either term of (i) by tan y (1 — e*), we get 
2e sec y 
] e dx tan y dy i i 
—2¢ sec y 
or e—1%* tany dy = 0 


Integrating, we have 





é sec. 2 
J-2(sS)ars (et \a =, €-1>0 


or —2/n (e’—1)+In(tany) =c, 
= In(e’-1) +l (tany)=Inc, where c, =/nc 
or In[(e*-1) tany]= Inc 
=> (e'-1)°tany =c =>tany = c(é- ly. 
Example 6: Solve (sin y+ y cos y) dy = [x(2 Inx + 1] dx 
Solution: (sin y+ ycos y)dy= (2xlnx+x) dx ee: 





ge 
or (l.siny+ ycosy) dy = (2x Inx+x*.—) dx 
x 


<=> re dy = Lee, dx By eyiet wiry ty cosy and 
dy dx dy 


(x4 In x) =2xInx+ # | 
Integrating, we have 
| (Fo sin) | = (fe In 2) \a 
=> ysiny =x*Inx+c 
3.9.2. Initial Conditions 


Differential equations occur in numerous practical problems concerning to 
physical, biological and social sciences etc. 


The arbitrary constants involving in the solution of different equations can be 


determined by the given conditions. Such conditions are called initial value 
conditions. 


The general solution of differential equation in variable separable form 
contains only one variable. Here we shall consider those differential equations which 
have only one initial value condition. 


Note that the general solution of differential equation of order n contains n 
arbitrary constants which can be determined by n initial value conditions. 


Example 7: The slope of the tangent at any point of the curve is given by 
d 
= = 2x-—2, find the equation of the curve if y=0 whenx=-1 


d 
Solution: Given that :s = 2x-2 (i) 


UM SHCEAANOTEN CS re an eeat 





Equation (i) can be written as 
dy= (2x-2) dx (11) 
Integrating either side of (ii) gives 
| ay = [@x-2) ax 
or y. =4%,-2x+6 (iii) 
Applying the given condition, we have 
0 = (-1)-2-l)+c =>c=-3 
Thus (iii) becomes 
y =x=2x=3 
which represents a parabola as shown in the adjoining figure. 
For c = 0, (iii) becomes y = x — 2x. 
The graph of y =x’ — 2x is also shown in the figure. 


Note: The general solution represents a system of parabolas which are vertically 
above (or below).each other. 


d 3 
Example 8: Solve = = 4 x +x-—3, if y=0whenx=2 





Solution: Given that 
dy 


3 
ak=4 ¥+x=3 (i) 
Separating variables, we have 
3; ti 
dy = (a +x- 3 }ax (ii) 
Integrating either side of (ii) gives 


| ay = i} (Fx +x -3)ax 


oS ae Os 
or Y = ala [+5 eek 

] 3 ] 2 *e*-f 
= y= 4x +5x —3x+Ce (1i1) 


Now applying the initial value condition, we have 





] 1 
0 = 78) +54 —3@)te 
= ce = 6-2=2 2 2 
Thus (iii) becomes 


l ] 
yt Pt 3tt2 


=> 4y= x +2x -12x+8 


Example 9: A particle is moving in a straight line and its acceleration is given by 
a= 2t-7, 


(i) find v (velocity) in terms of t if v= 10 m/sec, when t= 0 
(ii) find s (distance) in terms of t ifs =0, when t= 0. 
Solution: Given that a = 2t—/7, that is 


dv _ is gay 


=> dv = (2t—7) dt 
Integrating, we have 
| av =| r-7at 
=> v=f-Ttte, (1) 
Applying the first initial value condition, we get 


10 = 0-O+r+c, =c,=10 


The equation (1) becomes | 
vy=f-—7t+10 whichis the solution of (i) 
Now f= P-1+10 (y=) 
dt 
=> ds =(t° —7t + 10) dt (2) 


Integrating both sides of (2), we get 
Jas = | (2-71 + 10) dt 
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Fr ak ha 
= § 4 ee eee (3) 
Applying the second initial value condition, gives 


0 = 0-04+04+0 342 =0 
lb, 7», | ; mY 
Thus, So cg Pe ee 10t is the solution of (11) 


Example 10: In a culture, bacteria increases at the rate proportional to the number of 
bacteria present. If bacteria are 100 initially and are doubled in 2 hours, find the number 
of bacteria present four hours later. 


Solution: Let p be the number of bacteria present at time ¢, then 


a= PP (k > 0) 


or dp i es: ae hin = kt+c, 

=> ss et = eH 9% 

or pz=ce” (i) (where e“=c) 

Applying the given condition, that is p = 100 when ¢ = 0, we have 
100 = ce*= ¢ cs e = 1) 

Putting c = 100, (i) becomes p=100e" —_— (ii) 

p will be 200 when f = 2 (hours), so (ii) gives 


200 = 100e* = e* =2 


| 
or (2k = In2 => k = 5 In2 


pause | ee 
Substituting k= 7 In 2 in (ii), we get 


1 
p= 100 ol 2 In2)e — 100 p32 in? = 100e” (3 2) 


Ree 100(2") 


4 | 
If t= 4 (hours), then p = 100 (2) = 100 x 4= 400. 
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Example 11: A ball is thrown vertically upward with a velocity of 1470 cm/sec, 
Neglecting air resistance, find 


(i) velocity of ball at any time ¢ 

(11) distance traveled in any time f 

(iii) maximum height attained by the ball. 
Solution. 


(i) Let v be the velocity of the ball at any time t, then by Newton’s law of motion, 


we have 

d 

| = -8 = dv=-e2dt (i) 
or | dv = iE g dt (Integrating either side of (i)) 


v=—gtt+e, (ii) 
Given that v = 1470 (cm/sec) when t = 0, so 
1470 =-g9(0)+c, => oc, = 1470 
Thus (ii) becomes v = — gt + 1470 = 1470 — 980 (taking g = 980) 
(ii) | Leth be the height of the ball at any time ¢, then 


dh dh 
at 1470 — 980 ¢ ( 


“VS 
or dh (1470 — 980 2) dt 


h 1470 t- 9805 +c, = 1470t-490r +c, (iii) 
h = 0 when t = 0, so we have 
0 = 1470x0-490(0)? +c, =c,=0 
Putting c, = 0 in (iii), we have 
h = 1470t-4907 
(iii) |The maximum height will be attained when v = 0, that is 


1470 3 
1470-980 += 0 Sh a gary =a (sec) 


, 3 - 
Thus the maximum height attained in (cms) = 1470 x # ) — 490 x 6 
= 2205-—1102.5 = 1102.5 
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EXERCISE3.8 
1. Check that each of the following equations written against the differential 
equation is its solution. 
dy 
(i) a : y= cx-!1 
$ dy | 1 
Gil) x OVA De a 1a O eps yty=e-> 
d 

(iii) y . —~e* =] y=e*+2x+ce 

ld 
iv) 5 ie -2y = 0 alee: drained’ 

d 2 
(v) = tJ y = tan(e +c) 


é 


Solve the following differential equations: 








dy 
2. de oe 3. ydx+xdy=0 
dy ]-x wie 34 b! 
_ dy 
6. sin y cosec x 7 = 1 7. xdyt+y(x-1)dx=0 
Fl ay Lay 7 : 
8. yr = 5: ix, YO) 9. Se ae (A ty) 
dy dy 2xy 
wert any tae i abe at = 


d 
12. (2 yx’) +? +39? =0 


13. sec’x tany dx + sec’ y tanx dy =0 


d dy 
14. , -2 5) 2[y +3 
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15. 


16. 


17. 


18. 


19, 


20. 


21. 


23. 
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dy 
1 +cos x tany ri = 0 


d d 
ne = =3(1 +x) 


eecx diene ee 
dx 


gage ey, ERE 
e +e qe Se ee 
( hk 


9 


dy 
Find the general solution of the equation = —~#2 =x 


Also find the particular solution if y = 1 when x = 0. 


dx 
Solve the differential equation a 7 7% given that x= 4 when t= 0. 


Solve the differential equation S + 2st = 0. Also find the particular solution if 


s=4e, whent=0. 


In a culture, bacteria increases at the rate proportional to the number of 
bacteria present. If bacteria are 200 initially and are doubled in 2 hours, find 
the number of bacteria present four hours later. 


A ball is thrown vertically upward with a velocity of 2450 NICK. Neglecting 
air resistance, find 


(i) velocity of ball at any time t 
(ii) distance traveled in any time t 


(iii) maximum height attained by the ball. 
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Introduction to 





Analytic Geometry | 


4.1 INTRODUCTION 


Geometry is one of the most ancient branches of mathematics. The 
Greeks systematically studied it about four centuries B.C. Most of the geometry 
taught in schools is due to Euclid who expounded thirteen books on the subject (300 
B.C.).. A French philosopher and mathematician Rene Descartes (1596-1650 A.D.) 
introduced algebraic methods in geometry which gave birth to analytical geometry (or 
coordinate geometry). Our aim is to present fundamentals of the subject in this book. 


Coordinate System 
Draw in a plane two mutually perpendicular number lines x’x and y’y, one 
horizontal and the other vertical. Let their point of y 
intersection be O which we call the origin and 
the real number O of both the lines is represented 
by O. The two lines are called the coordinate 


axes. The horizontal line x’Ox is called the , - r 
x-axis and the vertical line y’Oy is called the y- 0 
axis. 


As in the case of number line, we follow 
the convention that all points on the y-axis above 
x’Ox are associated with positive real numbers, 
those below x’Ox with negative real numbers. 
Similarly, all points on the x-axis and lying on the 
right of O will be positive and those on the left of 
O and lying on the x-axis will be negative. 

Suppose P is any point in the plane. Then 
P can be located by using an ordered pair of real 
numbers. Through P draw lines parallel to the 
coordinates axes meeting x-axis at R and y-axis at 


S. Let the directed distance OR = x and the directed distance OS = y. 





The ordered pair(x,y) gives us enough information to locate the point P. 


Thus, with very point P in the plane, we can associate an ordered pair of real 
numbers (x, y) and we say that P has coordinates (x, y). It may be noted that x and y 


are the directed distances of P from the y-axis and the x-axis respectively. The reverse 
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of this technique also provides a method for associating exactly one point in the plane 
with any ordered pair (x, y) of real numbers. This method of pairing off in a one-to- 


one fashion the points in a plane with ordered pairs of real numbers is called the two 
dimensional rectangular (or Cartesian) coordinate system. 


If (x, y) are the coordinates of a point P, then the first number (component) of 


the ordered pair is called the x-coordinate or abscissa of P and the second member 
of the ordered pair is called the y-coordinate or ordinate of P. Note that abscissa is 
always first element and the ordinate is second element in an ordered pair. 


The coordinate axes divide the plane into four 
equal parts called quadrants. They are defined as 
follows: 


Quadrant I; All points (x, y) with x>0, y>0 
Quadrant II: All points (x, y) with x<0, y>0 
Quadrant III: All points (x, y) with x<0, y<0 
Quadrant [V: All points (x, y) with x >0, y<0 





The point P in the plane that corresponds 
to an ordered pair (x,y) is called the graph of (x, y). 


Thus given a set of ordered pairs of real numbers, the graph of-the set is the aggregate 
of all points in the plane that correspond to ordered pairs of the set. 


ms anand: lettitel Pbteloboib-lel to 
JSS PE dee eee eee 
eon | Sarena Wiitial teh) 1 | wisi | 
ete een? Pol | 1. | yt ott 
SRUDERE WAAR URE R 
ee ay tt eed | TANS ir, | 
eM ea | Sey ein wl pe 
EE 
i- Write down the coordinates of Ss er 


the points if not mentioned. 


ii- Locate (0, —1), (2, 2), (—4,7) 
and (—3, —3) 


~ 
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4.1.1 The Distance Formula 
Let A(x,,y,) and B(x,,y,) be two points in the 









Note that: 
AB stands for 


plane. We can find the distance d = | AB | from the right 
mAB or | AB| 


triangle AQB by using the Pythagoras theorem, we have 
d* = AB’ = AQ’ + QB’. 
|AQ| =|RS| =|RO+OS| 
=|-OR+0S| 
=|x, —x,| 
|QB| = |SB - SQ| =|OM — ON| 





y,-y,| 
Therefore, (1) takes the form 
d* =(x,—x,)° +(y, -y,) 


or | d =|AB|= (x, —x,)> +(y, -y,)’ (2) 


which is the formula for the distance d. The distance is always taken to be 
positive and it is not a directed distance from A to B when A and B do not lie on the 
same horizontal or vertical line. : | : 

If A and B lie on a line parallel to one of the coordinate axes, then by the 
formula (2), the distance AB is absolute value of the directed distance AB. 

The formula (2) shows that any of the two points can be taken as first point. 
Example 1: Show that the points A(—1,2), B(7,5) and C(2,—6)are vertices of a 

right triangle. 

Solution: Let, a, b and c denote the lengths of the 
sides BC,CA and AB respectively. 





By the distance formula, we have . 


c= AB=4\(7-(-1))?4+(5-2)? =V73 
a = BC =(2-7)? +(-6-5)? =/146 
b= CA=,(2-(D) + (6-2) = V73 


Clearly: a’= b’ +c’. 
Therefore, ABC is a right triangle with right angle at A. 
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Example 2: The point C(—5,3) is the centre of a circle and P(7,—2) lies on the circle. 
What is the radius of the circle? 


Solution: |The radius of the circle is the distance 
from C to P. — 


By the distance formula, we have 


Radius = CP =./(7 —(-5)" + (-2=3)7 
= /144425 =13 





4.1.2 Point Dividing the line segment in a 
Given Ratio 
Theorem 1: Let A(x,,y,) and B(x,,y,) be the two given points in a plane. The 
coordinates of the point dividing the line segment AB in the ratio k, :k, are 
ere ky, +kyy, ! 
k,+k, k, +k, 
Proof: Let P(x, y) be the point that divides AB in the ratio k, : k, 


From A, B and P draw perpendiculars to the x-axis as shown in the figure. 
Also draw BC LAQ. 


Since LP is parallel to CA, in the triangle ACB, we have 








Ky AP CL _ QM. _ x=% 
ky PB ..LB, MR. .x,-x 
k ar 

So, at SS 
ky x,-x 


or (k, +k,)x=k,x, +k x, 





= _ ky Xy + kX 
Similarly, by drawing perpendiculars from A, B and P to the -y-axis and 
| | ky, +ky 
proceeding as before, we can show that y= inl aha be 


k, +k, 
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If the directed distances AP and PB have the same sign, then their ratio 
is positive and P is said to divide AB internally. 
(ii) If the directed distances AP and PB have opposite signs i.e., P is beyond 
AB, then their ratio is negative and P is said to divide AB externally. 

AP Kk, AP Ks | 


— or 

BP ek, PB k , 
Proceeding as before, we can show in this case that | 
_ Ky ky 


9 ai. Tee, Tat ar. 


kk 




























_ Kix) — kx, 
kik, 





Thus P is said to divide the line segment AB in ratio k :k. internally or 
externally according as P lies between AB or beyond AB. 


(iii) If k, :k,=1:1, then P becomes midpoint of AB. and coordinates of P 





- X,+Xx W+y 
are: x=? ‘fy dt 2 
2 2 


(iv) The above theorem is valid in whichever quadrant A and B lie. 








Example 3: Find the coordinates of the ae that divides the join of A(—6,3) and 
B(5,—2) in the ratio 2 : 3. 


(i) internally (ii) externally 
Solution: (i) Here k, =2,k,=3, x/=-6, x, =5. 
By the formula, we have 


2x5+3x(-6) -8 2(—2) + 3(3) 
Se and Y Frater SiS 
2+3 - 95 2+3 


Coordinates of the required point are as 1] 


(ii) In this case 


= 2X5—3%(-9) _ og andy 3 2C2)=30) 
2-3 2-3 
Thus the required point has coordinates (—28, 13). 


=13 


Theorem 1: 


The centroid of a AABC is a point that divides each median in the ratio 2 : |. 
using this show that medians of a triangle are concurrent. 
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Proof: Let the vertices of a AABC have coordinates as shown in the figure. 


+ ~ 
Midpoint of BC is areata A(x, y,) 


Let G(x,y) be the centroid of the A. 
Then G divides AD in the ratio 2 : 1. Therefore 





X, +X, 
ee ee 
oS SS 
2+1 3 
+y,+ 
Similarly, y = mea 


In the same way, we can show that 
coordinate of the point that divides BE and CF 


’ : X, +X5 +X + + 
each in the ratio 2: 1 are <s ae 


> 


3 3 


Thus (x,y) lies on each median and so the medians of the AABC are 
concurrent. 


Theorem 3: Bisectors of angles of a triangle are concurrent. | 
Proof: Let the coordinates of the vertices of a triangle be as shown in the figure. 
Suppose |BC| = a, ICA| = b and |AB| =¢C 
Let the bisector of ZA meet BC at D. Then D divides BC in the ratio 


c:b. Therefore coordinates of D are ade TEENA | +by, 
| b+c b+c 


The bisector of ZB meets AC at J and J 
divides AD in the ratio c:|BD| 
IBD| IDC|_b 
—— OR = 
IDC) et: BD te 

IDC|+|BD| b+c 
or —_——_— =— 

|BD| c 


Now 


CUORI9?) 


~ FULT ae 
BD| 


ac 
b+c 





Or 








or |BD|= 
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Cc 





re ; 3 a : 
Thus 7 divides AD in the ratio c: ; or in the ratio b+c:a 


wC 


Coordinates of J are 


bx, + by, + 
(b+c)—2_** + ax, (b+c) 2 4 ay, 
b+c b+e 
atb+c at+b+c 


oe ax, +bx, +cx, ay,+by, +cy, 
pe atb+c — at+b+c 
The symmetry of these coordinates shows that the bisector of ZC will also 


pass through this point. 
Thus the angle bisectors of a triangle are concurrent. 


~ EXERCISE 4.1 
1, Describe the location in the plane of the point P (x, y) for which 
(i) + x0 (11) x>0O and y>0 iad: +=) 
(iv) y=0 (v) x<Q and y20 Vv) at=¥ 
(vii) |x| =-y) (viii) |x|23 (ix) x>2andy=2 


(x) xand y have opposite signs. 


Me Find in each of the following 
(i) the distance between the two given points 


(ii) | midpoint of the line segment joining the two points 
| 
a) A(3, 1); B(-2,-4) (6) A(-8, 3); B22, -1) ©) 4{-V5.-5 }:8Cs5.) 


3. Which of the following points are at a distance of 15 units from the origin? 


(a) (176.7) (b) G0, -10) ©) (1,15) @ papery 


4. Show that 
(i) the points A(0, 2), B(V3,-1) and C(O, 2) are vertices of a right triangle. 
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(ii) the points A(3, 1), B(—2,—3) and C(2, 2) are vertices of an isosceles triangle. 
(ii1) the points A(5, 2), B(—2, 3), C(—3,-4) and D(4, —5) are vertices of a 

parallelogram. Is the parallelogram a square? 

-'S The midpoints of the sides of a triangle are (1, —1), (4, —3) and (-1, 1). Find 
coordinates of the vertices of the triangle. 

6. Find / such that the points A(V/3,-1), B(O, 2) and C(h, —2) are vertices of a 
right triangle with right angle at the vertex A. 
Find / such that A(—1, h), B(3, 2) and C(7, 3) are collinear. 
The points A (—5,—2) and B(5,—4) are ends of a diameter of a circle. Find the 
centre and radius of the circle. 

9, Find / such that the points A(f,1), B(2.7) and C (—6,—7) are vertices of a right 
triangle with right angle at the vertex A. 

10. A quadrilateral has the points A(9, 3), B(—7, 7), C(—3,—7) and D(5, —5) as 


its vertices: Find the midpoints of its sides. Show that the figure formed by 
joining the midpoints consecutively is a parallelogram. 


11. Find A such that the quadrilateral with vertices A(—3, 0), BU, —2), C(S, 0) 
and D(1, h) is parallelogram. Is it a square? 


12. If two vertices of an equilateral triangle are A(—3, 0) and B(3, Q), find the third 
vertex. How many of these triangles are possible? 


13. Find the points trisecting the join of A(—1, 4) and B(6, 2). 


14. Find the point three—fifth of the way along the line segment from A(—5, 8) 
to B(5, 3). - 


15. _ Find the point P on the joint of A(1, 4) and B(5, 6) that is twice as far from A as 
B is from A and lies 


(i) on the same side of Aas Bdoes. (ii) onthe opposite side of A as B does. 


16. Find the point which is equidistant from the points A(5, 3), B(—2, 2) and 
C (4, 2). What is the radius of the circumcircle of the AABC ? 


17. The points (4, -2), (-2, 4) and (5, 5) are the vertices of a triangle. Find in-centre 
of the triangle. 


18. Find the points that divide the line segment joining A(x,, 


y;) and B(x,, Y>) into 
four equal parts. 
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4.2 TRANSLATION AND ROTATION OF AXES 
Translation of Axes 


Let xy-coordinate system 
be given and O’ (h, k) be any 
point in the plane. Through O’ 
draw two mutually perpendicular 
lines O’X, O’Y such that O’X is 
parallel to Ox. The new axes O'X 
and O’Y are called translation of 
the Ox- and Ov-axes through the 
point O’. In translation of axes, 
origin is shifted to another point 
in the plane but the axes remain 
parallel to the old axes. 





Let P be a point with coordinates (x, y) referred to xy-coordinate system and 
the axes be translated through the point O’ (h, k) and O’X, O’Y be the new axes. If P 
has coordinates (X, Y) referred to the new axes, then we need to find X, Y in terms of 


xy. 
- Draw PM and O’ N perpendiculars to Ox. 
From the figure, we have 


OM =x,MP=y, ON =h, NO’= k = MM’ 


Now A=) ORB = oN =O ON = x—h 
Similarly, Y = MP = MP-MM’= y-k 
Thus the coordinates of P referred to XY-system are (x — h, y — k) 
i.e.,X =x—-h 

Y=y-h 


Moreover, x = X+h, y = Yk. 


Example 1: The coordinates of a point P are (-6, 9). The axes are translated 
through the point O’ (—3, 2). Find the coordinates of P referred to the 
new axes. 7 | 


Solution: Here h=-3,k = 2 
Coordinates of P referred to the new axes are (X, Y) given by 
X= -6-(-3) =-3. and Y=9-2=7 
Thus P(X, Y=. Pts: 
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Example 2: The xy-coordinate axes are translated through the point O’ (4, 6). The 
coordinates of the point P are (2, —3) referred to the new axes. Find the 
coordinates of P referred to the original axes. 

Solution: Here X =2, Y=-3, h= 4, k-=-G: 

We have x=X+h=4+2=6 
y=Y+k =-3+6=3 
Thus required coordinates are P (6, 3). 
Rotation of Axes 
Let xy-coordinate system 
be given. We rotate Ox and Oy 
about the origin through an angle P(x,y)or 

8 (0 < 8 < 90°) so that the new P(X, Y) 

axes are OX and OY as shown in 

the figure. Let a point P have 
coordinates (x, y) referred to the 
xy-system of coordinates. Suppose 

P has coordinates (X, Y) referred to 

the XY-coordinate system. We have 

to find X, Y in terms of the given 
coordinates x, y. Let @ be measure 


of the angle that OP makes 
with Ox. — | 





From P, draw PM perpendicular to Ox and PM’ perpendicular to OX. 
Let !|OP|=r. From the right triangle A OPM‘, we have 
OM =X = rcos (a ng 
MP = Y = rsin(a-@) 
Also from the A OPM, we have 
xi =ancos G, y = rsina (2) 
System of equations (1) may be re-written as: | 
X = rcosacos@+rsina no 


(1) 


Y = rsinacos@ —rcosasin@ 


Substituting from (2) into the above equations, we have 
X =xcos@0+ysin@ 
i = c.g agent 
1.€., (X, Y) = (xcos 0+ y sin 0, —x sin 0+ y cos 0) 
are the coordinates of P referred to the new axes OX and OY. 


(3) 
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Example 3: The xy-coordinate axes are rotated about the origin through an angle of 
30°. If the xy-coordinates of a point are (5, 7), find its XY-coordinates, 
where OX and OY are the axes obtained after rotation. 


Solution: Let (X, Y) be the coordinates of P referred to the XY-axes. Here 8 = 30°. 
From equations (3) above, we have 


x 5 cos 30° + 7 sin 30° and Y = —5 sin 30° +7 cos 30° 
5/3 ‘L i TrY3 
=< , ee 5) + 7 and Yrs 7 oa 7 


‘i [527 =54N5) 
5 re 


are the required coordinates. 


L@.,4 Ak ) 


4 
Example 4: The xy-axes are rotated about the origin through an angle of arctan 3 


lying in the first quadrant. The coordinates of a point P referred to the new axes OX 
and OY are P (—1, —7). Find the coordinates of P referred to the xy-coordinate system. 


Solution: Let P (x, y) be the coordinates of P referred to the xy-coordinate system. 
4 4 3 
Angle of rotation is given by arctan @= 3: Therefore, sin 0= 5 > COs a= 5° 


From equations (3) above, we have 


X = xcos@+ysin@ and Y= —-—xsin@0+ycos 0 
or ‘heiesaomy and aetna 528s, 
Solis Krrd 
or 3x+4y+5 =0 => —4x+3y+35 = 0 
Solving these equations, we have 
: ery er a ae 
(5 (eg eiagg Ss AS2. y= - 


Thus coordinates of P referred to the xy-system are (5, —5). 


EXERCISE 4.2 


1. The two points P and O’ are given in xy-coordinate system. Find the 
XY-coordinates of P referred to the translated axes O’X and O’Y. 


Q-P43-2 oe (ui) ~-P (= 2,6); O” (=3, 2) 


3 5 
(iii) P(-6,-8); O' (-4, -6) a Es 3}; 4 5, 4 
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2. The xy-coordinate axes are translated thro. zh the ,. _O” whose coordinates 
are given in xy-coordinate. The coordinates of P are given in the 
XY-coordinate system. Find the coordinates of P in xy-coordinate system. 


Gi) P (8710); 09GB, 4)" | GE PSA ANG) 
- 3 if (1 i | , : 
(iii) p{-7. ~§}:0 GZ. 6) Giv)P (4, —3); O (-2, 3) 
8 The xy-coordinate axes are rotated about the origin through the indicated | 


angle. The new axes are OX and OY. Find the X¥-coordinates of the point P 
with the given xy-coordinates. ee 


O) 2 cae (ii) P (3, -7); @= 30° 
(iii) P(11,-15); @=60° (iv)P (15, 10); @= arctan > 
4, The xy-coordinate axes are rotated about the origin through the indicated angle 


and the new axes are OX and OY. Find the xy-coordinates of P with the given 
XY-coordinates. 


()) ~ P (5, 3)2 ~ 9238" (ii) P(=-7)2,, 5/2): 0 = 45° 


4.3 EQUATIONS OF STRAIGHT LINES 


Inclination of a Line: The angle a(0° < a <180°)measured counterclockwise 
from positive x-axis to a non-horizontal straight line / is called the inclination of /. 


l ll y-axis 





Observe that the angle @ in the different positions of the line / are a, 0° and 
90° respectively. 


Note: (i) If/is parallel to x-axis , then a = 0° 






(ii) If / is parallel to y-axis, then a =90° 
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Slope or gradient of a line: When we walk on an inclined plane, we cover 
horizontal distance (run) as well as vertical distance (rise) at the same time. 

It is harder to climb a steeper 
inclined plane. The measure of 
steepness (ratio of rise to the run) is 
termed as slope or gradient of the 
inclined path and is denoted by m. 


rise y 
m = —— = —=1#ana 
x 





o. 


— 


‘ : | . nt . . 
In analytical geometry, slope or gradient m of a non-vertical straight line 
with a as its inclination is defined by: m=tana 
If / is horizontal its slope is zero and if / is vertical then its slope is undefined. 


If 0°< a < 90°, m is positive and if 90°<a< 180°, then m is negative 


4.3.1 Slope or Gradient of a Straight Line Joining Two Points 


Theorem 1: 

If a non-vertical line / with 
inclination a passes through two points 
P(x,,y,) and Q(x,,y,), then the slope or 
gradient m of /is given by 

he a 


m = —— = tana 
X, —X, 





Proof: Let m be the slope of the line /. 


Draw perpendiculars PM and QM’ on x-axis and a perpendicular PR on QM". 
Then ZRPQ =a, mPR= x, —x, and mQR = Y.-Y), 


The slope or gradient of J is defined as: m= tana =>2—>1 : 
sg Sieg 


Case (i). | When 0<a< 
In the right triangle PRO, we have 


em tang w2en! 


Xy —~ %, 
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Case (ii) = When 5% Spe 





In the right triangle PRO 
XxX; —X2 
or. tana see 
xX; —%X4 
or tang = 22-71 
X45 Patt x; X4 ath xX; 


Thus if P(x,,y,) and Q(x, y,) are two points on a line, then slope of PQ is 


given by: m= 22k on ma tt 
Xy —X, X, —X4 

















Note: (1) mere ot and met 
Xx — X2 xX. —% 
(ii) Jis horizontal, iff m=0 (.a=0°) 
(iii) is vertical, iff m is not defined (-. a = 90°) 


(iv) If slope of AB =slope of BC, then the points A, B and C are collinear. 





Theorem 2: The two lines /, and /, with respective slopes m, and m, are 


(i) parallel iff m, =m, 





Remember that: 
The symbol 

(i) ll stands for “parallel”. 

(ii) }{ stands for “not parallel”. 
(iii) 1 stands for “perpendicular”. 


(ii) perpendicular iff m,= ade 
ns 
mm, +1=0 


Example 1: Show that the points A(-—3,6), 


B(3,2) and C(6,0) are collinear. | Notice that: 
Solution: We know that the points A, B Slope of AB = slope of AC 
and C are collinear if the line AB and BC " 


have the same slopes. Here 
2—6 -4 -4 -2 oe 
ft ee d sl ir 20 = = 
Ia ee. es 
Slope of AB =Slope of BC 
Thus A, B and C are collinear. 


Slope of AB = 
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Example 2: Show that the triangle with vertices A(1,l) B(4,5) and C(12,-1)is a 
right triangle. 
5-1 


Solution: Slope of AB =m, =—— = -< and Slope of BC =m, = 


eden 5 
| 12-4 8 4 


Since m,.m, = pa - +} —1, therefore, AB 1 BC 
So AABC is a right triangle. 


4.3.2 Equation of a Straight Line Parallel to the x-axis 
(or perpendicular to the y-axis) 





Ill x-axis I|lx-axis 
or | Ly-axis or | Ly-axis _ or |Ly-axis 


I ll x-axis 


All the points on the line / parallel to x-axis remain at a constant distance 
(say a) from x-axis. Therefore, each point on the line has its distance from x-axis equal to 
a, which is its y-coordinate (ordinate). So, all the points on this line satisfy the 


equation: 


Note: (i) If a>0, then the line/ is above x -axis. 
(ii) If a<0O, then the line / is below x-axis. : 
(iii) If a = 0, then the line / becomes x-axis 






Thus the equation of x-axis is y=0 


4.3.3 Equation of a Straight Line Parallel to the y-axis 
(or perpendicular to the x-axis) 





Illy-axis O T|ly-axis (iii) 
or |Lx-axis or |Lx-axis 


yor | L x-axis 





All the points on the line / parallel to y-axis remain at a constant distance (say 
b) from the y-axis. Each point on the line has its distance from the y-axis equal to b 
which is its x-coordinate (abscissa). So, all the points on this line satisfy the 


equation: 


which is an equation of the line / parallel to the y-axis (or perpendicular to the 
X-axis). 


Note: (i) If b>0, then the line is on right of the y-axis. 
(ii) If b <0, then the line is on left of the y-axis. 


(iii) If b=0, then the line becomes the y-axis 
Thus the equation of y-axis is x =O. 





4.3.4 Derivation of Standard Forms of Equations of Straight Lines 


Intercepts: 


¢ 


“* Ifa line intersects x-axis at (a,0), then 
a is Called x-intercept of the line. 

*¢ Ifa line intersects y-axis at (0,5), then 

b is called y-intercept of the line. 





1. Slope-Intercept form of Equations of a Straight Lines: 
Theorem 3: Equation of a non-vertical straight line with slope m and 
y-intercept c is given by: 
y=mxt+c 


Proof: Let P(x, y) be an arbitrary point of the straight line / with slope m and 
y-intercept c.As C(0,c) and P(x, y) lie on the line. So the slope of the line is: 
m=2— 
0: oe ae 
is an equation of /. 





or y-cC=mx or y=mx+ec 


The equation of the line for which c = 0 is 
y= mx 





In this case the line passes through the origin. 
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Example 3: Find the equation of the straight line if 


Solution: 


Z. 


(a) its slope is 2 and y-intercept is 5 
(b) it is perpendicular to a line with slope —6 and its y-intercept is : 


(a) The slope and y-intercept of thé line are respectively: 
m=2°.and ¢c=5 
Thus ,.: y =2x+5 BREE form: y=mx+c) 


_ 1s the required equation 


(b) The slope of the given line is 


m= «iff 
Ci ee ] ] 
The slope of the required line is: m, =-—— =— 
| : m, 6 
CS 8 


The slope and y -intercept of the required line are respectively: 


(slope of -L line is—6) and c = 


n|— 


ni = 


Thus yaa(x) +> or 6y=x+8 


is the required equation. 


Point-slope Form of Equations of a Straight Line 


Theorem 4: Equation of a non-vertical straight line / with slope m and passing through 


a point QO( x,, y, ) is given by: 


Proof: Let P(x, y) be an arbitrary point of the 
straight line with slope m and passing through 
O(x,,y;)- | 

As Q(x,,y,) and P(x, y) both lie on the 
line so, the slope of the line is 


y-y,=m(x—x,) 





which is the equation of the straight line passing through (x,, y,) with slope m. 


3. 


We have m se 


Symmetric Form of Equations of a Straight Line 


Ras a 
X—X, 





= tana, where a is the angle of inclination of the line. 
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This is called symmetric form of equation of the line. 
Example 4: Write down an equation of the straight line passing through (5, 7) and 
parallel to a line passing through the points (0,—1), (7,-15). 

Solution: Let m be the slope of the required straight line, then 
m= = (-.. Slopes of parallel lines are equal) 
= -2 
' As the point (5, 1) lies on the required line having slope —2 so, by point-slope 
form of equation of the straight line, we have 


y-(b)=—2(%-5) 
or y=—2x+11 
or 2x+ y-ll=21 
is an equation of the required line. 
4. Two-points Form of Equations of a Straight Line 
Theorem 5: Equation of a non-vertical straight line 


passing through two points Q(x,,y,) and R(x,,y,) is 


eee 1 (x— x5) 
og | 








y.-y 
y-y, =~4—(4-x) or y-y, = 
Xy— % ; a 





Proof: Let P(x, y) be an arbitrary point of the line passing through Q(x,,y,) and 
R(x}, y).So 


Mee ar ES ame 

X— X, X—X4 Xy— x; 
We take 

Yrye 195 I 


t—% x, %, 


(P, Q and R are collinear points) 





bees 
or y-yi= (x— x), the required equation of the line PQ: 
| xy % 
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(Or (2 — Way — HH) + HY? 91) = 0 
2s arte 





We may write this equation in determinant form as: |x, y, 1 
: ae ee | 


Note: (i) If x, =x,, then the slope becomes undefined. So, the line is vertical. 









y27 J (x —x,) can be derived similarly. 
xX, — 





(ii) y-y,= 


Example 5: Find an equation of line through the points (—2,1) and (6,—4). 
Solution: Using two-points form of the equation of straight line, the required 
equation is 
—4-] 
y-1= 


pica Site: 


or y-1=— (+2) or Jx+8y+2=0 


5. Intercept Form of Equations of a Straight Line 


Theorem 6: Equation of a line whose non-zero x and 
y-intercepts are a and b respectively 





Proof: Let P(x, y) be an arbitrary point of the line 
whose non-zero x and y-intercepts are a and b 
respectively. Obviously, the points A(a,0) and B(0,b) 
lie on the required line. So, by the two-points form of 
the equation of line, we have 








y-0O= (x= a) (P, A and B are collinear) 
‘ —a 
or —ay =b(x-a) 
or bx +ay = ab 
or *~4~=1 (dividing by ab) 
a b 


Hence the result. 
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Example 6: Write down an equation of the line which cuts x-axis at (2,0) and 
y-axis at (0,—4). 


Solution: As 2 and —4 are respectively x and y-intercepts of the required line, so 
by two-intercepts form of equation of a straight line, we have 


~42 21 oF 2x—y+4=0 
. 2 -4 
which is the required equation. 

Example 7: Find an equation of the line through the 
point P(2,3) which forms an isosceles 
triangle with the coordinate axes in the 
first quadrant. 

Solution: Let OAB be an isosceles triangle so that 
the line AB passes through A=(a,0) and 
B(0,a), where a is some positive real 
number. | | 





Slope of AB= : ni =-—1. But AB passes through P(?2, 3). 





Equation of the line through P(2,3) with slope —1 is 
¥qs=—1x— 2) oF x+y-5=0 
6. Normal Form of Equation of a Straight Line 


Theorem 7: An equation of a non-vertical straight line /, such that length of 


the perpendicular from the origin to / is P and @ is the inclination of this 
perpendicular, is 


xcosa+ ysina= p 


Proof: Let the line / meet the x-axis and y-axis at 
the points A and B respectively. Let P(x, y) be an 
arbitrary point of AB and let OR be perpendicular 
to the line /. Then |OR| =P | 


From the right triangles ORA and ORB , we 
have | 








cos a = —- or -OA= P 
OA COS OL 





: oe Pp 
and cos(90° — a) =—— or. OB= 
, OB 


[-. cos (90° — a) = sina) ] 
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As OA and OB are the x and y intercepts of the line AB, so equation of AB is 


fies ie stehe. ae 


: =1 (Two intercepts form) 
p/cosa plsina | 


That is xcosa+ysina = p is the required equation. 
Example 8: The length of perpendicular from the origin to a line is 5 units and the 


inclination of this perpendicular is 120°. Find the slope and y-intercept 
of the line. 


Solution: Here p= 5, @=120°. 
Equation of the line in normal form is 


xcos120 +ysin120° =5 


2 2 
=> x-V3y+10=0 | (1) 
: ; 5 ae | 
To find the slope of the line, we re-write (1) as: =y=—=+ 


V3 3 
which is slope-intercept form of the equation. 


Here m= rw and selenite 


V3 V3 | 
4.3.5 A Linear Equation in two Variables Represents a Straight Line 


Theorem 8: The linear equation ax + by + c = 0 in two variables x and y represents a 
straight line. A linear equation in two variables x and y is 
réimoa iD 
where a, b and c are constants and a and b are not simultaneously zero. 
Proof: Here a and b cannot be both zero. So the following cases arise: 
Case I: atO 5; b=0 
In the case equation (1) takes the form: 


Remember that: 
The equation (1) represents 


a straight line and is called 
the general equation of a 
straight line. 


ria 
ax+c=O0or x=-— 
a 
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which is an equation of the straight line parallel to the y—axis at a directed 
distance —— from the y- axis. 
a 


Case II: T2Q0.4-ob 0 
In the case equation (1) takes the form : 


by+c=0 or yee, 


ai sos : ; =C 
which is an equation of straight line parallel to x-axis at a directed distance ay 


from the x-axis. 
Case III: a#0..4:-. 6#0 
In this case equation (1) takes the form: 
by=-ax-c or ei get mec 
¥ y b b 
which is the slope-intercept form of the straight line with slope equals fe and 


=¢ 
y-intercept he 


Thus the equation ax+by+c=0, always represents a straight line. 
4.3.6 To Transform the General Linear Equation to Standard 
Forms 
Theorem 9: To transform the equation ax + by +c =0 in the standard forms: 
(i) Slope-Intercept Form. 
We have 











—a c mat oat 
by=-ax+c or y= £2) = mx+c; where m= ,c=— 
y b 4 “Dap b Cc b 
(ii) Point-Slope Form. 
We note from (1) above that slope of the line ax + by + c =O is oe . A point 


on the line is = 0 





Equation of the line becomes y= ate f ve £) 


which is in the point-slope form. 


PO OUG ROO AMG RC CLOG 








(iii) Symmetric Form 


a : 
RA ane SIR Ole, SS es GO 
3 


A point on ax + by +c =O is a 0} 
a 
Equation in the symmetric form becomes 


a 
pecs lat. 
a = 27 = + (say) 
bltJa +b altJa +0 
is the required transformed equation. Sign of the radical to be properly chosen 


(iv) Two Points Form 


We choose two arbitrary points on ax+by+c=0. Two such points are 


oe o| and (0, sell Equation of the line through these points is 











a 
nsf xf. x : 
Asani, span nD ie., y-O= baad 
OE TOF 2 
b "@ 
(v) Intercept Form 
b 
ax+by=-c or a ee 1e., pane ick 4 = 1 
—c -C ecfa ..-elb 


which is an equation in two intercepts form. 


(vi) Normal Form 
The equation: ax+by+c=0 (1) 
can be written in the normal form as: 
ax by | 


+ Ja 4S ot eer “i 


The sign of the radical to be such that the right hand side of (2) is aaiee 


Proof. We know that an equation of a line in normal form is 
xcosa+ysina=p (3) 
If (1) and (3) are identical, we must have 
a b —C 


cosa sina p 
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; p cosa sina ¥ cos? a+ sin” a 
1.6. os = = om cahil WAT cor epee ca 








oe b + Va? +b? +Va* +b? 


a 
Hence, cosa = ———————> and sina = 


b 
+Va* +b? + Ja +b? 
Substituting for cos a, sin a and p into(3), we have 


76 Se 1 ea —C 
tya*+b? +¥Va?+b? 


Thus (1) can be reduced to the form (3) by dividing it by tVa? +b? . The sign of 
the radical to be chosen so that the right hand side of (2) is positive. 


Example 9: Transform the equation 5x—12y+ 39=0 into 


(i) Slope intercept form. (ii) Two- intercept form. 
(11) ‘Normal form. (iv) | Point-slope form. 
(v) Two-points form (vi) Symmetric form. 


Solution: 


3 B08 ; 

(1) We have 12y =5x+39 or y= xt m=, y-intercept c= 

Gia Be Ady ieee ge ak i gD 
—39 39 ~- —39/5 39/12 





=] is the required 
equation. 


(iii) 5x -12y =—39 . Divide both sides by + V5? +12? =+13. Since RHS is to 
be positive, we have to take negative sign. 


ee = 3is the normal form of the equation. 
Fe . . {(-39 one 
(iii) | A-point on the line is Ta and its slope is ne 


Equation can be writtenas: y—O= al a 
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(v) Another point on the line is (0. } Line through = = 0| ey (0, = is jis 








39 

VG oe 

eee 
12 5 


(vi) We have tana => = m, SO sina= cosa= A point form of the line is esto | 


Equation of the line in symmetric form is 


x+39/5 _y-0 
—_———_ = r (say) 
12/13. 5/13 
Example 10: Sketch the line 
3x+2y+6=0. (1) 


Solution: To sketch the graph of (1), we find 
two points on it. If y=0, x =—2 andif x=0, 
y=-3. | 

Thus x intercept = —2 

y intercept = -3 
The points A (—2, 0), B (0,—3) are on (1). Plot 

these points in the plane and draw the straight 
line through A and B. It is the graph of (1). 





Example 11: Find the distance between the parallel lines 
2x+y+2=0 (1) 
and 6x+3y-—8=0 | (2) 
Sketch the lines. Also find an equation of the line parallel to the given lines and lying 
midway between them. 


Solution: We first convert both the lines into normal form. (1) can be written as 


2x+y=-2 
Dividing both sides by -V¥4+1, we have 
_ 2. a ee 
(3) 
Wo yee 
which is normal form of (1). Normal form of (2) is 
Gx, A. 
J45 V45 45 
ex. ty 8 
= tz= ae (4) 
ae “NS 3q5 
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Length of the perpendicular from (0, 0) to the line (1) is rc , [ From (3) | 


Similarly, length of the perpendicular from (0, 0) to the line (2) is [ From (4) ] 


kM 
34/5. 


From the graphs of the lines it is clear that the lines 
are on opposite sides of the origin, so the distance 
between them equals the sum of the two 
perpendicular lengths. 


8 14° 


35 35 


The line parallel to the given lines lying midway 
between them is such that length of the phish oa 


2 
i.e., Required distance = —+ 
V5 





dole the awtemtetin os or — 
525 0 34/5 <E 5 , 


i Ue | 
Required line is —= + —= = —= or cba 
V5 


V5 305 


4.3.7 Position of a Point With Respect to a Line 
Consider a non-vertical line / | 
l:ax+by+c=0 (1) 


in the xy-plane. Obviously, each point of the plane is 
either above the line or below the line or on the line. 


Theorem 10: Let P(x,, y,) be a point in the plane not 





lying on / 
l:axt+by+c=0 | (1) 
then P lies 
a) above the line (1) if ax,+by,+c>0 
b) _ below the line (1) if ax, + by, +c <0 


Proof: We.can suppose that b > 0 (first multiply the 
equation by —1 if needed). 

Draw a perpendicular from P on x-axis meeting 
the line at O(x,, y ): 
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Thus ax, +by’+c=0 so that 
ho ee C 
bs Tip ry 
The point P(x,, y,) is above the line if y, > y’ that is 


y,-y >0 


ig, Vy; -[-$s ~~ pe 


=> ax,t+by,+c>0 
Similarly P(x,, y,) is below the line if 


, . a Cc 
—y <0 1.e., y, —| -—x, -— |<0 
6s Yaa: | yi rate, 3 


or ax,+by,+c<0 
The point P(x, , y,) is on the line if 
' ax,+by,+c=0 
Corollary 1: The point P is above or below / respectively if ax, + by, +c and b 
have the same sign or have opposite signs. 





ax, +by, + | 





Proof: If P is above /, then y, — y'>0 i.e. 0 





Thus ax,+by,+c and b have the same sign. 





Similarly, P is below / if 

ax, + by, +c = 
b 

Thus ax,+by,+c and b have opposite signs. 


Corollary 2: The point P(x,, y,) and the origin are 





y,-y <0 ie, 0 






(i) on the same side of / accordingly as ax, +by, +c andc have the same sign 






(ii) | onthe opposite side of / according as ax, +by, +c andc have opposite 
signs. 
Proof: (i) The point P(x,,y,) and O(0,0) are on the same side of / if 
ax, +by, +c and a.0+b.0+c have the same sign. 


(ii) Proof is left as an exercise. 
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Example 12: Check whether the point (— 2, 4) lies above or below the line 


4x+5y-3=0 | (1) 
Solution: Here b =5 is positive. Also | 
4(—2) +5(4) -3 = -8+20-3=9>0 (2) 


The coefficient of y in (1) and the expression (2) have the same sign and so the 
point (— 2, 4) lies above (1). 


Example 13: Check whether the origin and the point P(5, — 8) lie on the same side or 
on the opposite sides of the line: 


3x+7y+15=0 (1) 
Solution: 
Here cH TS 
For P(5,-8), 
3(5) + 7(-8) +15 = —26 <0 (2) 
Butc = 15>0 


' ! ; 
c and the expression (2) have opposite signs. Thus O(0, 0) and P(5, —8) are on the 
opposite sides of (1). 


Note: To discuss whether a point P(x,, y, ) lies above or below the line 
ax+by+c=0 






we make the co-efficient of y as positive by multiplying the equation by (—1) 
if needed | 


4.4 TWO AND THREE STRAIGHT LINES 


For any two distinct and lines /,,/,. 
l,:a,x+b,y+c=0 and 1,:a,x+b,y+c=0 one and only one of the 
following holds: 
(i) 1 || L (ii) 1,11, (iii) J, and J, are not related as (i) or (ii). 


The slopes of J, and J, are m, = a, m, = ae Recall that: 

l ov @ 

(i) 1,|| 1, < slope of 1, (m,)= slope of 1, (m,). intersect each other at 
one and only one point. 


Two non-parallel lines 








(ii) 1, LL, & mm, =-1 


S ey oye > a,a,+b,b, =0- 
b, b, 


(iii)If /, and /, are not related as in (i) and (ii), then there is no simple relation of the 
above forms. 


4.4.1 The Point of Intersection of Two Straight Lines 
Let 1:a,x+byt+c, =0 (1) 
and J,:a,x+b,y+c,=0 | (2) 
be two non-parallel lines. Then a,b, —b,a, #0 
Let P(x,, y,) be the point of intersection of /, and /,. Then 


a,x,+b,y,+c¢, =0 (3) 
a,x, + b,y,+¢,=0 (4) Recall that: . 
Two non-parallel lines 
Solving (3) and (4) simultaneously, we have EN Fe Re 
EEA OS gay 5 Spite SRA. and only one point. 
bic, —b,c, a4C; —@,C5 a,b, —ayb, 





; c, —boc QC; —A,C> - 
i.e. pea a = 2€; — AC 
a,b, — ayb, a,b, — ab, 


is the required point of intersection. - 


Note: a,b, — a,b, #0, otherwise /;|| 1). 


Examples 1: Find the point of intersection of the lines 


5x+ Ty =35 (i)! Remember that: 
3x-Ty =21 (ii)| * If the lines are parallel, 
then solution does not 
exist (‘.. a,b, — a,b, = 0) 
* Before solving 


Solution: We note that the lines are not parallel 
and so they must intersect at a point. Adding (1) 


‘ h 
and (ii), we have equations one should 


8x = 56 fd x=7 ensure that lines are not 
Setting this value of x into (1), we find y=0. parallel. | 


Thus (7, 0) is the point of intersection of the two lines. 
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4.4.2 Condition of Concurrency of Three Straight Lines 


Theorem 1: Three non-parallel lines ) 
(1) 


lL:ax+b,y+c, =0 
l,:a,x+b,y+c, =0 (2) 
(3) 


l,: a4x+b,y+c; =0 


a b «¢ 
are concurrent iff ja, 5b, c,|/=0 
a, bs c, 


Proof: _ If the lines are concurrent then they have a common point of intersection 
P(x,,y,) say. As 1, Y L,, so their point of intersection (x, y) is 


b,c, —b,c a,c, —a.c 
oi 2 24 and es Pa | <2 


This point also lies on (3), so 
a, b,c, — b,c, +b, a,C; — aC, +c, =0 
a,b, — a,b, a,b, —a,b, 


a;(b,cy—b5c;)' +b, (a,c, —a,c,)+c,(a,b, —a,b,) =0 


or 
An easier way to write the above equation is in the following determinant form: 
a bh Cc 
a, bz C 


This is a necessary and sufficient condition of concurrency of the given three 
lines. | 
Example 2: Check whether the following lines are concurrent or not. If concurrent, 


find the point of concurrency. 


(1) 


3x-4y-3=0 
Sx+12y.4+1=0 (2) 
32x+4y-17=0 (3) 


Solution: The determinant of the coefficients of the given equations is 
a= #3 |18 32°90 
> thiedy |=) 5 0 ¥2)- 58; by. REY SRY 
32. 4 -17) [117 208 oO and &,+I17R, 


~ 
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13 y,32 
117 208 
Thus the lines are concurrent. 
The point of intersection of any two lines is the required point of concurrency. 
From (1) and (2), we have 





= —(208x18-—117x32)=0 











x x y = ] 
—44+36 -15-3 36+20 
32 4 Aes 26-8 = 
Sens SE ee and —— eT 1.¢., en 
7 56, 7 oe ee ee 2’ 28 


is the point of intersection. 


4.4.3 The Equation of Lines Through the Point of Intersection of Two 


Lines 
We can find a family of lines through the point of intersection of the two non- 
parallel lines J, and 1/,. ; 


Do you remember? 





Let l:axtby+ce,=0 \ (1) ) 
| An infinite number of | 
ae +b,y+c, =0 2 
SEO Ea? CORES Se ~) lines can pass through 
For a non-zero real h, the equation | a point. 


ax+b y+c,+h(a,x+b,y+c,)=0 (3) 

This, being a linear equation, represents a line. For different values of h,(3) 
represents different lines. Thus (3) is a family of lines. 

If (x,,y,) is any point lying on both (1) and (2), then it is their point of 
intersection. Since (x,, y,) lies on both (1) and (2), we have | 

axtby+c,=0 and = a,x,+b,y,+c, =0 

From the above two equations, we note that (x,, y,) also lies on (3). 

Thus (3) is the required family of lines through the point of intersection of (1) 
and (2). Since / can assume an infinite number of values, (3) represents an infinite 
number of lines. | 

A particular line of the family (3) can be determined if one more condition is 

given. 
Example 3: __ Find the family of lines through the point of intersection of the lines 
3x—-4y-10=0 t)) 
x+2y-10=0 (2) 
Find the member of the family which is 





—2 
(i) parallel to a line with slope os 


(ii) | perpendicular to the line /:3x—-4y+1=0. 


Solution: (i) A family of lines through the — of intersection of equations 





(1) and (2) is 
3x—-—4y-10+k(x+2y—-10)=0 
or (3+k)x+(—4+ 2k)y+(-10—10k) =0 4) 
3+k 
SI f (3) is given by: m = — 
ope m of (3) is given by: m “aio 


This is the slope of any member of the family (3). 
2 
If (3) is parallel to the line with slope — ry then 





eee “ee or 94+3k=-8+4k i... k =17 
| —-4+2k 3 
Substituting k = 17 into (3), equation of the member of the family is 
20x+30y—180=0 ive., 2Xx+3y—18=0. 
(ii) Slope of3x-4y+1=0 — (4) 


is 7 Since (3) is to be perpendicular to (4), we have Wisden oe =} 


x — 
—4+2k 4 
or ~ 9+3k=~-16+8k or k=5 
Inserting this value of k into (3), we get 4x + 3y — 30=0 
which is required equation of the line. 


Theorem 2: Altitudes of a triangle are concurrent | | A(x,y,) en 
Proof: Let the coordinates of the vertices | 








F 
of A ABC be as shown i the figure. Then | 
Slope of BC = 0 — 
3 df 
Therefore slope of the altitude AD = — se eA, 
a , 2 y2— ¥3 (X3,Y>) D 
Equation of the altitude AD is | he foe 
ps 3 og Po; 
y-y,= fanivers (x — Xj) (Point-Slope form) 
or X (%_ — X3) + Y (Yo — Y3) — xy (X) — 23) — ¥1 2-3) = 0 (1) 
Equations of the altitudes BE and CF are respectively (by symmetry) 
X (X%3 — X1) + y (V3 — y1) — x2 (3 — x1) — yp (3 - y) = 0 (2) 
X (x1 — X2) + YY — 2) — X3 (2% — %) — 3 3 -y,) =O (3) 


The three lines (1), (2) and (3) are concurrent if and only if 
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Xy—%3 Ya 7 3 — X (X, — X3) — y, (2 — 3) 
= X3— x) ¥3— Yi — X_ (%3-— x1) — Jz (3 — y;) is Zero 
Ay %) . Very — X3 (X; — X2) — y3 0) — 2) 
Adding 2nd and 3rd rows to the Ist row of the determinant, we have 
0 0) \ 0 
X3— Xy bk me — Xp (X3 — X1) — Y2 (V3. — Yy) =U 
Xy — X Yar 2 — X3 (Xj — Xy) — y3 (VY) — Vp) 


Thus the altitudes of a triangle are concurrent. 
Theorem 3: Right bisectors of a triangle are concurrent. 
Proof. Let A (x,, y,), B (x, y,) and C (x,, y3 ) be the vertices of A ABC. 

The midpoint D of BC has coordinates 


Xy> +X, Yet 
» Rane - 











y2—¥3 xan) Ue De X or Wille 
, the slope of the right bisector DO of BC is — 
Xo Xe VT IR 


Equation of the right bisector DO of BC is 


pat 3 sina eats 


Since the slope of BC is 


sae -(Point-slope form 
: Ja Vs - ; Er r 
| 2 ge 
or Xt YO, —-IIT 9 OL — IAQ Ge adie SO yD 
By symmetry, equations of the other two right bisectors EO and FO are 
respectively: 
1] l 
x (x,-2,) +¥03-¥)-5 03 -)—-5 Oy — P= OQ) 
l | 
and -x(x;-2,) +9 ;-y)- 5 OF —¥)- 9 | —m)=0 3) 


The lines (1), (2) and (3) will be concurrent if and only if 
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| 1 1 
X2—-%3 Yr-Y3 —5 02 -Y3) = 5 (x, — x3) 
Five hacen: DS pte, | _ 
x3 — Xj Fa iat — 5 3 — x) — 5 —x;) sis 
bit tnsen til dave 8 2 
xX, — X} wu 32 —7% yx) — 5 — x2") 
Adding 2nd and 3rd rows to Ist row of the determinant, we have 
0 0 0 
aga yyy et nt) og 2 
3—% 43-3) 9 3 9X3 1 -() 
1 aS a * ae 2 
Ny = Xgp onda oh V1 HAT Ga 742") 


Thus the right by bisectors of a triangle are concurrent. 





4.4.4 Distance of a Point From a Line 

Theorem 4: The distance d from the points P(x,, y,) to the line / 
l:ax+by+c=0 (1) 

ant lax, + by, +¢| 

Proof: Let / be non-vertical and non-horizontal line. 


is given by: 


From P, draw aerate. i) ey es 


PQR 1 Ox and PM 11. 


Let the ordinate of Q be 
y, so that coordinates of Q are 


P&S, Yi) 


\ 





| 
| 


(x,, y,). Since Q lies on /, we 


have ax,+ by,+c=0 


—ax,-C 
or y,= rare | 
From the figure it is clear | a 





that ZMPO = a= the inclination 
of 1. 


Now tana= slop of / =e 
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Therefore, | cosa | = ee RE 
a +i 
Thus | PM |=d =| PQ||cosa|=| y, — y,||cosa| 
‘| Te |b | 
Sh Goes 0 ee 
Ian $7 b| = ax, +by, +c 


|b\Va? +b? a’ +b? 


If / is horizontal, its equation is of the form y = i and the distance from 


“P(x;,y,) tolis simply the difference of the y-values. 














5 by, +c 
d = _—-| —-— — ee 
yj ( 4 b 
: , — 4 
Similarly, if the line is vertical and has equation: x = oo then d= woes oi 
a a 















Note: If the point P(x,,y,) lies on /, then the distance d is zero, 


since (x,,¥,) would satisfies the equation i.e., ax, +by, +c =0 


4.4.5 Distance Between Two Parallel Lines 
The distance between two parallel lines is the distance from any point on one of 
the lines to the other line. 
Example 4: Find the distance between the parallel lines Challenge! 
I,:2x-Sy+13=0 and Check the answer by taking 
1, :2x—Sy+6 =0 (i) any other point on /, 


(ii) any point of /, and finding 
its distance from /, 
the point (1,3) lies on it. The distance d from (1,3) to /, is 


Solution: First find any point on one of the lines, 
say |,. If x=1 lies on /,, then y=3 and 





re [2d)-5(3)+6] _ [2-15+6] 7 


ot Date V4+25 cc 


The distance between the parallel lines is —— B 
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4.4.6 Area of a Triangular Region 
Whose Vertices are Given 


To find the area of a triangular region whose 
vertices are: 


P(X,,y1) O(x,, V2) and R(x3, Y3) 
Draw perpendiculars PL, QN and RM on x-axis. 
Area of the triangular region PQR 


= Area of the trapezoidal region PLMR 
+ Area of the trapezoidal region RUNQ 


— Area of the trapezoidal region PLNQ. 
= 5((Px|+|em|)(|cm))+ 5 > a+ fan) (a) (|||) (a 


=o, + yz )(X3 — X,) +(y3 + Y2 (x —X3) —O + V2) - x,)] 





: 
5 aN + X33 —XYy— Ay Yz + XQ V3 + X2V2 — XZY3 — XZ V2 — XQ — X2M.t HY + U2) 


l 
- rhc — X, V3 + X2 V3 — X3Y2 —X2Y, +X, V2) 


Thus required area A is given by: 







Have you observed that? 


I 
A= mater — y3) + X2(¥3 — 1) + X30), - y2)] 
Corollary: If the points P, Q and R are collinear, then 


Example 5: Find the area of the region bounded by the triangle with vertices 
(a,b+c),(a,b-—c) and (—a,c). 
Solution: Required area A is 


A Bis BSc Trapezium: 
A=—l\a b-c 1 A quadrilateral having two parallel and 
2] ‘Pate two non-parallel sides. 


Area of trapezoidal region: 


neo etc. 
G@ --Zc:° 0 
1 


= @ Cc 





1 
, by R,-R ; > (sum of || sides) (distance between | | sides) 
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= ; ps 2c(at+ a)|, expanding by the second row 


= —2ca 
Thus A = 2ac 
Example 6: By considering the area of the region bounded by the triangle with 


vertices 
A(1,4), B(2, —3) and C (3, —10), 
check whether the three points are collinear or not. 
Solution: Area A of the region bounded by the triangle ABC is, 
aera: Sate i VN 
yess. sont Ne --lI —7 OQ} by R,-R, and R,-R, 
3. -10 2 -14 0 


= li-14 +14)], expanding by third column 


=‘0 
Thus the points are collinear. 


EXERCISE 4.3 
1. Find the slope and inclination of the line joining the points: 
(i) (-2,4) 365,11) Gi) G,-2); 2,7) (i11)(4,6); (4,8) 
Sketch each line in the plane. 
2. In the triangle A (8, 6) ,B(—4,2), C (-2,-6) , find the slope of 


(i) each side of the triangle (ii) each median of the triangle 
(iii) each altitude of the triangle 

3. By means of slopes, show that the following points lie on the same line: 
(a) (-1,-3) 5. 5);.@2, 9) (b) (4,—5); (7,5); (10,15) 
(c) (-4, 6): (3, 8); (10. 10) (d) (a, 2b); (c, a+b); (2c— a, 2a) 


4 Find k so that the line joining A (7, 3); B (k, —-6) and the line joining C(—4, 5); 
D (—6 ,4) are (i) parallel (ii) perpendicular. 

3. Using slopes, show that the triangle with its vertices A (6, Dy B (2,7) and 
C (-6.—7) 1s a right triangle. 

6. The three points A (7, —1), B@2, 2) and C (1, 4) are consecutive vertices of a 

| parallelogram. Find the fourth vertex. 
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fo The points A ent 2), B (3,-1) and C (6,3) are consecutive vertices of a 
rhombus. Find the fourth vertex and show that the diagonals of the rhombus 
are perpendicular to each other. 


8. Two pairs of points are given. Find whether the two lines determined by these 
points are : 
(i) parallel (ii) perpendicular ~ (11) none 


(a) (1,—2), (2, 4) and (4, 1) ,(—8,2) (b) (—3, 4), (6, 2) and (4, 5), (-2,-7) 
9. Find an equation of 
(a) the horizontal line through (7, —9 ) 
(b) the vertical line through (—5, 3) 
(c) the line bisecting the first and third quadrants. 
(d) the line bisecting the second and fourth quadrants. 
10. Find an equation of the line 
(a) through A(—6,5) having slope7 (b) through (8, —3) having slope 0 
(c) through (—8, 5) having slope undefined 
(d) through (—5,—3) and (9, —1) (e) y-intercept —7 and slope —5 
(f) x-intercept:—3 and y-intercept:4 (g) x-intercept:—9 and slope :—4 
11. Find an equation of the perpendicular bisector of the segment joining the points 
A(3, 5) and B(9,8) 
12. _ Find equations of the sides, altitudes and medians of the triangle whose 
vertices are A(—3, 2), B(S, 4) and C(3, —8). 
13. Find an equation of the line through (—4,—6) and perpendicular to a line 


having slope =. 


14. Find an equation of the line through (11,—5) and parallel to a line with slope —24. 
15. The points A(—1, 2), B(6, 3) and C(2,—4) are vertices of a triangle. Show that 
the line joining the midpoint D of AB and the midpoint E of AC is parallel to 


BC and DE = = BC 


16. A milkman can sell 560 litres of milk at Rs.12.50 per litre and 700 litres of 


milk at Rs. 12.00 per litre. Assuming the graph of the sale price and the milk 


sold to be a straight line, find the number of litres of milk that the milkman can 
sell at Rs.12.25 per litre. 
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17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


The population of Pakistan to the nearest million was 60 million in 1961 and 
95 million in 1981. Using ¢ as the number of years after 1961, find an equation 
of the line that gives the population in terms of t. Use this equation to find the 
population in (a) 1947 (b) 1997. 

A house was purchased for Rs.1 million in 1980. It is worth Rs.4 million in 
1996. Assuming that the value increased by the same amount each year, find 
an equation that gives the value of the house after t years of the date of 
purchase. What was its value in 1990? 

Plot the Celsius (C) and Fahrenheit (F) temperature scales on the horizontal 
axis and the vertical axis respectively. Draw the line joining the freezing point 
and the boiling point of water. Find an equation giving F temperature in terms 
of C. | 

The average entry test score of engineering candidates was 592 in the year 
1998 while the score was 564 in 2002. Assuming that the relationship between 
time and score is linear, find the average score for 2006.. 
Convert each of the following equation into | | 

(i) Slope intercept form (ii) two intercepts form (iii) normal form 

(a) 2x—-4y+11=0 (b) 4x+7y—2=0 (c) ISy-8x+3=0 
Also find the length of the perpendicular from (0, 0) to each line. 

In each of the following check whether the two lines are 

(i) parallel (ii) perpendicular (aii) neither parallel nor perpendicular 


(a) 2x+ y—3=0 > 4x4+2y4+5=0 

(b) 3y = 2445 ; 3x+2y-8=0 

(c) 4y+2x—-1=0 5 a Am LIA ESO 

(d) 4x-—y+2=0 ;. 12x-3y+1=0 
(e) 12x +35y -—7=0 ; -105x-36y+11=0 


Find the distance between the given parallel lines. Sketch the lines. Also find 
an equation of the parallel line lying midway between them. 


(a) 3x-—4y+3=0 ; 3x-—4y+7=0 
(b) 12x+5y—-6=0 12x+5y+13=0 
(c) x+2y-—5=0 RD + aye 


Find an equation of the line through (— 4, 7) and parallel to the line 
2x-7y+4=0. | . 
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25. Find an equation of the line through (5,—8) and perpendicular to the join of 
Al —15, —8), Buy, 7). | ) 
26. Find equations of two parallel lines perpendicular to 2x—- y+3=0_ such that 
_ the product of the x- and y-intercepts of each is 3. | 
27. One vertex of a parallelogram is (1, 4); the diagonal intersect at (2, 1) and the 


sides have slopes 1 and =. Find the other three vertices. 


28. Find whether the given point lies above or below the given line 
(a) (5, 8); 2x-—3y+6=0 
(b) (-7,6); 4x+3y-9=0 


29. Check whether the given points are on the same or opposite sides of the given 
line. | 


(a) (0,0) and (—4, 7); 6x-7y+70=0 
(b) (2,3) and (-2, 3); 3x-5y+8=0 
30. Find the distance from the point P(6,—1) to the line 6x—4y +9 =0. 
31. Find the area of the triangular region whose vertices are A(5, 3), B(—2, 2), C(4, 2). 


SF cag The coordinates of three points are A(2, 3), B(—1, 1) and C(4, —5). By computing 
the area bounded by ABC check whether the points are collinear. 


4.5. ANGLE BETWEEN TWO LINES 


Let /, and /, be two intersecting lines, which meet at a point P. At the point 


P two supplementary angles are formed, by the lines /, and /,. 


Unless /, 1 1, one of the two angles is acute. The angle from J, to 1, is the 


angle @ through which /, is rotated anti-clockwise about the point P so that it 
coincides with /,. | 


In the figure below @ is angle of intersection of the two lines and it is 
measured from /, to J, in counterclockwise direction ,y is also angle of intersection 
but it is measured from /, to 1,. 


With this convention for angle of intersection, it is clear that the inclination 
of a line is the angle measured in the counterclockwise direction from the positive » 


x-axis to the line and it tallies with the earlier definition of the inclination of a 
line. 
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Theorem 1: Let /, and /, be two non-vertical lines such that they are not perpendicular 
to each axes. If m, and m, are the slopes of /, and /, respectively, then the angle 
8 from /, to L, is given by; 
tanO =—2——1 
~ 1+mm, 
Proof: From the figure, we have 
a, = a, +0 





or G=a, -a, 


tan@ = tan(a,—-Q,) = = 
1+tana, tana, 1+mm, 





l, | 1, if and only if m, = m, 






Corollary 1. 






m,—m 
<= tang=0=— ; 





1+m,m, 






= m, =m, 


Corollary 2. /,,1/, iff 1+m,m,= 0 






Mm, —™M, 





= jong = 





1 
= tan— =o . = 1+m,m, =0 








1+mm, 
These two results have already been stated in 4.3.1. 


Example 1: Find the angle from the line with slope = to the line with slope : 


Solution: Here m, = =m, = ae If @ is measure of the required angle, then 


5-f=7 


S. t: Yee ee 


Thus 6 = 135° 
Example 2: Find the angles of the triangle whose 
vertices are 





A(—5, 4), B(-2, -1), C(7, -5) 
Solution: Let the slopes of the sides AB, BC and CA HE ELS Po 
be denoted by m,,m,,m, respectively. Then TERRES ARE Se Os 
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mM, = =—,m, = = —,m, = — 
—54+2 3 b Adore 9 7+5 4 
Now angle A is measured from AB to AC. 





—3' 5 
m, —m Wet i 
tan A= —2—_* = ——"_>_. = or mZA=22.2° 
1+m,m, =2 .=9 27 
1+| — | — 
4} 3 
‘. The angle B is measured from BC to BA 
-5 4 
m.—m 531. 98 +33 
. tan B= ——_ = — SF or mZB= 144.9° 
l+m.m, -5./=4 47 
1+| — | — 
3 9 
The angle C is measured from CA to CB. 
| -4 3 
m,—m rae 11 
. tanC =—*—* =—~* rn EF or mZC= 12.9° 
l+m,m, 1, rit — >) 48 
gs Ss Pe: 


4.5.1. Equation of a Straight Line in Matrix Form _ 

It is easy to solve two or three simultaneous linear equations by 
elementary methods. If the number of equations and variables become large, the 
solution of the equations by ordinary methods becomes very difficult. In such a case, 
given equations are written in matrix form and solved. 

One Linear Equation: 

A linear equation 

l:axt+by+c=0 (1) 
in two variables x and y has its matrix form as: 
[ax + by] =[-c] 


or |a o)*| =[-c] 


or AX =C 


sheer te 61, = | a C=be] 
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A System of two Linear Equations: 
A system of two linear equations 


L:a,xt+by+ec,= : 


lL, :a,x+b,y+c,= 0 2) 


in two variables x and y can be written in matrix form as 
a,x+b,y rie C> 
a b, || x —C 
a) by |LY bt af 
ts oa ro. Ge ee 
a, JD, x =<) 
where A= ; X= and C = 
a, b, bs 35 
Equations (2) have a solution iff det A#0. 


A system of three equations: 


A system of three linear equations 
l,:a,x+byt+c, =0 
lL, :a,x+b,y+c, =0 (5) 
l,:a,x+b,y+c, =0 


in two variables x and y takes the matrix form as 


axt+byte, 0 
a,x+b,y+c, |=|9 


a,x+b,y+c, 0 
a (bj omepyry 0 
or |a, b, ¢,}/|¥}|=|0 
a, b, C3 0 
If the matrix 
a bh 


a, b, Cc, | is singular, then the lines are concurrent and so the 
a, b; c,| System (5) has a unique solution. 
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Example 3: Express the system 


3x+4y—7=0 
2x-—S5Sy+8=0 
xe ye 3=0 


in matrix form and check whether the three lines are concurrent. 
Solution: The matrix form of the system is ' 


3° 4. Ex 0 
2 -5 8 | yj=|0 
ae ee 0 


Coefficient matrix of the system is 


el sae. wee ee 
Bit as IR ee et Al 7) Ga " goin 
ass a Nees oe eo am 


and det A=1(14+14)=28 40 
As A is non-singular, so the lines are not concurrent. 
Example 4: Find a system of equations corresponding to the matrix form 
tie: Ss 0 
3 5 Ih yl{=|0}. (1) 
4 7 6}}1 0 
Are the lines represented by a system concurrent? 
Solution: Multiplying the matrices on the L.H.S. of (1), we have 
x+2y+5 0 
3x+5y+1/=|0 | (2) 
4x+7y+6 0 


By using the definition of equality of two matrices, we have from (2), 


x+2y+5=0° 
3x+5y+1=0 
4x+7y+6=0 
as the required system of equations. The coefficient matrix A of the system is such that 
Be tee ae | Sea ae 
det A=|3 5 l/=(0 -1 -14/=0 
4 7 0 -1. -14 











Thus the lines of the system are concurrent. 
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EXERCISE 4.4 


Find the point of intersection of the lines 

(i) x-2y+1=0 and = 2x—y+2=0 

yet BO tino. 1 andes. 242 y lao 

(ili) x+4y-12=0 and x-—3y+3=0 

Find an equation of the line through 

(i) the point (2,—9) and the intersection of the lines 


2x+5y-—8=0 and 3x-4y-6=0 
(1i) the intersection of the lines 

x-—y-4=0 and. 7x+ y+20 and 
(a) __ parallel (b) perpendicular 


to the line 6x + y-14=0 
(iii) | through the intersection of the lines x+2y+3=0, 3x+4y+7=0 
and making equal intercepts on the axes. 3 
Find an equation of the line through the intersection of 
16x-10y—33=0 ; 12x+14y+29=0 and the intersection of 
x-—yt+4=0 3 x-7y+2=0 
Find the condition that the lines y=m,x+c,;y=m,x+c, and y=m,x+Cc, 
are concurrent. | 
Determine the value of p such that the lines 2x -3y-1=0, 3x-—y—5=0 and 
3x+ py+8=O0 meet at a point. 
Show that the lines 4x-3y-8=0, 3x-4y-6=0 and x-y-—2=Oare 
concurrent and the third-line bisects the angle formed by the first two lines. 
The vertices of a triangle are A(— 2 , 3), B(—4, 1) and C(3, 5). Find coordinates of the 


(i) centroid (11) orthocentre (iii) circumcentre of the triangle 
Are these three points collinear ? 
Check whether the lines 

4x-—3y-8=0; 3x-—4y-6=0; x-y-2=0 


are concurrent. If so, find the point where they meet. 

Find the coordinates of the vertices of the triangle formed by the lines 
x-2y-6=0; 3x-—y+3=0; 2x+ y-4=0 

Also find measures of the angles of the triangle. 
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10. Find the angle measured from the line/, to the line /, where 
(a) J, : Joining (2,7) and (7, 10) (b) 1, : Joining (3, —1) and (5, 7) 
1, : Joining (1, 1) and (—5, 3) l, : Joining (2, 4) and (—8, 2) 
(c) 1, : Joining (1, —7) and (6, -4) (d) I, : Joining (—9, —1) and (3, —5) 
l, : Joining (—1, 2) and (—6, —1) 1, : Joining (2, 7) and (-6, —7) 
Also find the acute angle in each case. 
11. _‘ Find the interior angles of the triangle whose vertices are 
(a) A(-2,11), B(-6,-3),(4,-9) (b) A(6,1),B(@,7),C(-6,-7) 
(c) A (2, -5), B(-4,-3) , (-1, 5) (d) A (2,8), B(-S5, 4), C (4-9) 
12. _‘ Find the interior angles of the quadrilateral whose vertices are A (5, 2), 
B(-2,3), C (—3,-4) and D (4,-—5) 
13. Show that the points 
A(0, 0), B(2, 1), C (3, 3), D C1, 2) are the vertices of a rhombus and find its 
interior angles. 
14, Find the area of the region bounded by the triangle whose sides are 
7x—y-10=0; 10x+ y—41=0; 3x+2y-43=0 
iS. The vertices of a triangle are A(— 2, 3), B(— 4, 1) and C(3, 5). Find the centre of 
the circum centre of the triangle. 
16. Express the given system of equations in matrix form. Find in each case whether 
the lines are concurrent. 
(a) x+3y—2=0; -2x-y+4=0; x-—Ily+14=0 
(b) 2x+3y+4=0; x-2y-3=0; 3x+y-8=0 
(c) 3x-—4y-—2=0, x+2y—4=0, 3x-2y+5=0. 
17. __‘ Find a system of linear equations corresponding to the given matrix form. 
Check whether the lines represented by the system are concurrent. 


] 0 —1| x 0 ] ] 2 x 0 
(a)}2 O 1} yl=/0 (b) |2 4 -3] yl=l0 
OG -=) 24 T t6 ee Sorte 0 
4.66 HOMOGENEOUS EQUATION OF THE SECOND DEGREE 
IN TWO VARIABLES 


We have already seen that if a graph is a straight line, then its equation is a 


linear equation in the variables x and y. Conversely, the graph of any linear 
equation in x and y is a straight line. 
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Suppose we have two straight lines represented by 


a,x+by+c,=0 (1) 

and = a,x+b,y+c,=0 (2) 
Multiplying equations (1) and (2), we have 

(a,.x+b,y+c,)(a,x+b,y+c,)=0 (3) 


It is a second degree equation in x and y. 
Equation (3) is called joint equation of the pair of lines (1) and (2). On the other 
hand, given an equation of the second degree in x and y, say 


ax* + 2hxy + by” +2gex+2fy+c=0 (4) 
where a #0, represents equations of a pair of lines if (4) can be resolved into two 
linear factors. In this section, we shall study special joint equations of pairs o* 
lines which pass through the origin. 
Let y= m,x and y = m,x be two lines passing through the origin. Their joint 
equation is: (y —m,x)(y —m,x) =0 7 
or y’ —(m, +m, )xy+m,m,x* =0 (5) 
Equation (5) is a special type of a second degree homogeneous equation. 
4.6.1 Homogeneous Equation 
Let f(x,y) =0 (1) 
be any equation in the variables x and y . Equation (1) is called a homogeneous 
equation of degree n (a positive integer) if 
Sf (kx, ky) =k" f(x, y) 
for some real nuriper k. 
For example, in equation (5) above if we replace x and y by kx and ky respectively, 
‘we have 
k?y? ~k?(m, +m, )xy+k?mm,x° =0 
ors k*[y? —(m, +m, xy + mm,x"]=0 ie, k? f(x,y) =0 
Thus (5) is a homogeneous equation of degree 2. 
A general second degree homogeneous equation can be written as: 


ax? + 2hxy + by” =0 
provided a, h and b are not simultaneously zero. 
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Theorem 1: Every homogenous second degree equation 
ax” + 2hxy +by” =0 (1) 
represents a pair of lines through the origin. The lines are 
(i) real and distinct, if h* > ab (ii) real and coincident, if h* = ab 
(iii) imaginary, if h* < ab 
Proof: Multiplying (1) by b and re-arranging the terms, we have 
b* y* + 2bhxy + abx? =0 
or b*y* + 2bhxy +h’ x? —h’x* + abx? =0 
or (by+hx)* —x?(h* —ab)=0 


or (by+hx+xvh2 —ab)(by + hx—xvVh? —ab) =0 


Thus (1) represents a pair of lines whose equations are: 


by + x(h+Vh? —ab) =0 (2) 


and by + x(h—Vh? —ab) =0 (3) 
Clearly, the lines (2) and (3) are 
(i) real and distinct if h* > ab. (ii) real and coincident, if h? = ab. 


(iii) imaginary, if h* < ab. 
It is interesting to note that even in case the lines are imaginary, they intersect in a 
real point viz (0, 0) since this point lies on their joint equation (1). 
Example 1: Find an equation of each of the lines represented by 
20x? +17 xy —24y? = 0 


Solution: The equation may be written as 


2 
ede We © 3 eae Bee ees 
y y 


x _ 17+V¥289+1920 17+47 ey 





=> - = é 

y 48 _ SMAGei9sb908 
a ate d Be 

y A an sp oe 


=> 4x-3y=0 and 5x+8y=0 
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4.6.2 To Find Measure of the Angle Between the Lines Represented by 
ax* + 2hxy +by” =0 (1) 
We have already seen that the lines represented by (1) are 


by + x(h+h? —ab) =0 (2) 
and by +.x(h—h? —ab) =0 (3) 


Now slopes of (2) and (3) are respectively given by: 


n-th yi ab) thi =a) 
b 


m, = ' 
b 


Therefore, m, +m, = = and mm, = 


mM, 


If @ is measure of the angle between the lines (2) and (3), then 


i a Ge 
tan@ => Ls Mo = Me =s OM Pte Dama, +m)" rhe — Ae b — 2vh" —ab h* ~ab 
1+m,m, 1+m,m, Mtb at+b 


The two lines are parallel, if @ = 0, so that tan@ = 0 which implies h* —ab = 0, 
which is the condition for the lines to be coincident. 


If the lines are orthogonal, then @= 90° , so that tan@ is not defined. This implies 
a+b=0. Hence the condition for (1) to represent a pair of orthogonal 


(perpendicular) lines is that sum of the coefficients of x” and y’ is 0. 
Example 2: Find measure of the angle between the lines represented by 
x? +xy=6y’? =0 
Solution: Here a=1, h at b= —-6 


If 8 is measure of the angle between the given lines, then 


1 
' 2 /—+6 
[2 
GS Le. SE BR — 9 = 135° 
a+b —5 


Acute angle between the lines = 180° — @ =180° -135° = 45° 
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Example 3: Find a joint equation of the straight lines through the origin 
perpendicular to the lines represented by 
x’ +xy-—6y’ =0 (1) 
Solution: (1) may be written as 
(x-—2y)(x+3y)=0 
Thus the lines represented by (1) are 


x-2y=0 (2) 
and x+3y=0 (3) 
The line through (0, 0) and perpendicular to (2) is 
y=-2x or y+2x=0 (4) 
Similarly, the line through (0, 0) and perpendicular to (3) is 
y=3x or y—3x=0 (5) 


Joint equation of the lines (4) and (5) is 
(y+2x)(y-—3x)=0 or y* —xy-6x? =0 


EXERCISE 4.5 


Find the lines represented by each of the following and also find measure of 
the angle between them (Problems 1-6): 


10x* —23xy —Sy” =0 
3x7 +7xy+2y? =0 
9x? +24xy +16y” =0 


1 

2 

3 

4. 2x? +3xy—Sy? =0 
5 6x” -19xy+15y? =0 
6 x* —2xy seca+y’=0 
7 


. Find a joint equation of the lines through the origin and perpendicular to the lines: 
x” —2xy tana —y? =0 


8. Find a joint equation of the lines through the origin and perpendicular to the lines: 
ax’ + 2hxy + by? =0 

9. Find the area of the region bounded by: 
10x*—xy-2ly?=O and x+y4+1=0 
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Unit 5 


5.1 INTRODUCTION 

Many real life problems involve linear inequalities. Here we shall consider 
those problems (relating to trade, industry and agriculture etc.) which involve systems 
of linear inequalities in two variables. Linear inequalities in such problems are used to 
prescribe limitations or restrictions on allocation of available resources (material, 
capital, machine capacities, labour hours, land etc.). In this chapter, our main goal 
will be to optimize (maximize or minimize) a quantity under consideration subject to 
certain restrictions. 

The method under our discussion is called the linear programming method and 
it involves solutions of certain linear inequalities. 


5.2 LINEAR INEQUALITIES 
Inequalities are expressed by the following four symbols; 


> (greater than); < (less than); 2 (greater than or equai to); < (less than or 
equal to) 

For example (i) ax < b (ii) ax+b2c (iti) ax + by > c (iv) ax + by Sc are 
inequalities. Inequalities (i) and (ii) are in one variable while inequalities (111) and (iv) 
are in two variables. 

The following operations will not affect the order (or sense) of inequality 
while changing it to simpler equivalent form: 

(i) Adding or subtracting a constant to each side of it. 

(ii) Multiplying or dividing each side of it by a positive constant. 

Note that the order (or sense) of an inequality is changed by multiplying or 
dividing its each side by a negative constant. 


Linear Inequalities and 
Linear programming 








2 
Now for revision we consider inequality, x < -* (A) 
All real numbers < = are in the solution set of (A). 


3 
Thus the interval | — -, 2 or —9<x<5 is the solution set of the inequality (A) 


which is shown in the figure 5.21 


le Fig. 5.21 
hgh tS t—2,—) Pride 3 ortle 
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| We conclude that the solution set of an inequality consists of all solutions of 
the inequality. 


5.2.1 Graphing of A Linear Inequality in Two Variables 


Generally a linear inequality in two variables x and y can be one of the 
following forms: 


ax+by<c; ax+by>c; ax+by<c; ax+by2>c 
where a, b, c are constants and a, b are not both zero. 


We know that the graph of linear equation of the form ax + by = c is a line 
which divides the plane into two disjoint regions as stated below: 


(1) The set of ordered pairs (x, y) such that ax+by<c 
(2) The set of ordered pairs (x, y) such that ax+ by>c 


The regions (1) and (2) are called half planes and the line ax + by = c is 
called the boundary of each half plane. | 


Note that a vertical line divides the plane into left and right half planes 
while a non-vertical line divides the plane into upper and lower half planes. 


A solution of a linear inequality in x and y is an ordered pair of numbers 
which satisfies the inequality. 


For example, the ordered pair (1, 1) is a solution of the inequality x + 2y < 6 
because 1 + 2(1) = 3 < 6 which is true. 


There are infinitely many ordered pairs that satisfy the inequality x + 2y < 6, 
so its graph will be a half plane. 


Note that the linear equation ax + by = c is called “associated or 
corresponding equation” of each of the above mentioned inequalities. 


Procedure for Graphing a linear Inequality in two Variables 


(i) The corresponding equation of the inequality is first graphed by using ‘dashes’ 
if the inequality involves the symbols > or < and a solid line is drawn if the 
inequality involves the symbols > or <. 


(ii) A test point (not on the graph of the corresponding equation) is chosen which 
determines that the half plane is on which side of the boundary line. 






Example 1: Graph the inequality x+2y<6. 


Solution: The associated equation of the inequality | 
x+2y<6 (1) 
is x+2y = 6 (i1) 
The line (ii) intersects the x-axis and y-axis at 
(6, 0) and (0, 3) respectively. As no point of the line (11) 
is a solution of the inequality (i), so the graph of the line 
(ii) is shown by using dashes. We take O(0, 0) as a test 
point because it is not on the line (ii). 
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Fig. $.22(a) 


Substituting x = 0, y = 0 in the expression x + 2y gives 0 — 2(0) = 0 <6, so the 


point (0, 0) satisfies the inequality (1). 


Any other point below the line (ii) satisfies the inequality (1), that is all points 
in the half plane containing the point (0, 0) satisfy the inequality (1). 


Thus the graph of the solution set of inequality (1) is the 
region on the origin-side of the line (ii), that is, the 
region below the line (ii). A portion of the open half- 
plane below the line (ii) is shown as shaded region in 
figure 5.22(a) | 

All points above the dashed line satisfy the 
inequality x + 2y >6 (111) 

A portion of the open half plane above the line 
(ii) is shown by shading in figure 5.22(b) 


The graph of the inequality x + 2y < 6 ..{iv) 
includes the graph of the line (ii), so the 
open half-plane below the line (ii) 
including the graph of the line (ii) is the 
graph of the inequality (iv). A portion of 
the graph of the inequality (iv) is shown by 
shading in figure 5.22(c) 





Note: 2. All points on the line (ii) and above the line 
(ii) satisfy the inequality x + 2y 2 6.... (v). 
This means that the solution set of the 
inequality (v) consists of all points above 
the line (ii) and all points on the lines (ii). 
The graph of the inequality (v) is partially 
shown as shaded region in figure 5.22(d) 


Note: 3. The graph of x + 2y <6andx+y>6are 
closed half planes. 













Fig. 5.22(b) 


Fig. 5.22(c) 





Fig. 5.22(d) 
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Example 2: Graph the following linear inequalities in xy-plane; 


Solution: The inequality (i) in xy-plane is considered 


(ii) 


= 
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@ > -3 °° GD x <2 


as 2x + Oy = -3 and its solution set consists of 


2 
all point (x, y) such that x, ye 7K andx 2-5 * 





The corresponding equation of the inequality (i) Fig 5200) 
is 2x=-3 (1) 


which a vertical line (parallel to the y-axis) and its graph is drawn in 
figure 5.23(a) 

The graph of the inequality 2x > —3 is the open half plane to the right of the line (1). | 
Thus the graph of 2x = — 3 is the closed half-plane to the right of the line (1). 


The associated equation of the inequality (11) is : 
ee 2) 
which is a horizontal line (parallel to the 
x-axis) and its graph is shown in Figure 5.23(b) 
Here the solution set of the inequality y < 2 is 
the open half plane below the boundary line 


y = 2. Thus the graph of y < 2 consists of the 
boundary line and the open half plane below it. 


Note that the intersection of graphs of 
2x 2 —3 and y < 2 is partially shown in the 
adjoining figure 5.23(c). 


Fig. 5.23(c) 


REGION BOUNDED BY 2 OR 3 SIMULTANEOUS 
INEQUALITIES 


The graph of a system of inequalities consists of the set of all ordered pairs 


_ (x, y) in the xy-plane which simultaneously satisfy all the inequalities in the system. 
To find the graph of such a system, we draw the graph of each inequality in the system 
on the same coordinates axes and then take intersection of all the graphs. The 


\ 
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common region so obtained is called the solution region for the system of 

inequalities. | | 

Example 1: Graph the system of inequalities 
x—2y <6 

| LXV 22 

Solution: 

The graph of the line x — 2y = 6 is drawn 
by joining the point (6, 0) and (0,—3). The point 
(0, 0) satisfy the inequality x — 2y < 6 because 
0-—2(0) =0 < 6. Thus the graph of x — 2y < 6 is 
the upper half-plane including the graph of the 
line x — 2y = 6. The closed half-plane is partially 
shown by shading in figure 5.31(a). 


We draw the graph of the line 
2x + y = 2 joining the points qd, 0) and 
(0, 2). The point (0, 0) does not satisfy the 
inequality 2x+y >2 because 2(0)+0 = 0 #2. Thus 
the graph of the inequality 2x + y 2 2 is the 


closed half-plane not on the origin-side of the Fig. 5.31(b) 


line 2x + y = 2. 

Thus the closed half-plane is shown 
partially as a shaded region in figure 5.31(b) The 
solution region of the given system of 
inequalities is the intersection of the graphs 
indicated in figures 5.31(a) and 5.31(b) and is 
shown as shaded region in figure 5.31(c). 

The intersection point (2, —2) can be Fig. 531(c) 
found by solving the equations x - 2y =6 and 
2x+y=2. 

Note that the lines x — 2y = 6 and 
2x + y = 2 divide the xy-plane into four region 
bounded by these lines. These four (bounded) 


regions are displayed in the adjoining figure. 
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Example 2: Graph the solution region for the following system of inequalities. 
x-2y <6, 2X FV SK x+2y< 10 


Solution: The graph. of the 
inequalities x —2y < 6 and 2x + y22 
have already drawn in figure 5.31(a) 
and 5.31(b) and their intersection is 
partially shown as a shaded region in 
figure 5.31(c) of the example | 
(Art 5.3). Following the procedure of 
the example | of Art (5.3) the graph of 
the inequality x + 2y < 10 is shown 
partially in the figure 5.32(a). 






Fig. 5.32(a) 


The intersection of three 
graphs is the required solution region 
which is the shaded triangular region 
PQR (including its sides) shown 
partially in the figure 5.32(b). 


Now we define a corner point 
of a solution region. 





Fig. 5.32(b) 


DEFINITION: 


A point of a solution region where two of its boundary lines interest, is called 
corner point or vertex of the solution region. 


Such points play a useful role while solving linear programming problems. In 
example 2, the following three corner points are obtained by solving the 
orresponding equations (of linear inequalities given in the example 2) in pairs. 





Corresponding lines of inequalities: Corner Points 
x-2y = 6, 2x+y = 2 P(2, —2) 
x=2yl= 6, °x42y = 10 08,1 
+ y= 2.44 2y =-10 R(—2, 6) 
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Example 3: Graph the following systems of inequalities. 


(i) 2x+y>2 (a) - 2a 2 (iii) 2x+y>2 
x+2y<10 , yy = Ty x+2y<10 
y>0 x>0 x>0, y=0, 
Solution: 


(i) The corresponding equations of the inequalities 
2k Fy 2:2 and x+42y° S10 are 
LEE Hi (1) and x+2y = 10. @® 


For the partial graph of 2x + y 2 2 see figure 5.31(b) of the example | and the 
graph of the inequality x + 2y < 10 is partially shown in figure 5.32(a) of the example 2 


The solution region of the 
inequalities 2x + y>2andx+ 2y < 10 is 
the intersection of their individual graphs. 
The common region of the graphs of 


inequalities is partially shown as a shaded 








Fig. 5.33(a) 


region in figure 5.33(a). 


The graph of y 2 0 is the upper half 
plane including the graph of the 
corresponding line y = 0 (the x-axis) of the 
linear inequality y > 0. The graph of y > 0 
is partially displayed in figure 5.33(b). 





Fig. 5.33(b) 


The solution region of the system of 
inequalities in (i) is the intersection of the 
graphs shown in figure 5.33(a) and 5.33(b) 
This solution region is displayed in figure 
5.33(c). 


Fig. 5,33(c) 
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(11) See figure 5.33(a) for the graphs of the inequalities 2x + y = 2 andx + 2y< 10. 
The graph of x = O consists of the 

open half-plane to the ight of _ the 
corresponding line x = O (y-axis) of the 
inequality x = 0 and its graph. See figure x 
5.34(a). | 






Fig. 5.34(a) 


Thus the solution region of the 
inequalities in (i1) is partially shown in figure 
5.34(b). This region is the intersection of 
graphs in figure 5.33(a) and 5.34(a). 


+s" 


Fig. 5.34(b) 


(iii) | The graphs of the system of inequalities 
in (iii) are drawn in the solution of (i) and (ii). 
The solution region in this case, is shown as 
shaded region ABCD in figure 5.34. (c). 


Fig. 5.34(c) 


EXERCISE 5.1 


1. Graph the solution set of each of the following linear inequality in xy-plane: 


(i). x+y! 256 (ii) 3x+7y > 21 (iii) 3x-2y > 6 
(iv) 5x-4y < 20 (¥) 2e+1).-250.... (vi) 3y-4 < 0 
2. Indicate the solution set of the following systems of linear inequalities by 
shading: 
(i) 2x-3y < 6 (ii) x+y 2 § (iii) 3x+7y 2 21 
2x+3y <¢ 12 —~y+x < 1 x-ys 2 
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(iv) 4x-—3y < 12 (v) 3x+7y 2 21 
x2 abe y<4 
5 } 
3. Indicate the solution region of the following systems of linear inequalities by 
shading: 
(i) 2x-3y <6 (i) x+y <5 (i) x+y 25 
2x + 3y < 12 y-2x < 2 x-y>l 
y20 x 20 y20 
(iv) 3x+7Ty < 21 (v) 3x+7y< 21 (vi) 3x+7y < 21 
k-yR 2 Seog pe Li ay > = 
xe'0 y20 - oS i 
4. Graph the solution region of the following system of linear inequalities and find 
the corner points in each case. 
(i) 2x-—3y < 6 (ii)  x*ty<-2 (Gi) 3x+7y < 21 
2x+3y < 12 —2x+y<2 2x-y < -3 
| x20 y20 y» 20 
(iv) 3x+2y = 6 (v) 5x+7y < 35 (vi) 5Sx+7y < 35 
x+3y < 6 —x+3y <3 x-2y <4 
y20 x20 x20 
4 Graph the solution region of the following system of linear inequalities by 
shading. 
(i) 3x-4y < 12 (ii) 3x -—4y < 12 (iii) 2x+y<4 
3x+2y 2 3 x+2y < 6 2x-3y 2 12 
e uO So x+y 2:1 x+2y <6 
(iv) 2x+y < 10 (v) 2x+3y < 18 (vi) 3x-2y > 3 
x+y <7 2x+y < 10 x+4y < 12 
— Be ey 4 —2x+y < 2 3x+y < 12 


5.4 PROBLEM CONSTRAINTS 


In the beginning we described that linear inequalities prescribe limitations and 
restrictions on allocation of available sources. While tackling a certain problem from 
every day life each linear inequality concerning the problem is named as problem 
constraint. The system of linear inequalities involved in the problem concerned are 
called problem constraints. The variables used in the system of linear inequalities 
relating to the problems of every day life are non-negative and are called non- 
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negative constraints. These non-negative constraints play an important role for 
taking decision. So these variables are called decision variables. 


5.5 FEASIBLE SOLUTION SET 


We see that solution region of the 
inequalities in example 2 of Art 5.3 is not 
within the first quadrant. If the non- 
negative constraints x > 0 and y 2 0 are 
included with the system of inequalities 
given in the example 2, then the solution 
region is restricted to the first quadrant. It 
is the polygonal region ABCDE (including 
its sides) as shown in the figure 5.51. vis ct 





Such a region (which is restricted to the first quadrant) is referred to as a 
feasible region for the set of given constraints. Each point of the feasible region is 
called a feasible solution of the system of linear inequalities (or for the set of a given 
constraints). A set consisting of all the feasible solutions of the system of linear 
inequalities is called a feasible solution set. 


Example 1: Graph the feasible region and find the corner points for the following 
system of inequalities (or subject to the following constraints). 


x-y <3 
Bt es nik 2 ey, Re O 
Solution: The associated equations for the inequalities 
x-y <3 (i) and x+2y < 6 (11) 
are x—y = 3 (1) and x+2y = 6 (2) 








As the point (3, 0) and (0, —3) are on the line (1), 
so the graph of x — y = 3. is drawn by joining the points 
(3, 0) and (0, —3) by solid line. ‘ 


Similarly line (2) is graphed by joining he points 
(6, 0) and (0, 3) by solid line. For x = 0 and y = 0, we have: 
0O-O=0<3 and 0+2(0) = 0<6, as eee 

so, both the closed half-planes are on the origin sides 

of the lines (1) and (2). The intersection of these closed 


half-planes is partially displayed as shaded region in 
figure 5.52(a). 
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For the graph of y > 0, see figure 5.33(b) of the 
example 3 ofart 5.3. 


The intersection of graphs shown in figures 
5.52(a) and 5.33(b) is partially graphed as shaded 
region in figure 5.52(b). | Fig. 5.52(b) 





The graph of x > 0 is drawn in figure 5.34(a). 
The intersection of the graphs shown in figures 5.52(a) 
and 5.34(a) is graphed in figure 5.52(c). 





Fig. 5.52(C) 


Finally the graph of the given system of linear 
inequalities is displayed in figure 5.52(d) which is the 
feasible region for the given system of linear a 
inequalities. The points (0, 0), (3, 0), (4, 1) and (0, 3) 


are corner points of the feasible region. 





Fig. 5.52(d) 


y 
Example 2: A manufacturer wants to make two types of concrete. Each bag of A- 
grade concrete contains 8 kilograms of gravel (small pebbles with coarse sand) and 4 
kilograms of cement while each bag of B-grade concrete contains 12 kilograms of 
gravel and two kilograms of cement. If there are 1920 kilograms of gravel and 480 
kilograms of cement, then graph the feasible region under the given restrictions and 
find corner points of the feasible region. 


Solution: Let x be the number of bags of A-grade concrete produced and y denote 
the number of bags of B-grade concrete produced, then 8x kilograms of gravel will be 
used for A-grade concrete and 12y kilograms of gravel will be required for B-grade 
concretes so 8x + 12y should not exceed 1920, that is, 





8x + 12y < 1920 
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Similarly, the linear constraint for cement will be 


4x +2y < 480 


Now we have-to graph the feasible region for the linear constraints 


8x + 12y < 1920 
4x +2y < 480, — x20, y=0 


Taking the one unit along x-axis and y-axis 
equal to 40 we draw the graph of the feasible region 
required. 


The shaded region of figure 5.53(a) shows ’ 


the graph of 8x + I2y < 1920 including the non- 
negative constraints x >0 and y>0. 


In the figure 5.53(b), the graph of 
4x+2y < 480 including the non-negative constraints 
x>0and y>0is displayed as shaded region. 


The intersection of these two graphs is 
shown as shaded region in figure 5.53(c), which is 
the feasible region for the given linear constraints. 


The point (0, 0), (120, 0), (60, 120) and (0, 
160) are the corner points of the feasible region. 





Fig. 5.53(a) 





Fig. 5.53(b) 





Fig. 5,53(c) 
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Example 3: Graph the feasible regions subject to the following constraints. 


(a) 2x-—3y < 6 (b) 2x-—3y < 6 
2x+y.22 2Xx+ y>2 
x>0,y>2 x+2y <8 , x20,y20 


Solution: The graph of 2x — 3y < 6 is 
the closed half-plane on the origin side 
of 2x — 3y = 6. The portion of the 
graph of system 2x -3y<6, 


x20,y20 


is shown in figure 5.54(a). 


The graph of 2x + y 2 2 is the 
closed half-plane not on the origin side 
of 2x + y = 2. The portion of the graph 
of the system 2x+y22, 


x20,y20 


is displayed in figure 5.54(b). 


The graph of the system 
2x —3y $6, 2x+yS2, 
x20,y20 


is the intersection of the graphs shown 
in figures 5.54(a) and 5.54(b) and it is 
partially displayed in figure 5.54(c). 
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(b) The graph of system x+2y < 8, x 2 0, 
y > 0 is a triangular region indicated in figure 
5.45(d). 


Thus the graph of the system 
2x—3y Ss 6 
2X + ow 2 
FEZ Sos. eS, ye0 


IV 


IA 


is the intersection of the graphs shown in 
figures 5.54(c) and 5.54(d). It is the indicated 
in the figure 5.54(e). 


Note: The corner points of feasible region 

for the set of constraints in (a) are (1, QO) 

(3, 0) and (0, 2) while the corner points of 

the feasible region for the set of constraints 
36 610 


in (b) are (1, 0), (3, 0), ei ; a , (O, 4) and 
(0, 2). 





i | 

We see that the feasible solution regions in example 3(a) and 3(b) are of 
different types. The feasible region in example 3(a) is unbounded as it cannot be 
enclosed in any circle how large it may be while the feasible region in example 3(b) 
can easily be enclosed within a circle, so it is bounded. If the line segment obtained 


by joining any two points of a region lies entirely within the region, then the 
region is called convex. 


Both the feasible regions of example 
3(a) and 3(b) are convex but the 
regions such as shown in the adjoining 
figures are not convex. 


EXERCISE 5.2 


1, Graph the feasible region of the following system of linear inequalities 
and find the corner points in each case. 
(i) 2x/3y <6 Gi) xFy <5 (iii) x+y <5 
2x + 3y <12 —x+y <2 —2x+y2>2 
x2.0,7°20 cz0.7 SD x20 
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(iv) 3x+7Ty <2] (v) 3x+2y >6 (vi) 5x+7Ty < 35 
cas 5 x+y <4 x= LY <4 
x2 0,y >0 x20,y 20 x20,y 20 


2. Graph the feasible region of the following system of linear inequalities 
and find the corner points in each case. 


(i), 2x+y < 10 (ii) 2x+3y < 18 (ii) 2x+3y < 18 
x+4y < 12 2x+ y < 10 x+4y < 12 
x+2y < 10 x+4y < 12 3x+y <12 
x20,y2 0 x20, y2 0 x20, y2 0 

(iv) x+2y < 14 (v) x+3y <15 (vi) 2x+y < 20 
3x + 4y< 36 2x+y < 12 8x +15y < 120 
2x+y < 10 4x+3y < 24 x+y <ll1 
x20,y2 0 x20, y20 x20, y20 


3.6 LINEAR PROGRAMMING 


A function which is to be maximized or minimized is called an objective function. 
Note that there are infinitely many feasible solutions in the feasible region. The feasible 
solution which maximizes or minimizes the objective function is called the optimal 
solution. The theorem of linear programming states that the maximum and minimum 
values of the objective function occur at corner points of the feasible region. 


Procedure for determining optimal solution: 
(i) Graph the solution set of linear inequality constraints to determine feasible region. 
(ii) | Find the corner points of the feasible region. 
(iii) | Evaluate the objective function at each corner point to find the optimal solution. 
Example 1: Find the maximum and minimum values of the function defined as: 

f(x, y)= 2x+3y subject to the constraints; 

PS ais a x+y $4 28 3A SOX 20 
Solution: The graphs of x — y < 2 is the closed half- 
plane on the origin side of x — y = 2 and the graph 
of x + y < 4 is the closed half-plane not on the 
origin side of x + y = 4. The graph of the system 

x-ys2,x+y24 


including the non-negative constraints x 2 0 is 
partially displayed in the figure 5.61. The graph of 
2x — y < 6 consists of the graph of the> line 
2x — y = 6 and the half plane on the origin side 
of the line 2x — y= 6. A portion of the solution 
of the given system of inequalities is in the 


figure 5.62. 
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We see that feasible region is unbounded 
upwards and its corner points are 
A(0, 4), B(3, 1) and C(4, 2). Note that the point at 
which the lines x+y = 4 and 2x — y = 6 intersect is 
not a corner point of the feasible region. 

It is obvious that the expression 2x + 3y 
does not posses a maximum value in the feasible 
region because its value can be made larger than 
any number by increasing x and y. We calculate the 
values of f at the corner points to find its minimum 
value: y 


f (0,4) = 2(0)+3x4 12 : Fig. 5.62 
— §B,1) =2x34+3x1= 64+3= 9 
f(4,2) =2x44+3x2= 84+6= 14 
Thus the minimum value of 2x + 3y is 9 at the corner point (3, 1). 












Note: If f(x, y) = 2x + 2y, then f (0, 4)=2x0+2x4=8, f(3, 1)=2 x 34+2x1 = 6+2 
= 8 and f(4, 2)=2x4+2x2=8+4= 12. The minimum value of 2x + 2y is the 
same at two corner points (0, 4) and (3, 1). 


We observe that the minimum value of 2x + 2y at each point of the line 
segment ABis8as: f(x,y)=2x+24-x) (v xty=4 = y=4—-x) 
= 2x+8-—2x = 8 | 
Example 2: Find the minimum and maximum values of f and @ defined as: 
f(x, y)=4x+5y, (x,y) =4x+ 6y 
under the constraints 


x-3y £6 2bk+y 22 2x+3y < 12 x20, y >0 


Solution: The graphs of 2x —- 3y <6, 2x + y > 2, are displayed in the example 3 of 
Art. 5.5. Joiming the points (6, 0) and (0, 4), we obtain the graph of the line 
2x + 3y = 12. As 2(0) + 3(0) = 0 < 12, so the graph of 2x + 3y < 12 is the half plane 
below the line 2x + 3y = 12. Thus the graph of 2x + 3y < 12 consists of the graph of 
the line 2x+3y = 12 and the half plane below the line 2x + 3y = 12. The solution 
region of 2x - 3y $6, 2x + y 22 and 2x + 3y < 12 is the triangular region POR shown 
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in figure 5.63. The non-negative constraints x = 0, y 2 O indicates the first 
quadrant. Thus the feasible region 


satisfying all the constrains is shaded in the figure 
5.63 and its corner points are (1, Q) 


(0, 2), (0, 4), be 1 and (3, 0). 


We find values of fat the corner points. 









f &, y) = 4x + Sy 
f0,0)=4x1+5x0=4 





(1, 0) 





(0, 2) f(,2)=4x0+5x2=10 

(0, 4) £0,4).=4x0+5x4=20 

(9/2, 1) r y 
cade f 9/2, 1) =4 x 9/2 +5X1=23 Fig. 5.63 


(3,0)=4x3+50x0=12 
From the above table, it follows that the minimum value of fis 4 at the corner 
| 9 
point (1, 0) and the maximum value of f is 23 at the corner point 5 ; 1 . The values 
of @ at the corner points are given below in tabular form 
Hx, y) = 4x + 6y 
@(1,0)=4x1+6x0=4 
@(0,2)=4x0+6x2=12 


0(0,4)=4x0+6x4=24 
@ (9/2, 1) =4X9/2 +6 X1 = 24 
O(3,0)=4x3+6x0=12 





The minimum value of @ is 4 at the point (1, 0) and maximum value of @ is 24 
at the corner points (0, 4) and " . i} As observed in the above example, it follows 
that the function @ has maximum value at all the points of the line segment between 


the points (0, 4) and ke 7} 






Note 1: Sometimes, it may happen that each point of constraint line gives the 
optimal value of the objective function. 


Note 2: For different values of k, the equation 4x + 5y = k represents lines parallel to 
the line 4x + 5y = 0. For a certain admissible value of k, the intersection of 4x + 5y =k 
with the feasible region gives feasible solutions for which the profit is k. 
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5.7 LINEAR PROGRAMMING PROBLEMS 
Convert a linear programming problem to a mathematical form by using 

variables, then follow the procedure given in Art 5.6. 
Example 1: A farmer possesses 100 kanals of land and wants to grow corn and 
wheat. Cultivation of corn requires 3 hours per kanal while cultivation of wheat 
requires 2 hours per kanal. Working hours cannot exceed 240. If he gets a profit of 
Rs. 20 per kanal for corn and Rs.15/- per kanal of wheat, how many kanals of each he 
should cultivate to maximize his profit? 
Solution: Suppose that he cultivates x kanals of 
corn and y kanals of wheat. Then constraints can 
be written as: 

x+y 100 

3x+2y < 240 
Non-negative constraints are x > 0, y => 0. 
Let P(x, y) be the profit function, then 

P (x,y) = 20x + 15y 





Now the problem is to maximize the profit function P under the given 
constraints. 


Graphing the inequalities, we obtain the feasible region which is shaded 
in the figure 5.71. Solving the equations x + y = 100 and 3x + 2y = 240 gives 
x = 240 — 2(x + y) = 240 — 200 = 40 and y = 100 - 40 = 60, that is; their point of 
intersection is (40, 60). The corner points of the feasible region are (0, 0), (0, 100), 
(40, 60) and(80, 0). Now we find the values of P at the corner points. 


p(x, y) = 20x + 15y 


P(O, 0) =20x0+15x0=0 
P(O, 100) = 20 x 0 + 15 x 100 = 1500 
P(40, 60) = 20 x 40 + 15 x 60 = 1700 
P(80, 0) = 20 x 80 + 15 x 0 = 1600 


From the above table, it follows that the maximum profit is Rs. 1700 at the 


corner point (40, 60). Thus the farmer will get the maximum profit if he cultivates 40 
kanals of corn and 60 kanals of wheat. 







Example 2: A factory produces bicycles and motorcycles by using two machines A 
and B. Machine A has at most 120 hours available and machine B has a maximum of 
144 hours available. Manufacturing a bicycle requires 5 hours in machine A and 4 
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hours in machine B while manufacturing of a motorcycle requires 4 hours in machine 
A and 8 hours in machine B. If he gets profit of Rs. 40 per bicycle and profit of Rs. 50 
per motorcycle, how many bicycles and motorcycles should be manufactured to get 
maximum profit? 


Solution: Let the number of bicycles to be 
manufactured be x and the number of 
motor cycles to be manufactured be y. 


Then the time required to use 
machine A for x bicycles and y motorcycles 
is 5x + 4y (hours) and the time required to 
use machine B for x bicycles and y 
motorcycles in 4x+8y (hours). Thus the 
problem constraints are 5x + 4y < 120 


And 4x+8y < 144 
= 2x+4y < 72 





Fig. 5.72 


Since the number of articles to be produced cannot be negative,so x20, y20 
Let P(x, y) be the profit function, then P(x, y) = 40x + 5Oy. 
Now the problem is to maximize P subject to the constraints: 
5x+4y < 120 
Ze ay S72, x20, y20 
Solving 5x + 4y = 120 and 2x + 4y = 72, gives 3x = 48 => x = 16 and 
4y = 72 —2x= 72 -—32=40 => y=10. 
Thus their point of intersection is (16, 10). Graphing the linear inequality 
constraints, the feasible region obtained is depicted in the figure 5.72 by shading. The 


corner points of the feasible region are (0, 0), (0, 18), (16, 10) and (24, 0). Now we 
find the values of P at the corner points. 


P(x, y) = 40x +50 
(0, Q) P(O, 0) = 40x0+50x0 = 0 
(O, 18) P(O, 18) = 40x0+50x 18 = 900 


(16, 10) P(16, 10) = 40x 16+50x 10=1140 
(24, 0) P(24, 0) = 40x 24+50x0 = 960 





From the above table, it follows, that the maximum profit is Rs.1140 at the 
comer point (16, 10). Manufacturer gets the maximum profit if he manufactures 16 
bicycles and 10 motorcycles. 
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EXERCISE 5.3 


Maximize f(x, y) = 2x + 5y 
subject to the constraints 
2y—-x < 8; x-y <4; x20; y20 
Maximize f(x, y)= x + 3y 
subject to the constraints 


2x + Sy < 30; 5x+4y < 20; x20; y20 
Maximize z = 2x+3y; subject to the constraints: 
3x + 4y < 12; 2ax+y < 4; 2x-y<4 x20 y>0 
Minimize z=2x+y,; ~ subject to the constraints: 
x+y23; 7x + Sy <35; Yeu y20 
Maximize the function defined as; f(x, y) = 2x + 3y subject to the constraints: 
2x+y <8; x+2y<14; xen: y20 
Minimize z= 3x + y; subject to the constraints: 
3x + Sy 2 15; x+6y29 =0; y20 


Each unit of food X costs Rs.25 and contains 2 units of protein and 4 units of 
iron while each unit of food Y costs Rs.30 and contains 3 units of protein and 
2 unit of iron. Each animal must receive at least 12 units of protein and 16 
units of iron each day. How many units of each food should be fed to each 
animal at the minimum possibile cost? 

A dealer wishes to purchase a number of fans and sewing machines. He has 
only Rs. 5760 to invest and has space atmost for 20 items. A fan costs him Rs. 
360 and a sewing machine costs Rs. 240. His expectation is that the can sell a 
fan at a profit of Rs. 22 and a sewing machine at a profit of Rs. 18. Assuming 
that he can sell all the items that he can buy, how should he invest his money 
in order to maximize his profit? 

A machine can produce product A by using 2 units of chemical and 1 unit of a 
compound or can produce product B by using | unit of chemical and 2 units of 
the compound. Only 800 units of chemical and 1000 units of the compound 
are available. The profits per unit of A and B are Rs. 30 and Rs. 20 
respectively, maximize the profit function. 
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6.1 INTRODUCTION 


Conic sections , or simply conics, are the curves obtained by cutting a 
(double) right circular cone by a plane. Let RS be a line through the centre C of a 
given circle and perpendicular to its plane. Let A be a fixed point on RS. All lines 
through A and points on the circle generate a right circular cone. The lines are 
called rulings or generators of the cone. The surface generated consists of two parts, 
called nappes, meeting at the fixed point A, called the vertex or apex of the cone. 
The line RS is called axis of the cone. 


If the cone is cut by a plane perpendicular to the axis of the cone, then the 
section is a circle. 





The size of the circle depends on how near the plane is to the vertex of the cone. 
If the plane passes through the vertex A, the intersection is just a single point or a 
point circle. If the cutting plane is slightly tilted and cuts only one nappe of the cone, 
the resulting section is an ellipse. If the intersecting plane is parallel to a generator of 
the cone, but intersects its one nappe only , the curve of intersection is a parabola. If 
the cutting plane is parallel to the axis of the cone and intersects both of its nappes, 
then the curve of intersection is a hyperbola. 


The Greek mathematicians Apollonius’ (260-200 B.C.) and Pappus (early 
fourth century) discovered many intersecting properties of the conic sections. They 
used the methods of Euclidean geometry to study conics. We shall not study conics 
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from the point of view stated above, but rather approach them with the more powerful 
tools of analytic geometry. 


The theory of conics plays an important role in modern space mechanics, 
occeangraphy and many other branches of science and technology. 

We first study the properties of a Circle. Other conics will be taken up later. 
6.1.1 Equation of a Circle 

The set of all points in the plane that are equally distant from a fixed point is 


called a circle. The fixed point is called the centre of the circle and the distance from 
the centre of the circle to any point on the circle is called the radius of the circle. 


If C(h,k) is centre of a circle, r its radius and P(x, y) any point on the circle, 
then the circle denoted S(C; r) in set notations is 


S(C; r) = {P(x, y): cP| =r}. 


By the distance formula, we get 


CP| = J(x—h)? +(y-k? =r 


or (x—h)? +(y-k)* =r? (1) 


is an equation of the circle in standard form. 


If the centre of the circle is the origin, then (1) reduces to 
x+y=r (2) 
If r =Q, the circle is called a point circle 
which consists of the centre only. 
Let P(x, y) any point on the circle (2) and let 


the inclination of OP be @ as shown in the figure. It 
is clear that 


x= rcos@ 
y= rsin ‘| | (3) 
The point P(r cos@, r sin 0) lies on (2) for all 


values of a 6. Equation (3) are called parametric 
equations of the circle (2). 


Example 1: Write an equation of the circle with centre (—3, 5) and radius 7. 
Solution: Required equation is 


(x+3)? +(y—-5)* =7? 
or x+y? +6x-10y-15=0 
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6.1.2 General Form of an Equation of a Circle 
Theorem 1: The equation 


x’ +y? +2ex+2fytc=0 (1) 
represents a circle g, f and c being constants. 
Equation (1) can be written as: 


(x? +2ext+g°)tH(y +2fy+f =e +f —c 


or xe +by-Cnr =e? +f? y 


which is standard form of an equation of a circle with centre (—g,— f) and 


radius g°+f°-c. 


Thus equation (1) is called general form of an equation of a circle. 


Note: 


1. (1) is a second degree equation in which coefficient of each of x* and y’is 1. 





2. (1) contains no term involving the product xy. 


Thus a second degree equation in which coefficients of x” and y* are equal and 
there is no product term xy represents a circle. 


If three non-collinear points through which a circle passes are known, then we 
can find the three constants f, g and c in (1). 


Example 2: Show that the equations: 
5x° +5y* +24x+36y+10=0 


represents a circle. Also find its centre and radius. 
Solution: The given equation can be written as: 


x7 +y? + xt 2 y+2=0 


nla is an ae of a circle in the general form. Here 


= = f= —,c=2 
Thus centre of the circle = (—g,—f) = a am 
Radius of the circle = ./g? + f? —c = (73 
4] a 


i * 
be 


252 | . Calculus and Analytic Geometry 








6.1.3 Equations of Circles Determined by Given Conditions 

The general equation of a circlex? + y> +2gx+2fy+c=0 contains three 
independent constants g, f and c, which can be found if the equation satisfies three 
given conditions. We discuss different cases in the following paragraphs. 
1. A Circle Passing Through Three Non-collinear Points. 


If three non-collinear points, through which a circle passes, are known, then 
we can find the three independent constants f, g and c occurring in the general 
equation of a circle. 


Example 3: Find an equation of the circle which passes through the points A(5,10), 
B (6,9) and C (-2, 3). 


Solution: Suppose equation of the required circle is 
x+y? +2ex+2fy+c=0 (1) 


Since the three given points lie on the circle, they all satisfy (1). Substituting 
the three points into (1), we get 


25+100+10¢+20f +c=0 


=> 10¢+20f +c+125 =0 (2) 
36+81+122¢+18f +c=0 
= 12g+18f+c+117 =0 (3) 
4+9—-429+6f+c=0 

—42+6f+c+13=0 (4) 


Now we solve the equations (2), (3) and (4). 
Subtracting (3) from (2), we have 
—2g+Zf +8=0 
or g—-f-4=0 | (5) 
Subtracting (4) from (2), we have. 
149¢+14f+112=0 
or g+f+8=0 
From (5) and (6), we have 
f =6 and g =2. 
Inserting the values of fand g into (2), we getc= 15 
Thus equation of the circle is: x?+y?+4x+12y+15=0 


(6) 
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2. A circle passing through two points and having its centre on a given line. 
Example 4: Find an equation of the circle having the join of A(x,, y,) and B(x,, y,) 
as a diameter. 


Solution: Since ABis a diameter of P (x, y) 


the circle, its midpoint is the centre of the CN 
circle. The radius of the circle is known 
and standard form of an equation of the 
A B (x, y,) 


circle may be easily written. However, a 
more elegant procedure is to make use of (X,, Y,) 
the plane geometry. If P(x, y) is any point 


on the circle, then mZAPB =90 
Thus the lines AP and BP are perpendicular to each other. 


7~21 and Slope of BP = 22 
x-X x—X, 








Slope of AP = 


By the condition of perpendicularity of two lines, we get 
Ma Qc 2 ity 
IR FB 
or (x—%,)(X— x, )+(¥—y)(Y— ¥2) = 0 
This is required equation of the circle. 


3. A circle passing through two points and having tangent at one of these 
points is known. 


Example 5: Find an equation of the circle passing through the point (—2, —5) and 
touching the line 3x + 4y — 24 = 0 at the point (4, 3). 


Solution: Let the circle be 


x2 + y? +2ex +2fytc=0 (1) 
The points (—2,—-5) and (4, 3) lie on it. Therefore 
—-42g -10f+c+29=0 3 (2) 
82 +6f +¢e+25=0 (3) 
The line 
3x+ 4y — 24=0 | (4) 


Touches the circle at (3, 4). 
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A line through (4, 3) and perpendicular to (4) is 
y-3=5 (x—4) or 4x-—3y -—7 =0 


This line being a normal through (4, 3) passes through the centre (—g, —/) of 
the circle (1). Therefore 


—-49 +3f —7=0 (5) 
From (2) — (3), we get 
—122 -16f +4=0 
or 3¢g+4f -1=0 (6) 


Solving (5) and (6), we have g =—1, f =1. Inserting these values of g and f 
into (3), we find c=— 23 . Equation of the requested circle is 


x? +y*-2x+2y—-23=0 


4, A circle passing through two points and touching a given line. 


Example 6: Find an equation of the circle passing through the points Ad, 2) and 
B(1, —2) and touching to the line x+2y+5=0. 


Solution: Let O(h,k) be the centre of the required circle. Then 
| OA | = OB | = radius of the circle. 
ie,  (h—-1)° +(k-2)* =(h-1)? +(k +2)? 
or 8k =0 ie., k=0 
Hence OA =|OB| 


Now length of perpendicular from (h,k) i.e.,(h,0) to the line x + 2y +5 =0 
equals the radius of the circle and is given by 


ln+5| 


v5 
: ln+5|  )— 
Therefore, 3 =|OA|=(h-1)? +4 


(h+5)? 
5 








=(h—-1)? +4 or 4h?>-20h=0 ie, h=0,5 
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Thus centres of the two circles are at (0,0) and (5,0) 
Radius of the first circle = V5 ; Radius of the second circle = /20 
Equations of the circles are 

x*+y?=5 and (x-5)’+y?=20 


et > x+y =5 and x’ +y'-10x+5=0 


EXERCISE 6.1 


1. In each of the following, find an equation of the circle with 
(a) centre at (5, —2) and radius 4 
(b) centre at (/2 ,—3,/3) and radius 2/2 
(c) ends of a diameter at (—3, 2) and (5,-6). 
2. Find the centre and radius of the circle with the given equation 
(a) x+y? +12x-10y=0 
(b) 5x°+5y*+14x+12y—-10=0 
(c) x+y’ -6x+4y+13=0 
(d) 4x°+4y*-8x+12y-25=0 
3. Write an equation of the circle that passes through the given points 
(a) A(4,5), B(-4,-3), C (8, -3) 
(b) A(-7, 7), B(S,-1), C (10, 0) 
(c) A(a, 0), BO, b,), C (0, 0) 
(d) A(5, 6), B(-3, 2), C (3, -—4) 
4. In each of the following, find an equation of the circle passing through 
(a) A(3,-1), B(O, 1) and having centre at 4x-—3y-—3=0 
(b) A(—3, 1) with radius 2 and centre at 2x-3y+3=0 
(c) A(5, 1) and tangent to the line 2x- y-10 =0 at B(3, —4) 
(d) A(1, 4), B(—1, 8) and tangent to the line x+3y—-3=0 


5. Find an equation of a circle of radius a and lying in the second ee such 
that it is tangent to both the axes. 
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6. Show that the lines 3x-2y=0 and 2x+3y—13=0 are tangents to the circle 
x+y? +6x-—4y=0 
7. Show that the circles 
x? +y?4+2x—2y—7=0 and x° + y* -—6x+4y—9=0 touch externally. 
8. Show that the circles 
x>+y?+2x-8=0 and = x’ +y*—6x+6y—46=0 touch internally 
9. Find equations of the circle of radius 2 and tangent to the line 
x-y-4=0 at A(I,-—3). 


6.2 TANGENTS AND NORMALS 


A tangent to a curve is a line that touches the curve without cutting through it. 
We know that for any curve whose equation is given by y = f(x) or 


f(x,y) =0. the derivative i is slope of the tangent at any point P(x, y)to the 


curve. The equation of the tangent to the curve can easily be written by the point- 
slope formula. The normal to the curve at P is the line through P perpendicular to the 
tangent to the curve at P. This method can be very conveniently employed to find 


equations of tangent and normal to the circle x> +y? +29x+2fyt+c=0 at the point 
P(X), 94). 


Here f(x,y)=x* +y* +2ex+2fyt+c=0 (1) 


Differentiating (1) w.r.t. x, we get 


2x+2y 422 42F¢ 2 =0 or ee Oh 3 
dx dx dx yr 


= Slope of the tangent at (x, , y,) 
se are S 19 Jy 
Equation of the Tangent at P is given by 


2 _ +8 
(44.4) 


y-y, =-21 78 (x_x,) (Point-Slope f 
Er oint-Slope form) 


or y(y, + f)—y; —y, f =-x(x, +g) +x +2x,2 


or xx, + yy, text fy=xi ty; +ex,+ fy, 
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or xx, + yy, + ext fyt+ gx, + fy, tc= x +y, +ex,+ fy, +ex,+fy, te 
(adding gx, + fy, +c to both sides) 
OF xx + yy, + oe 4+2,) + ft) J+c=0 
Since (x,, y,) lies on (1) and so 
xi ty, +2ex, +2fy,+c=0 


Thus |xx, + yy; + g(x+x,)+ f (y+ y,)+c=0), is the required equation of 


the tangent. 
To find an equation of the normal at P ,we note that slope of the normal is 


mot (negative reciprocal of slope of the tangents) 
X18 


Equation of the normal at P(x, ,y,) is 


or (y—y,)(x, +g)=(x—-x,)(y, +f). | is an equation of the normal at (x,, y,). 


Theorem 1: The point P(x, , y,) lies outside, on or inside the circle 
x° +y* +2gx+2fy+c=0 according as 
x; + y? +2g9x, +2fy, +c 210 | 


Proof: Radius r of the given circle is 


r= /g°+f?-c. 


The point P(x, , y,) lies outside, on or inside the circle, according as: 
m| CP| 3. r 

! > 

ie., according as: 4/(x,+g)° +(y, +f)’ She" +f*—c 

or according as : x + 29x, +97 ty + f7+2fy, ae" + f*-c 


or according as : x; + y/ +2gx,+ 2fy, +¢ 2\0. 
Example 1: Determine whether the point P (—5, 6) lies outside, on or inside the 


circle : x+y’ +4x-6y-12= 0 
Solution: Putting x =-—5 and y =6 in the left hand member of the equation of the 


_ Circle, we get 
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25+ 36-20-36-12=-7<0 
Thus the point P (—5, 6) lies inside the circle. 
Theorem 2: The line y=mx+c _ intersects the 
circle x* + y* =a’ at the most two points. 


Proof: It is known from plane geometry that a line 
can meet a circle in at the most two points. 


To prove it analytically, we note that the 
coordinates of the points where the line 


y=mxt+c (1) 
intersects the circle 
x’ + y? =q’ (2) 


are the simultaneous solutions of the equations (1) and (2). Substituting the value 
of y from equation (1) into equation (2), we get 


x* +(mxt+c)° =a’ 
or x? (1+m*)+2mcx+c? —a’* =0 (3) 


This being quadratic in x, gives two values of x say x,and x,. Thus the line 
intersects the circle at the most two points. For nature of the points we examine the 
discriminate of (3). 


The discriminate of (3) is (2mc)* —4(1+ m?) (c? —a’) 
= 4m’c* —4(1+ m’)(c? —a’) 
= 4m*c* —4m’c? ~—4(c? —q? —a’m’) 
= 4|~c? +a7(1+m?)| 
These points are: 
(i) Real and distinct, if  a’?(1+m?)-—c? >0 
(ii) Real and coincident, if a*(1+m*)—c* =0 
(iii) Imaginary if a*(1+m7)-—c? <0 
Condition that the line may be a tangent to the circle. 


The line (1) is tangent to the circle (2) if it meets the circle at one point. 


1.€., if c* =a’(1l+m?’) or c=+tav1+m? 
is the condition for (1) to be a tangent to (2). 


Unit 6: Conic Section 259 


Example 2: Find the co-ordinates of the points of intersection of the line 2x + y=5 
and the circle x° +y? +2x-9=0. Also find the length of the intercepted chord. 
Solution: From 2x + y=5, we have 
y = (5-22). 
Inserting this value of y into the equation of the circle, we get 
x? +(5-2x)? +2x-9=0 
or 5x* -18x+16=0 


18+ +324 —320 18+2 8 
=> x =—_——— = —— =?2, — 
10 10 5 
When x=2,y=5-4=1 
When x4 y= Sree ha 
5 eae 


Thus the points of intersection are P(2,1) and fe. 4 


Lavigth of the chord moreno 


(3 plG 26, 2 
= [PO|= $42) (2-1) on 95... 5 


Theorem 3: Two hs can 3 i to a circle from any point P(x,,y,). The 


tangents are real and distinct, coincident or imaginary according to the point lies 
outside, on or inside the circle. 


Proof: Let an equation of the circle be x? + y? =a? 
We have already seen that the line 


y=mxt+avl+m’ (1) 


is a tangent to the given circle for all values of m. If it passes through the point 


P(x,, y,), then | 7 
y, =mx, +av1+m? 


or (y, —mx,)* =a*(1+m’) 

orm? (x; —a’)—2mx,y, + yy —a” =0 (2) 
This being quadratic in m, gives two values of m and so there are two tangents 
from P(x,,y,) to the circle. These tangents are real and distinct, coincident or 
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imaginary according as the roots of (2) are real and distinct, coincident or 
imaginary 


) 2 > 

ie, according as x; y/ — (x; —a*)(y; —a*)§ \o 
> > 

or xva* + y2a*+ a*=\0 or x+y; =a’ =| 0 


i.e., according as the point P(x,, y,) lies outside, on or inside the circle 
x’ +y*-a’ =0 


Example 3: Write equations of two tangents from (2, 3) to the circle x” + y* =9. 
Solution: Any tangent to the circle is: 


y =mx+3y1+m? 


If it passes through (2, 3), then 


3=2m+3v1+m’ (1) 


or (3-—2m)* =9(1+ m7) 
or 9-12m+4m? =94+9m? 
or 5m* +12m=0 1.e., Ps Pet 


Inserting these values of m into (1), we have equations of the tangents from (2,3) 
to the circle as : 


For m=0: y=0.x+3v1+0 


ory=3 
For #OP oyuits +3,/1 i gla. 39 
5 5 25 2 5 


or Sy +12x-—39=0. 
Example 4: Write equations of the tangents to the circle 3 
x +y*—4x+6y+9=0 (1) 
at the points on the circle whose ordinate is —2. 
Solution: Substituting y =—-2 into (1), we get 
x’ —4x+1=0 


4+/16- 
SE MEE se 243 


or 
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The points on the circle with ordinate —2 are 


(2+ 4/3, — 2),(2-V3,-2) 


Equations of the tangents to (1) at these points are 
(2 + V3 he — 2y - 2 (x +24 V3) + 3(y-2)4 9 =0 
and = (2- V3)r-—2y —2 (x+2-v3)+ 3(y—2)4 9 =0 
jes! anq/3xeey 2203 SHO 
and — 3x+ y+2V3-1 = 0 
Example 5: ‘Find a joint equation to the pair of tangents drawn from (5, 0) to the 
circle: 
x+y To 
Solution: Let P(h,k) be any point on either of the two tangents drawn from 
A(5,0) to the given circle (1). Equation of PA is 


soe 2 (4-5) or kx—(h—5)y-5h=0 (2) 


Since (2) is tangent to the circle (1), the perpendicular distance of (2) from the centre 
of the circle equals the radius of the circle. 
j-se| 


L.¢., = 
Jk? +(h—-5) 
or 25k” =9[k* +(h—5)*] or 16k? —9(h—5)* =0 
Thus (h,k) lies on 
9(x—5)? -16y* =0 (3) 
But (h, k) is any point of either of circle of the two tangents. 
Hence (3) is the joint equations of the two tangents. 


6.2.1 Length of the Tangent to a Circle (Tangential Distance) 
Let P(x,,y,) be a point outside the circle 





x? +y? +2ex+2fytc=0 (1) 
We know that two real and distinct tangents can be drawn to the circle from an 
external point P. If the points of contact of these tangents with the circle are S and T, 
then each of the length PS and PT is called length of the tangent or tangential 
distance from P to the circle (1). 
The centre of the circle has 
coordinates (—g,—f).Join PO and 
OT. From the right triangle OPT 
we have , 
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length of the tangent = PT = OP? - OFF 
= (x, +9)? +(, +f)? -(¢? + f? -0) 
=/x? +y, +2gx,+2fy, +c (2) 


It is easy to see that length of the second tangent PS also equals (2). 


Example 6: Find the length of the tangent from the point P (—5,10) to the circle 
5x? +5y*? +14x+12y-10=0 


Solution: Equation of the given circle in standard form is 
+ yi+Zxty-2=0 (1) 


Square of the length of the tangent from P (—5,10) to the circle (1) is obtained by 
substituting —5 for x and 10 for y in the left hand member of (1) 


Required length =,|(-5)? + (10)? -14+ 24-2 = 133 


Example 7: Write equations of the tangent lines to the circle x7 + y* +4x+2y =0 
drawn from P(—1,2). Also find the tangential distance. 


Solution: An equation of the line through P(—1,2) having slope m is: 
y-2=m(x+l) or mxe-—y+m+2=0. (1) 
Centre of the circle is C(—2,-1). 
Radius = /44+1 = /5 


If (1) is tangent to the circle, then its distance from the centre of the circle 
equals the radius of the circle. Therefore, 
2 


[5 
m” +1 


or (—m+3)* =5(m* +1) 


|-2m+1+m+2| 5 


or 4m? +6m—4=0 or 2m? +3m—2=0 
ma 3tv9+16 _-345_ 9 I 


4 4 ay 


Equations of the tangents are from equation (1) 
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For m =-—2: —2x-—y=0 or 2x+ y=0 


For m= = = t-yt2=0 or x—2y+5=0 


Tangential distance = ¥1+4-4+4 = V5. 


Example 8: Tangents are drawn from (—3, 4) to the circle x7 +y*=21. Find an 
equation of the line joining the points of contact (The line is called the chord of 
contact). 


Solution: Let the points of contact of the two tangents be P(x,,y,) and Q(x, y,) 


An equation of the tangent at P is 


xx, + yy, =21 (1) 
An equation of the tangent at Q is 
xx, + yy, =21 *Q) 
Since (1) and (2) pass through (—3,4), so ; 
—3x, + 4y, =21 (3) 
and —3x,+4y, =21 | (4) 


(3) and (4) show that both the points P(x,,y,), QO (x,,y,) lie on —3x+4y=21 
and so it is the required equation of the chord of contact. 


EXERCISE 6.2 


1. Write down equations of the tangent and normal to the circle 


(i) x2 +y? =25 at(4, 3) and at (5 cos 0,5 sin 0) 
re 2 2 10 
(ii)  3x°+3y~ +5x—-l13y+2=0 at rs 


2. Write down equations of the tangent and normal to the circle 
4x? +4y* -16x+24y-117=0 
at the points on the circle whose abscissa is +4. 
3 Check the position of the point (5 , 6) with respect to the circle 
Gre e457 81 (ii) 2x7 +2y? +12x-8y+1=0 
4. Find the length of the tangent drawn from the point (—5, 4) to the circle 
5x? +5y* —10x+15y—131=0 
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5. Find the length of the chord cut off from the line 2x+3y =13 by the circle 
x+y’ =26 
6. Find the coordinates of the points of intersection of the line x+2y =6 with the 
circle: x’? +y’—2x-—2y-—39=0 
7. Find equations of the tangents to the circle x* + y* =2 
(i) parallel to the x-2y+1=0 
(ii) | perpendicular to the line 3x+2y =6 
8. Find equations of the tangents drawn from 
(i) (©,5)to x*+y* =16 
(ii) (1,2) tox? +y? +4x+2y =0 
(iii)  (—7,-2) to (x+1)’ +(y—-2)’ = 26 
Also find the points of contact. 
» Find an equation of the chord of contact of the tangents drawn from (4,5) to the circle 
2x° +2y* —8x+12y+21=0 
6.3 ANALYTIC PROOFS OF IMPORTANT 
PROPERTIES OF A CIRCLE 
A line segment whose end points lie on a circle is called a chord of the 
circle. A diameter of a circle is a chord containing the centre of the circle. 


Theorem 1: Length of a diameter of the circle x? + y* =a” is 2a. 


Proof: Let AOB be a diameter of the circle 
x+y’ =a’ (1) 
O(0, 0) is centre of (1). 
Let the coordinates of A be (x,, y,). 


A(x, ¥,) B 
Equation of AOB is 
y=tx (2) 
x; 


Substituting the value of y from (2) into (1), we have 
2 
y 2 » 
xo +o x’ =a” or x7 (x) + ye ax? 
| 
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1.€,. = age a 
If x=x,, then y= on yi 
ae Ke ye oy Se 
x) 
Similarly when x=~—x, , then y=—y, 


Thus B has coordinates (—x, ,— y,). 


Length of the diameter AB =4/(x, + x,)° +(9, + y,)” 
=/4(x?+y?)=V4a? =2a 


Theorem 2: Perpendicular dropped from the centre of a circle on a chord bisects 
the chord. 


Proof: Let x*+y? =a’ be a circle, in which 
AB is achord with end points A(x,,y,) B(x, y2) 
on the circle and OM is perpendicular from the centre 
to the chord. We need to show that OM bisects the 
chord AB. 


Slope of AB = 22 2® 
“ap Se 





Slope of perpendicular to AB = whe 2 - "172 =m (say) 
YorNs 4m 
So equation of OM with slope m and point O(0,0) on it, is given by 


y= ta) pe 0) 
(y2- 1) 


—Xx 
or ye “2 |x (1) 
Ya 


(1) is the equation of the perpendicular OM from centre to the chord. We will show 
that it bisects the chord i.e., intersection of OM and AB is the midpoint of AB. 





Equation of AB is 


yoy es Fae xd (2) 
Xx, —X4 
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The foot of the perpendicular OM is the point of intersection of (1) and (2). 
putting the value of y from (1) into (2), we have 


x,-Xx ~ 
—-—t—+yx-y, = 217 (yx ) 
Jy: F2 xX, — xX, 
a {2 ~ ¥5 ms Xx, — X, } X,(¥, — Yo) ~y, 
ss aaa” OM eae Ag 
2 xly? + y; —2y,y, +x, +x; ~2x,x, | _ 2M = HY2- 
(X; = X—) p= 2) X, —X, 
or = x(2a* —2x,x, —2y,¥2) = 2. —HViY2 — Ni. + ,Y2 
or 2x(a’ = Xho V1 Vo) ka? — Xi = V2 (% + x,)+x,(a* ay) 
= a’ (x, Pa 5 ef + Xo) = ¥, ¥2(%, +X) 
= (x, +x,)(a’ — XX. — VW Y2) 
(The points (x,, y,) and (x,, y,) lie on the circle) 
4. 
Per. xX, 
2 


Putting x= aes into (1) , we get 


Or 


2 Z 
_~(%-%)) Gite) xD 


as 4 ; 2 2(y2 — yy) 
or x + yp =a? 
gn So — Woe y) ty? =a? 
2(¥2 — y1) 2(y2— V1) i eae 
aca ama 
= 4 Seas 
Fs 
+ = : : 
So, lie naar ae in the point of intersection 
of OM and AB which is the midpoint of AB. 


Theorem 3: 
The perpendicular bisector of any chord of a circle 
passes through the centre of the circle. 


Proof: Let x° + y? =a’ beacircle and A(x,,y,); 
B(x,,y,) be the end points of a chord of this B 
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circle. Let M be the mid point of AB, ice., uf sees ese: 


The slope of AB = poet” 
a2 


The slope of perpendicular bisector of AB is 
2 ee 
ke geal 


So, equations of perpendicular bisector in point-slope form is 


y, + - + 
y—2! ee So tae Soe A (1) 
2 iy eee 2 


We check whether the centre (0,0) of the circle lies on (1) or not 


9-2! +92 7% aot” + X2 


2 (yo - yy) 2 
yi + 2 * (x, + Xz) 
or —| ——= |(y, — y,) = (2 — 4) — 
2 
or 2 (72 =) = 33 ST or x? hy? = x54 ¥5 
or a? =a’ which is true. 


Hence the perpendicular bisector of any chord passes through the centre of the circle. 


Theorem 4: 
The line joining the centre of a circle to the 
midpoint of a chord is perpendicular to the chord. 


Proof: Let A(x,,y,),B(x;,y2) be the end points of 
any chord the circle x’ + y? =a’. O(0, 0) is centre of the 


> 


2 
the centre O with the mid point M We need to show 
that OM is perpendicular to AB i.e., product of slopes of 
AB and OM is -1. 


circle and M seg, 2a 28) is the midpoint of AB. Join 








ee) ee 
zu + 
Slope of AB =m, =22—21; Slope of OM =m, = —2——__ = 22! 
ia 37 Xj co tis rp X, +x, 
2 


ee 
sai ote aoe 

. mm, =~ Yi y2 he 22 z (1) 

As A and B lie on the circle, so 


2 2 


x +yf=a* and xe+ys= 


Their subtraction gives xo xi +y? - y> =0 


2 : ee ? ee 2 2 
=> YW -\Yy =X — XZ =-(XQ - 27) 


Putting this value in (1), we get 


es a tn a ia oT 
(x7 +; ) 
So OM is perpendicular to AB. 
Theorem 5: Congruent chords of a circle are 
equidistant from the centre. 
Proof: Let x* +y* =a” be the circle in which 
ABandCD are two congruent chords Le., 
| AB | =: | CD | and the coordinates of A, B, C and 
D be as in the figure. Also let OM and ON be the 


perpendicular distances of the chords from the 
centre (0, 0) of the circle. 


We know from theorem 2 that M and N 
are the midpoints of AB and CD respectively. 


2 2 Sa Re a 
omy =(45%o| (Ato) ett Ua Shite ont tyr, 





= txt + y7)+(x3 + Y3)+2x,x, +2y,y> 
4 
eS a* +a’ +2x,x,+2y,y, 


4 (*..A and B lie on the circle.) 
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ESS a ee a 


2 
4 
_ a +X + Nir (1) 
2 
2 
+ +y 


2 
We know that |AB|* =|CD 


9 
_ 


(-. chords are congruent) 





or (x, =x)" a as y,)° = (x, ~ Xa) + ers y3)° 

or x5 +x? + y3 + yy —2x,X, —2y,y¥2 = Xz +X; = LX4Xqer ya +y3 —2y3V4 

or a* +a’ —2x,x, —2y,y, = a’ +a* —2x,x,-2y3y, (- u +y = a’ etc) 

or 2a° —2%,X_ —2Y,¥2 = 2a* —2x3X4 —2Y3Y4 Challenge! 

OF XX + Y, Vo = X3X4 + V3Ve (3) | State and prove the 
; converse of this theorem. 

using (3), we note from (1) and (2) that 

or |OM | =|ON |’ (using (1) and (2)) 

Theorem 6: Show that measure of the central 

angle of a minor arc is double the measure of the 

angle subtended in the corresponding major arc. 

Proof: Let the circle be x7 + y? =a’. 

A(acos@,,asin@,)and B(acos J,,asin@,) be 

end points of a minor arc AB. Let 

P(acos@,asin@) be a point on the major arc. 

Central angle subtended by minor arc 

AB is ZAOB = 0, —6@,. 








1 
We need to show mZAPB = Pies —6,) 





+0, . 0-8@, 

2cos sin—— 
ee ap). COST Se 
Foes tee ~ a(cos@ —cosO,) oy gt Be ‘eens 











+6, Zi O+@, 
3 B = — 5 





Similarly, (be symmetry) 


or 
m, =slope of BP = an( © 4 TT 


x -0+86, me GG, 
—+—— |- tan} — + ——+ 


a nea as eae eas ane aay 


tan “APRS 2 
1+mm, x 0 +6, 7-40, 
1+ tan} —+ . tan| —-+ 
2 Z is 2 


: anf 5420 a 0+6, } onl © | 
| a5 2 














Hence mZAPB = =, -@,) 


Theorem 7: An angle in a semi-circle is a right angle. 
Proof: Let x? + y* =a’ be acircle, with 
centre O. Let AOB be any diameter of the circle 
and P(x,,y,) be any point on the circle. 
We have to show that mZAPB = 90°. 
Suppose the coordinates of A are (x,, y,). 
Then B has coordinates 
(—x,,-y,). (Theorem 1) 


eS RS 
=m,, (sa 
%, =x, i» ay) Challenge! 








Slope of AP = 


State and prove the converse 
of this Theorem - 





Slope of BP = pi eee ie m, , (Say) 


2 2 

Pe Tae 
mm, =~ 7—> (1) 

X, —Xy 


Since A(x,,y,) and P(x,, y,) lie on the circle, we have 
x+y =a =x =a -y, 

2 Te lila 7 ee 2 (2) 

x, +y, =a" > Xx, =a -y¥, 


_ Substituting the values of xj and x; from (2) into (1), we get 
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2 2 2 2 
re 2 aes OAs AR, 
2 2 Bi! 2 2 2 
(a Ve ) ry (a ™ Y> ) it (y, = V3.) 


Thus AP | BP and so mZAPB =90 . 





mm, 


Theorem 8: The tangent to a circle at any point of 
the circle is perpendicular to the radial segment at 
that point. 

Proof: Let PT be the tangent to the circle 
x°+y? =a’ at any point P(x,, y,) lying on it. We 
have to show that the radial segment OP L PT. 





‘o, ef A ? ? ? 
Differentiating x” + y~ =a” , we have 


eae day, PONS Re 
x dx y 
dy! =x, 
Slope of the tangent at P=] = -—— 
| MP. 
: a eee @ SBM 
Slope of OP = Ear eio vai 
X; aig xy 
Product of slopes of OP and PT = LaPhhb nss gel 
JT 


Thus  OPLPT. 
Theorem 9: The perpendicular at the outer end of a 
radial segment is tangent to the circle. 
Proof: Let PT be the perpendicular to the outer 
end of the radial segment OP of the circle 
>. We have to show that PT is 


tangent to the circle at P . Suppose the coordinates 
of P are" ¥ eee 


2 
x+y’ =a 





Since PT is perpendicular to OP so 


Slope of PT =—_—__—_—_— = 
Slopeof OP yy, 
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=i 
Equationof PT is y—y,=—~(x-x,) 
yy 
or yy, —y) =—xy, +x] 


or yy, +xx, = yj, +x; =a? (-. P lies on the circle) 


Distance of PT from O (centre of the circle) 


Ly, (0) + x, (0) - a? a’) 7 tee ) / 
= = = = — = 4 (radius of the circle) 
ix? + y? va’ 4 


Thus PT is tangent to the circle at P(x,, y,) 


EXERCISE 6.3 


1. Prove that normal lines of a circle pass through the centre of the circle. 


2. Prove that the straight line drawn from the centre of a circle perpendicular to a 
tangent passes through the point of tangency. 


3. Prove that the mid point of the hypotenuse of a right triangle is the circumcentre 
of the triangle. 


4. Prove that the perpendicular dropped from a point of a circle on a diameter is a 
mean proportional between the segments into which it divides the diameter. 


6.4 CONIC SECTION 


In the following pages we shall study the remaining three conics. 


Let L be a fixed line in a plane and F be a fixed point not on the line L. 
Suppose |PM| denotes the distance of a point P(x, y) from the line L. The set of 
all points P in the plane such that 

whe ( iti tant) 
———-=e (a positive cons 
pyle 
is called a conic section. 
(i) If e=1, then the conic is a parabola. 
(ii) If 0<e<1, then the conic is an ellipse. 


(iii) If e>1, then the conic is a hyperbola. 
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The fixed line L is called a directrix and the fixed point F is called a focus of 
the conic. The number e is called the eccentricity of the conic. 


6.4.1 PARABOLA 


We have already stated that a conic section is a parabola if e= | 


We shall first derive an equation of a parabola in the standard form and study 
its important properties. 


If we take the focus of the parabola as F(a,0),a > O and its directrix as line L 
whose equation is x =—a, then its equation becomes very simple. 


Let P(x, y) bea point on the parabola. So, by definition 
PF] 


: oUF | PF |=|PM| | 
ae 
Now _|PM|=x+a 


Cis ar Roe 
and {PF| = J(x—a)* + (y-0y 
Substituting into (1), we get 


Vix= ay’ +y? =x+a 


or (xd) + y" =(x+a)’ 





(2) 





or ty? =(x+a)? ~(x-a)* =4ax of y? =4ax 
which is standard equation of the parabola. 


Definitions 


(i) The line through the focus and perpendicular to the directrix is called axis 
of the parabola. In case of (2), the axis is y=0. 


(ii) | The point where the axis meets the parabola is called vertex of the parabola. 
Clearly the equation (2) has vertex A(0,0). The line through A and 
perpendicular to the axis of the parabola has equation x=0. It meets the 
parabola at coincident points and so it is a tangent to the curve at A. 


(iii) A line joining two distinct points on a parabola is called a chord of the 
parabola. A chord passing through the focus of a parabola is called a focal 
chord of the parabola. The focal chord perpendicular to the axis of the parabola 
(1) is called latusrectum of the parabola. It has an equation x=a and it 
intersects the curve at the points where 
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y* =4q? Of. w= 22a 
Thus coordinates of the end points L and L’ of the latusrectum are 
‘L(a,2a) and L‘(a,—2a). 
The length of the latusrectum is |LL’| = 4a. 
(iv) The point (at? 4 2at) lies on the parabola y*=4ax for any real t. 
x=at’, y=2at 


are called parametric equations of the parabola y* = 4ax. 


6.4.2 General Form of an Equation of a Parabola. 


Let F(h,k) be the focus and the line Ix+my+n=0 be the directrix of a 
parabola. An equation of the parabola can be derived by the definition of the 
parabola. Let P(x,y) be a point on the parabola. Length of the perpendicular PM 
from P(x, y) to the directix is given by; 


|x + my +n| _ (ix+my +n)’ 


IPM | = 1.€., (x—h)* +(y—k)? oa 2 2 
l“ +m 


1? +m? 


is an equation of the required parabola. 


A second degree equation of the form 


ax’ +by? +29x +2 fy+c=0 


with either a=0 or b=0 but not both zero, represents a parabola. The equation can 
be analyzed by completing the square. 


6.4.3 Other Standard parabolas 


There are other choices for the focus and directrix which also give standard 
equations of parabolas. 
(i) If the focus lies on the y—axis with coordinates F(0,a) and directrix of the 
parabola is y =—a, then equation of the parabola is 
x’ = 4ay (3) 
The equation can be derived by definition 
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(ii) If the focus is F(0,—a) and directrix is the line y =a, then equation of the 
parabolais _ 
x” =—4ay (4) 
Opening of the parabola is upwards in case of (3) and downwards in case 
of (4). Both the curves are symmetric with respect to the y— axis. 


The graphs of (3) and (4) are shown below. 
y 





(iii) Ifthe focus of the parabola is F(—a,0), and its directrix is the line x = a, then 
equation of the parabola is 


y’ =—4ax. 


The curve is symmetric with 
respect to the x-axis and lies in the 
second and third quadrants only. 
Opening of the parabola is to the left as 
shown in the figure 





6.4.4 Graph the Parabola 
y* = 4ax (1) 


We note that corresponding to each positive value of x there are two equal 
and opposite values of y. Thus the curve is symmetric with respect to the x—axis. 
The curve passes through the origin and x=0 is : 
tangent to the curve at (0,0). If xis negative, then 


y’ is negative and so y is imaginary. Thus no 
portion of the curve lies on the left of the y-axis. 


As x increases, y also increases numerically so 

that the curve extends to infinity and lies in the 
: ¥ he 

first and fourth quadrants. Opening of the 





276 : Calculus and Analytic Geometry 
eae cer hE SY TERETE, BS ESO OY EO WARE ES FE GR LS Eee 


parabola is to the right of y— axis. 


Sketching graphs of other standard parabolas is similar and is left as an exercise. 
Summary of Standard Parabolas 


[Se.No.aixk= silo sobqeh ite sMigseneeng) ie seria ty hs 2 


(0, a) | (0, — a) 





Example 1: Analyze the parabola x” = —16y and draw its graph. 
Solution: We compare the given equation 
with x* =—4ay 
Here 4a=16 or a=4. 


The focus of the parabola lies on the 
y-axis and its opening is downward. 
Coordinates of the focus = (0, —4). 





Equation of axis is x =0 


Length of the latusrectum is 16 and y = 0 is tangent to the parabola at its vertex. 
The shape of the curve is as shown in the figure. 
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Example 2: Find an equation of the parabola whose focus is F (—3, 4) and directrix 
is 3x-—4y+5=0. | 


Solution: Let P(x,y) be a-point on the parabola. Lentgh of the perpendicular 


|[PM| from P(x, y) to the directrix 3x-—4y+5=0 is 


PpM|= Bx-4y+5| 
3° +(—4) 
By definition, |PF|=|PM| or _|PF{ =|PM| 


or (x43)? +(y—4y? = SY 


or .25(x? +6x+9+ y° —8y+16)= 9x? +16y* +25 —24xy + 30x —40y 
or 16x? +24xy+9y* +120x-160 y +600=0 
is an equation of the required parabola. 
Example 3: Analyze the parabola 
x* —4x-3y+13=0 (1) 
and sketch its graph 
Solution: The given equation may be written as 


x’ —4x+4=3y-9 


or (x—2)? =3(y—3). ‘sn (2) 
Let x-2=X , y-3=Y 
The equation (2) becomes X* =3Y | ONS) 


which is a parabola whose focus lies on X = 0 and whose directrix is Y = = 5 
Thus coordinates of the focus of (3) are 


x Op pase 
4 


Lei). a= ie Oodrincand y-3=5 
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15 
Or xX = 2. y=— 
4 ‘ 
Thus coordinates of the focus of the -ri2,{si 


Big he 
_ parabola (1) are aoe 


A(23) ° y= 9/4 


Z(2,9/4 
Axis of (3)isX=0 or x2 = 0 (2,9/4) 


is the axis of (1) 





Vertex of (3) has coordinates 
+ Ger | are 
or x-2=0,y—3=0 


1.e., x = 2, y =3 are coordinates of the vertex of (1). 


Equation of the directrix of (3) is © 


y= a 1.e., y-3= = or y == is an equation of the directrix of (1). 


Magnitude of the latusrectum of the parabola (3) and also of (1) is 3. 
The graph of (1) can easily be sketched and is as shown in the above figure. 
Theorem 1:The point of a parabola which is closest to the focus is the vertex 
of the parabola sm EIA saniane 
Proof: Let the parabola be Ese 750 Ss 
x’ =4ay,a>0 NS eg eS 


with focus at F (0, a) and P(x, y) be any 
point on the parabola. 3 


|PF = 4/x +(y—a) 


Matty id) Ay 
/4ay +(y—a)’ 
=yta 





Since y can take up only non-negative values, 





is minimum when y= 0. 


Thus P coincides with A so that all points on the parabola, its vertex A it is closest 
to the focus. 


LOLS DLA See ee eS 





Example 4: A comet has a parabolic orbit with the sun at the focus. When the comet 
is 100 million km from the sun, the line joining the sun and the comet makes an angle 


of 60° with the axis of the parabola. How close will the comet get to the sun? 


Solution: | Let the sun S be the origin. If the vertex A of the parabola ZM has 
coordinates (—a,Q) then directrix 


of the parabola is 








x =-2a, (a >0) 
if the comet is at P(x, y), then 
by definition |PS | = |PM| Bini 
ies, 0X7 + y? se 42a)? 
or y= 4ax + 4a’ is orbit of the comet 
IPS| = e+ 
Now =x +.2a = 100,000,000 
The comet is closest to the sun when it is at A. 
Now x = PS cos60° 
IPS| x+2a 
fx| =a 
2 2 
42a 012 +2 
or ieee cae ee aw" = 2, (|x| =|-2al = 2a) 
x l 2a 
100,000,000 
or =?) 
2a 
or a = 25,000,000 


Thus the comet is closet to the sun when it is 25,000,000 km from the sun. 
Reflecting Property of the parabola. 


A frequently used property of a parabola is its reflecting property. If a light 
source is placed at the focus of a parabolic reflecting surface then a light ray 
travelling from F to a point P on the parabola will be reflected in the direction PR 
parallel to the axes of the parabola. 
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The designs of searchlights, reflecting telescopes and microwave antenas are 
based on reflecting property of the parabola. 


Another application of _ the 
parabola is in a suspension bridge. 
The main cables are of parabolic 
shape. The total weight of the bridge 
is uniformly distributed along its 
length if the shape of the cables is 
parabolic. Cables in any other shape 
will not carry the weight evenly. 





Example 5: A suspension bridge with weight uniformly distributed along the 
length has two towers of 100 m height above the road surface and are 400 m apart. 
The cables are parabolic in shape and are tangent to road surface at the centre of 
the bridge. Find the height of the cables at a point 100 m from the centre. 


Solution: The parabola formed by the 
cables has A(0,0) as vertex and focus 
on the y-axis. An equation of this 
parabola is x* = 4ay. 


P (-200, 100) Q (200, 100) 





The point Q(200,100) lies on the parabola and so 
(200)* = 4ax100 
or a = 100 
Thus an equation of the parabola is 
x =400y. (1) 
To find the height of the cables when x = 100, we have esi (1) 
(100)* = 400y 
or y=25 
Thus required height = 25 m 
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EXERCISE 6.4 


1. —_-Find the focus, vertex and directix of the parabola sketch its graph. 


Gy yr Soe il): x =—loy Un). x = OF 
(iv) y =—-12x (v) x= 4(y-1) (vi) y* = —8(x—3) 
(vii) (x—-1)? =8(y +2) (viii) y=6x2-1 (ix) x+8—y?+2y=0 


(x) x’? ~-a@x-Sy+4=0 


2. Write an equation of the parabola with given elements. 


(i) Focus (—3, |); directrix x =3 (ii) Focus (2, 5);. ,- directrix y =] 
(111) Focus (—3, 1); directrix x-—2y—3=0 (iv) Focus (1, 2); vertex (3, 2) 
(v) Focus (—1, 0); vertex (—1. 2) | (vi) Directrix x = —2, Focus (2, 2) 


(vi1)Directrix y=3 ; vertex (2, 2) 

(viii) Directrix y = 1, length of latusrectum is 8. Opens downward. 

(ix) Axis y = 0, through (2, 1) and (11, —2) 

(x) Axis parallal to y-axis, the points (0, 3), (3, 4) and (4, 11) lie on the graph. 


3. Find an equation of the parabola having its focus at the origin and directrix 
parallel to the (i) the x-axis (ii) the y — axis. 


aa 


4. Show that an equation of the parabola with focus at (a.cos a, asin a) and directrix 
xcosat+ysina + a=Ois 


‘ 2 P 
(xsina — ycosa) = 4a(xcosa+t ysina) 


1 Show that the ordinate at any point P of the parabola is a mean proportional 
between the length of the latusrectum and the abscissa of P. 


6. A comet has a parabolic orbit with the earth at the focus. When the comet is 
150,000 km from the earth, the line joining the comet and the earth makes an 


angle of 30 with the axis of the parabola. How close will the comet come to’ 
the earth? © 


7. Find an equation of the parabola formed by the cables of a suspension bridge 
whose span is a mand the vertical height of the supporting towers is b m. 
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8. A parabolic arch has a 100 m base and height 25 m. Find the height of the arch 
at the point 30 m from the centre of the base. 


9. Show that tangent at any point P of a parabola makes equal angles with the line 
PF and the line through P parallel to the axis of the parabola, F being focus. 
(These angles are called respectively angle of incidence and angle of 
reflection). 


6.5 ELLIPSE AND ITS ELEMENTS 


We have already stated that a conic section is an ellipse if e < 1. 
Let 0 < e < 1 and F be a fixed point and L be a fixed line not containing F. Let 
P(x, y) be a point in the plane and \PM | be the perpendicular distance of P from L. 
The set of all points P such that 
P| _ 
PM 


is called an ellipse. 


€ 


The number e is eccentricity of the ellipse, F a focus and L a directrix. 


6.5.1 Standard Form of an Ellipse 
Let F(—c,0) be the focus and the line x= — be the directrix of an ellipse 
e 


with eccentricity e,(Q<e<1). Let P(x,y) be any point on the ellipse and 
suppose that |\PM | is the perpendicular distance of P from the directrix. Then 


PM|=x+-> 


The condition |PF| = e|PM| takes the analytic form 


/ 


2 
(x+c)? +y? = elx+5] 
e 
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2 
9 ; Cc 9 be 

or x +2cx+c? + y? =e?x? +2cx+— or x*(l-e*)+y? =—(1-e’) 
e~ : e 


| e 
or x’ (1—e7) + y* =a’ (l—e’), where —=a 
e 


2 2 
x y , 

or — +———___— =] (1 

a’, vat deer 


If we write b* = a*(1—e7), then (1) takes the form 


x 
il aa an (2) 
a b 
which is an equation of the ellipse in the standard form. 
yy "Tae Cc 
Moreover, eccertricity of the ellipse is e = —. 
: a 
We have b* =a*(l-e’) 
= qa’ —a’e* =a’ -c’ 
(i) From the relation b* = a*(1—e*), we note that b<a 
iw Cc ' ; 
(ii) > Since we set — =a, the focus F has coordinates (—ae,0) and equation 
e 
EAE a 
of the directrix is x = ——. 
| e 
< a one 
(iii) If we take the point (ae,0) as focus and the line x =— as directrix, it 
e 


can be seen easily that we again obtain equation (2). Thus the ellipse (2) has two foci 


(—ae,0) and (ae,0) and two directrices x = +25 
e 


(iv) The point (acos@,bsin@) lies on (2) for all real @ x= acos ; 
y =bsin@ are called parametric equations of the ellipse (2). 
> (v) If in (2) ,b =a then it becomes 
x? us y* = a’ 
which is a circle. In this case b? = a*(1—e’) =a’ and so e=0. Thus circle is a 
special case of an ellipse with eccenctricty 0 and foci tending to the centre. 
Definitions: Let F’ and F be two foci of the ellipse 


2 2 


+ | (1) 


a Be 
hme 
hs 
nm 
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(11) 


(iii) 


(1) 
(v) 


(vi) 
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The midpoint C of FF’ is called the centre of the ellipse. In case of (1) 
coordinates of C are (0,0). 

The Intersections of (1) with the line joining the foci-are obtained by 
setting y= 0 into (1). These are the points A '(—a, 0) and A(a, 0). The points 
Aand A’ are called vertices of the ellipse. 

The line segment 4 A’ = 2a is called the major axis of the ellipse. The line 
through the centre of (1) and perpendicular to the major axis has its 
equation as x = 0 . Jt meets (1) at points B’(0, b) and B(0, —b) . The 
line segment BB’ = 2h is called the minor axis of the ellipse and B’, B 
are sometimes called the covertices of the ellipse. Since b° = a (1-e) 
and e < 1, the length of the major axis is greater than the length of the 
minor axis. (See figure) | 

Foci of an ellipse always lie on the major axis. | 

Each of the focal chords LF L' and NF'N’ perpendicular to the major 
axis of an ellipse is called a latusrectum of the ellipse. Thus there are 
two laterarecta of an ellipse. It is an easy exercise to find the 


9 


_ 


length of each latusrectum is ~—. {See problem 5} . 
| a 
If the foci lie on the y-axis with coordinates (0, —ae) and (0, ae), then 
equation of the ellipse is. 
2 FP 
a eed bey 
3. ites i 





The reader is urged to derive this equation. 
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6.5.2 Graph of an Ellipse 
Let an equation of the ellipse be 


2 2 
eto | 
—+-—=]. (1) 

re | 
Since only even powers of both x and y occur in (1), the curve is symmetric 
_ with respect to both the axes. 
From (1), we note that 

2 2 





a <1 and aes 
pa b- 
i.e., x <4 and V Se& 
or —asxSa and —b<y<b (2) 


_ Thus all points of the ellipse lie on or within the rectangle (2). The curve meets 
the x-axis at A(—a, 0) and A’(—a, 0) and it meets the y-axis at B(0,—b), B’(0,d). 
The graph of the ellipse can easily be drawn as shown in the following figure. 





can be sketched as in the case of (1). Its shape is shown in above figure (11). 
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Summary of standard Eilipses 









Directrices c 
' y = +—- 
ia 
Major axis x = 0 
‘Vertices (ta, 0) | (0, £a) 












Covertices (QO, tb) 


Centre | (0, 0) 


Eccentricity 





Note: In each ellipse 


Length of major axis = 2a, Length of minor axis = 2b. 


2 


2b | 
Length of Latusrectum =~ ——, Foci lie on the major axis. 
: a 
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Example 1: Find an equation of the ellipse having centre at (0,0), focus at (0,—3) 
and one vertex at (0,4). Sketch its graph. 
Solution: The second vertex has coordinates (0, -4). 
Length of the semi-major axis is 
a=4 
- Also c=3 
From b?= a’ —c’, we have 


b*=16-9=7 


B(—-V7, 0) 


b= V7 which is length of 
the semi-minor axis. 


Since the foci lie on the y-axis, 
equation of the ellipse is 


2 2 


ig i 
Gs 


The graph is as shown above 





Example 2: - Analyze the equation 
4x* +9y* =36 | (1) 
and sketch its graph 


Solution: The given equation may be written as 





2 2 
9 4 


which is standard form of an ellipse. 
Semi-major axis a=3 
Semi-minor axis b=2 
From b* =a° —c’, we have 
c’? =b* —a’? =9-4=5 
or c=tV5 
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Foci: — F(-V5,0), F’(V5,0): Vertices: A(—3,0), A’(3,0) 
5 
Covertices: B(0,—2), B’(0,2) ; Eccentricity = ae Be 
a 
2 
4 
Directrices: =+— = 18 = $28. ; Length of latusrectum = aS = 
e 3/9 Pi ee | a 3 
The graph is as shown above. 


Example 3: Show that the equation - 
9x° -18x+4y* +8y—23=0 (1) 
represents an ellipse. Find its elements and sketch its graph. 


Solution: We complete the squares in (1) and it becomes 


(9x* -18x+9)+(4y? +8y+4)-—36=0 


or 9(x-1)* +4(y+1)* = 36 
(x-1)* | (y+)? 
or ag a] 
4 9 2) 
If we set x-1 = X, y+1=Y in (2), it becomes 
| “4 r 
——+— =] 


which is an ellipse with major axis along X =0 iee., along the line x-1=0 (i.e., a 
line parallel to the y-axis) 


Semi-major axis = 3, Semi-minor axis = 2 


c= V9-4=,5, Eccentricity = £18. 
Centre of (2)is X =0, Y=0 
or x=l, y=~-1 ie., (1,-1) is centre of (1) 


The foci of (2) are 
X =0, Y=+5 
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i.e., x-1=0,y+1=+5 
ie,  (-1+¥5) and (,-1—./5) are foci of (1). 
Vertices of (2) are ares "i 
XK =O) Y 23 “tes te FSi sts 
or (1,—4) and (1, 2) 
are the vertices of (1). 
Covertices of (2) are 
A = 242, Y=0 
le, x-l=22, y+1=0 
or (-1-1) and (3,-1) 


are the covertices of (1). 





The graph of (1) is as shown 


Example 4: An arch in the form of half an ellipse is 40 m wide and 15 m high at 
the centre. Find the height of the arch at a distance of 10 m from its centre. 
Solution: Let the x-axis be along the base of the arch and the y-axis pass through its 
centre. An equation of the ellipse representing the arch is 
2 2 
== + Lon =} | (1) 
20° 3215 ) 
Let the height of arch at a distance of 10 m from the centre be y. Thenthe points 

(10, y) lies on (1). 


For x =10, we have 


B(0, 15 
2 2 { P(10, y) 
ee oot hae 
152 4 2 
P(10, 
so that y = rae A(20, 0) 


15/3 


Required height = i m. 
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EXERCISE 6.5 


1. Find an equation of the ellipse with given data and sketch its graph: 
(i) Foci (+3,0) and minor axis of length 10 
(11) Foci (0,—1) and (0,—5) and major axis of length 6. 


(iii) Foci (-3V3,0) and vertices (+6,0) 
(iv)  Vertiees (—1,1), (5, 1); foci (4, 1) and (0, 1) 


(v) Foci (tV5 0) and passing through the point >. V3 


(vi) Verticgs (0, 5), eccentricity = s 


(vii) Centr¢ (0,0), focus (0, —3), vertex (0,4) 
(viii) Centre (2, 2), major axis parallel to y-axis and of length 8 units, minor 
axis parallel to x —axis and of length 6 units. 
(ix) Centre (0, 0), symmetric with respect to both the axes and passing 
through the points (2, 3) and (6, 1). 
(x) Centre (0, 0), major axis horizontal, the points (3, 1), (4, 0) lie on the 
graph. 
2. Find the centre, foci, eccentricity, vertices and directrices of the ellipse 
whose equation is given: 
(i) x’? +4y? =16 , (i) 9x? +y? =18 
2 
(iii) 25x? +9y* =225 (iv) Sade (y+2)* | 
? 4 16 
(v) x°+16x+4y*-1l6y+76=0 (vi) 25x7+4y? —250x-16y +541 =0 
3. Let abea positive number and 0<c<a. Let F(-c,0) and F ‘(c,0) be two 
given points. Prove that the locus of points P(x, y) such that 
|PF | + |PF q = 2a, is an ellipse. 


4. Use problem } to find equation of the ellipse as locus of points P(x, y) such that 
the sum of the distances from P to the points (0,0) and (1, 1) is 2. 


- 


5. Prove that the lactusrectum of the ellipse. 


x é 
EE SI a ene 


y° Ip 
2 a 


Q 
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6. The major axis of an ellipse in standard form lies along the x-axis and has length 
4,/2. The distance between the foci equals the iia of the minor axis. Write 
an equation of the ellipse. 


7. An astroid has elliptic orbit with the sun at one focus. Its distance from the sun 
ranges from 17 million miles to 183 million miles. Write an equation of the orbit 
of the astroid. 


8. An arch in the shape of a semi-ellipse is 90m wide at the base and 30m high at 


the centre. At what distance from the centre is the arch 20/2 m high? 

9. The moon orbits the earth in an elliptic path with earth at one focus. The major 
and minor axes of the orbit are 768,806 km and 767,746.km respectively. Find the 
greatest and least distances (in Astronomy called the apogee and perigee 
respectively) of the moon from the earth. 


6.6 HYPERBOLA AND ITS ELEMENTS 
We have already stated that a conic section is a hyperbola if e>1. Let e>1 


and F be a fixed point and L be a line not containing F. Also let P(x, y) be a point in 
the plane and |PM | be the perpendicular distance of P from L. 


The set of all points P(x, y) such that 





lad =e> |] (1) 
|PM | . 
is called a hyperbola. 


F and L are respectively focus and directrix of the hyperbola e is the 
eccentricity. 


6.6.1 Standard Equation of Hyperbola 
Let F(c, 0) be the focus with c > Qand x= af be the directrix of the hyperbola. 
e 
Also let P(x, y) be a point on the hyperbola, then by definition 
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2 2 
; Cc Cc 
i.e.,(x—c)’ + ye = el eel or x? —2cx+c’ + y? =e? x? ee me 
é e 


or @--y =e(1-5)|-Se@—D | (2) 


Cc 
Let us set a =—, so that (2) becomes 
e 


22.3 2 2,2 x y? 
x“(e° -l)- y~ -—a“(e* -1l) =0 a et en Ek ae 
r | , a’ -a*(e* —1 
2 2 
| aE | 
or —-—=1 . 3 
ra 3 (3) 
where b* = a*(e* —1)=c’* —a’ ‘“c=ae 


(3) is standard equation of the hyperbola. 


It is clear that the curve is symmetric with respect to both the axes. 
If we take the point (—c, 0) 





as focus and the line x = —— 
e 

as directrix, then it is easy to see 
that the set of all points 
P(x, y) such that 

|PF| = e|PM| 
is hyperbola with (3) as its 

equation. 


Thus a hyperbola has two foci and two directrices. 


If the foci lie on the y-axis , then roles of x and y are interchanged in (3) and the 
equation of the hyperbola becomes 


erway 

Ye oe 
Definition: The hyperbola 

x? y? 


ee eo 
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meets the x-axis at points with y=0and x=+a. The points A(—a,0) and A’(a,0) 
are called vertices of the hyperbola. The line segament AA’=2a is called the 


transverse (or focal) axis of the hyperbola (3). The equation (3) does not meet the 
y-axis in real points. However the line segment joining the points B(0,-b) and 


B’(0,b) is called the conjugate axis of the hyperbola. The midpoint (0, 0) of AA’ is 
called the centre of the hyperbola. 


In case of hyperbola (3), we have 
b* =a*(e* —1)=c’ —a’. The eccentricity ae , 
a 


so that, unlike the ellipse, we may have b>a or b<a or -b=a 
2 


2 
(ii) The point (asec@,btan@) lies on the hyperbola = ~ a =1 for all real values of 
a 


6. The equations x=asecO, y=btana are called parametric equations of the 
hyperbola. 3 


b 
(iii) Since ies to NX" —a’ , when x is very large, so that x7 —a” — x”, we have 


b : : 
FREE >) Le, x = Zs (2) 
a re See 


The lines (2) do not meet the curve but distance of any point on the curve from 
any of the two lines approaches zero. Such lines are called asymptotes of a curve. 
Joint equation of the asymptotes of (3) is obtained by writing 0 instead of 1 on the 
right hand side of the standard form (3). Asymptotes are very helpful in graphing a 
hyperbola. 


The ellipse and hyperbola are called central conics because each has a centre of 
symmetry. 
6.6.2 Graph of the Hyperbola. 


= 


2 Zz 
‘sige 
ET () 


The curve is symmetric with respect to both the axes. We rewrite (1) as 


2 2 2 
Tae a ee a 
pee ae 


or et og (2) 
a . 
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If |x|<a, then y is imaginary so that no portion of the curve lies between 


b b 
~a<x<a. For x2a,y=—vVx' -a’ <—x 
a a 


, ; b 
so that points on the curve lie below the corresponding points on the line y = —x 
; a 
in first quadrant. 


LE seer 
pe et, 2—x, if x>a 
a a 


— * ' : =D , 
and in this case the points on the curve lie above the line y =—— x in fourth 
quadrant ‘3 


eh b fF ) 
If x <—a, then by similar arguments, y =—\x* —a’ lies below the corresponding 
a 


point on y=——vx. in second 
a 


quadrant. If veo x’-a’, 
a 
then points on the curve lie 


above the correspondent point 
Dien, 
on y=—x in third quadrant. - 


a 
Thus there are two branches of 
the curve. Moreover, from (2) we 
see that as |x| > © | y| — 
so that the two branches extend 
to infinity 





Summary of Standard Hyperbolas 


Directrices 


Transverse 
axis 














Example 1: Find an equation of the hyperbola whose foci are (+4,0) and vertices 
(+2,0). Sketch its graph. 


Solution: The centre of the hyperbola | _ 
is the origin and the transverse axis 1s 
along the x-axis. Here c=4 and a=2 
so that. b? =c* a’ =16=4 |=" 12. 
Therefore, the equation is 

2 2 


a 


4 12 


The graph of the curve is as shown 





Example 2: Discuss and sketch the graph of the equation 


25x’ —16y’ = 400 (1) 
Solution: The given equation is 

x? y? x? y? 

pa oO cee a eee 

16 25 ’ Ca, & 


which is an equation of the hyperbola with transverse axis along the x-axis. 
Here a=4, b=5 


From b* =c* —a’*, we have 
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c? =34 or c=+V34 
Foci of the hyperbola are: (+./34 0 ) 
Vertices: (+4,0) 


Ends of the conjugate axes are the points (0,+5) 


3a 


ae Cc 
Eccentricity: e=—=—— 
a 4 





> 


The curve is below the lines y=+— x= ee which are its asymptotes. The 


Q 


sketch of the curve is as shown. 
Example 3. Find the eccentricity, the coordinates of the vertices and foci of the 
asymptotes of the hyperbola 


2 2 
5 ee 
ee eS ] 
16 49 ” 
Also sketch its graph. 
Solution. The transverse axis of (1) lies along the y-axis. Coordinates of the vertices 
are (0,44). 
Here a=4, b=7 so that from c’ =a? +b* we get 
c’ =16+49 or c= 65 


Foci are: (0,+./65 ) 
Ends of the conjugate axis are (+ 7, 0) 


Eccentricity = — = = 
a 





x=t7, y=i4 
The graph of the curve is as shown. 
Example 4. Discuss and sketch the graph of the equation 
4x* —8x—y? -2y-1=0 (1) 
Solution: Completing the squares in x and y in the given equation, we have 
4(x° -2x+1)-(y? +2y4+l=4 
or 4(x-1)* -(y+1)? =4 
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(Z—-1)* (y+) 
py higast 2 
We write x-1=X, y+1=Y in (2), to have 


or 








=1 (2) 


* SpE pe 

Po? 
so that it is a hyperbola with centre at X =0, Y=0 i.e., the centre of (1) is 
(1, —1). The transverse axis of (3) is Y =0 ie., y+1=0 is the transverse axis of 
(1). Vertices of (3) are: X =+1, y=0 


16, x-l=+t1, y+1=0 or (0, -1) and (2, -1) 


=] ) (3) 


Here a=1 and b=2 sothat, we have c=Vc* +b? =/5 


Eccentricity e = < = V5 
a 


O 7 
Foci of (3) are: X =+/5, Y=0 ye eg | 
| - -AC0;=1) A'(2,-1) 


1.€., x=1+/5 and y=-l 


ie, G+¥-/5,—Land es Sw 


are foci of (1). 





Equations of the directrices of (3) are: X = + = v5 = Ets 
e , J5 
| l 
or —-j= folks or x=1+— and x=l1-——= 
V5 V5 V5 
The sketch of the curve is as shown. 
EXERCISE 6.6 


1. Find an equation of the hyperbola with the given data. Sketch the graph of each. 
(i) Centre (0,0), focus (6, 0), vertex (4, 0) 
(ii) Foci (+5,0), vertex (3, 0) 
(iii) Foci (2+5./2,-7), length of the transverse axis 10. 
(iv) Foci (0,+6),e=2 | 
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(v) Foci (0,+9), directrices y = +4. 

(vi) Centre (2, 2), horizontal transverse axis of length 6 and eccentricity e = 2. 
(vil) Vertices (2, +3), (0, 5) lies on the curve. 

(vill) Foci (5, —2), (5, 4) and one vertex (5, 3). 


2. Find the centre, foci, eccentricity, vertices and equations of diretrices of each of the 


following: 
2 & 

(i *—y? =9 i Bivil aeaiy 
det cen (11) re 
(iii) 2 special (iv) an 

16 9 

‘Cee Pe’: ; 2 2 2 
yy eee (vi) (yt2)" _(-2) _, 


ae ‘9 16 
(vii) 9x* -12x-—y?-—2y+2=0 (iii) 4y? +12y—x?4+4x4+1=0 
(ix) x*—y*?+8x=—2y-10=0 § (x) Qx* — y’ -36x-6y+18=0 


3. Let O<a<c and F(—c,0), F(c,0) be two fixed points. Show that the set of 
points P(x, y) such that 





: ’ 
|PF|—|PF’| = +2a, is the hyperbola m bent i," 


(F,F’ are foci of the hyperbola) 
4. Using Problem 3, find an equation of the hyperbola with foci (-5, —5) and (5, 5), 


vertices (-3W2,-3/2 ) and 3/2 3/2). 


5. For any point on the hyperbola the difference of its distances from the points 
(2, 2) and (10, 2) is 6. Find an equation of the hyperbola. 


6. Two listening posts hear the sound of an enemy gun. The difference in time is 
one second. If the listening posts are 1400 feet apart, write an equation of the 
hyperbola passing it the position of the enemy gum. (Sound travels at 


1080 ft/sec). 
6.7 TANGENTS AND NORMALS 


We have already seen in the geometrical interpretation of the derivative of a 


d 
curve y=/f(x)or f(x, y)=0 that = represents the slope of the tangent line to the 
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curve at the point (x,y). In order to find an equation of the tangent to a given conic 
at some point on the conic, we shall first find the slope of the tangent at the given 


point by calculating ° from the equation of the conic at that point and then using 


the point — slope form of a line it will be quite simple to write an equation of the 
tangent. Since the normal to a curve at a point on the curve is perpendicular to the 
tangent through the point of tangency, its equation can be easily written. 


Example 1: Find equations of the tangent and normal to 


G@) = yy =4ax (1) 
xy? 

i +2y=) 2 

(11) eBay (2) 
x? y? 

Sees 3 

i) Ee ae 


at the point (x,, y, ). 
Solution: (i). Differentiating (1) w.r.t. x, we get 
a2 Ma 


2y—=4a or = 
dx : ac ¥ 


4 Oa Slope of the tangent at (x,, y,) 
dx (x,,y,) y: 


Equation of the tangent to (1) at (x,, y,) is 


2a 
y-y,= — (x= x) or yy,—y, =2ax—2ax, or yy, —2ax = yy —2ax, 
1 


Adding —2ax, to both sides of the above equation, we obtain 
yy, —2a(x+x,) = y; —4ax, 

since (x,,y,) lieson y* =4axand so y; —4ax,=0 | 

Thus equation of the required tangent is 
yy, = 2a(x+x,). 


yi 


Slope of the normal = mr (negative reciprocal of slope of the tangent) 
a ; 


Equation of the normal is 








iy +e 
Differentiating the above equation, w.r.t. x, we have 


at 
Fg AED teenie a 


A’ ibe ae dx a’ y 
2 
a 4 Wi. 
dx (xy y) a yi 


Equation of the tangent to (2), at (x,, y,) is 





— x 
I = ae 
ayy 
2 2 2 2 
or 2 ee se ge or ep ea SE 
b b a a a b a b? 
Since (x,, y,) lie on (2) so, ee +t at 
a 


Hence an equation of the tangent to (2) at (x,, y,) is — — ++ ¥ 7 ——H | 
a’ 


2 
Slope of the normal at (x,, y,) is - , 





xy 


Equation of the normal at (x,, y,) is 


2 
a y, 
2 
b°x, 





He Nl (x—-x,) 
or b’x,y—b’x,y,=a°y,x-a’xy, or a? y,x-b?x,y= x,y, (a? —b’) 
Dividing both sides of the above equation by x, y,, we get 

a’x b’y 


lee ealad —b* , as an equation of the normal. 
l l 
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(iii) | Proceeding as in (ii), it is easy to see that equations of the tangent and 
normal to (3) at (x,, y,) are 


2 2 
xx ax D 
Sh Eke and 2 *~ 4+? » = q? +b?, respectively. 
a” x 


yi 





Remarks 


An equation of the tangent at the point (x,, y,) of any conic can be written 
by making replacements in the equation of the conic as under: 


Replace x a ee 


y’ by yy, 


x by 5 (xt) 


l 
by et Vi) 


_ Example 2:Write equations of the tangent and normal to the parabola x* =16y at the 
point whose abscissa is 8. 


Solution: Since x =8 lies on the parabola, substituting this value of x into the given 
equation, we find 


64=1l6y or y=4 
Thus we have to find equations of tangents and normal at (8, 4). 


Slope of the tangent to the parabola at (8, 4) is 1. An equation of the tangent the 
parabola at (8, 4) is 


y-4=x-8 
or x-y-4=0 


Slope of the normal at (8, 4) is —1. Therefore, equation of the normal at the given 
point is 7 


y-4=-(x-8) 
or x+y-12=0 
| | x y? 
Example 3: Write equations of the tangent and normal to the conic ry + 7. =1 at 


the point fe. 1} 
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Solution: The given equation is 
9x* +8y> —72=0 (1) 
Differentiating (1) w.r.t. x, we have 


dy _-—9x 4 
( 


a 
3 


18x+16y— =0 or —=— or — 
dx 5 SM dx 


This is slope of the tangent to (1) at " i} 
Equation of the tangent at this point is 


y-l= ~3.[2-5]=-ae+8 or 3x+ y —-9=0 


The normal at ( " } has the slope + 


Equation of the normal is 


| 8 8 
—l=—|x--]|or 3y-3= x-—— or 3x -—9y +1=0 
y ¥ 2 y 3 y 


Theorem: To show that a straight line cuts a conic, in general, in two points and to 
find the condition that the line be a tangent to the conic. 


Let a line y=mx-+c cut the conics 


(i) y? =4ax (ii) ome (ili) eae 
We shall discuss each case separately. 
(i) The points of intersection of 
y=mx+c (1) 
and y> =4ax (2) 


are obtained by solving (1) and (2) simultaneously for x and y. Inserting the value — 
of y from (1) into (2), we get 


(mx+c)° =4ax 


or m? x? +(2mc —4a)x+c* =0 (3) 
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which being a quadratic in x gives two values of x. These values are the x coordinates 
of the common points of (1) and (2). Setting these values in (1), we obtain the 
corresponding ordinates of the points of. intersection. Thus the line (1) cuts the 
parabola (2) in two points. , | 


In order that (1) is a tangent to (2), the points of intersection of a line and the . 
parabola must be coincident. In this case, the roots of (3) should be real and equal. 
This means that the discriminant of (3) is zero. Thus 


4(mc 2a)? ~4m*c* =0 1e., — 4mca + 4a*.=0 
or c= holy is the required condition for (1) to be a tangent to (2). Hence 
m 
| y=mx+ b's is a tangent to y~ = 4ax for all non-zero values of m. 
m oe 


(ii) To determine the points of intersection of 


y=mxtc | (1) 
2 2 a 
x ,y 
and —+-=1 : ‘it 3 (2) 
a’ hb? i 
we solve (1) and 2 simultaneously. Putting the value of y from (1) into (2), 
we have 
2 2 
og =] 
a b* | 
or — (a?’m? +b?) x? +2mca?x-+ a’*c? —a*b’? =0 4) 


which is a quardratic in x and it gives the abscissas of the two points where (1) 
and (2) intersect. The corresponding values of y are obtained by setting the values 
of x obtained from (3) into (1). Thus (1) and (2) intersect in two points. Now (1) ~ 
is a tangent to (2) if the point of intersection is a single point. 


This requires (3) to have equal roots. Hence (1) is a tangent to (2) if 
(2mca*)’ —4(a’m? +b’ )(a*c? —a*b*) =0 


1.e., m*c*a? —(a*m? +b? \(c* —b?) =0 

a. 
or m’c’a* —a’m’*c’ +a’m’b* —b’*c* +b* =0 
or ce? =a’m +b? 


or c=+Va’m’ +b’ 
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Putting the value of c into (1), we have 
Hence | y =mx+Va*m* +b? 


which are tangents to (2) for all non-zero values of m. 


(iii) We replace b*- by —b? in (ii) and the line y=mx+c is a tangent to 
2 ,2 ; . 
a ae if c=tVva’m’ -D’ . 


a b? 


: re heaite: 
Thus y=mxt~Va’m’* —b’ are tangents to the hyperbola: rare - a =1 


Q 


for all non-zero values of m. 


Example 4: Find an equation of the tangent to the parabola y* =—6x which is 
parallel to the line 2x + y.+1=0. Also find the point of tangency. 


Solution: Slope of the required tangent is m = —2 


In the parabola y* =—6x (1) 
Bip We ak 
4 Z 
Equation of the tangent is ) 
a 3 
YS = 2x 
m 4 
1.€., 8x+4y-—3=0. ) (2) 





_Inserting the value of y from (2) viz y = is — : into (1), we have 


2 
tar wes oo ade 
4 / 


- or 64x* -48x+9=-96x or 64x7+48x+9=0 





or (8x +3)? =0 ie, x= = 
Putting this value of x into (2), we get 
—8 ae +3 
8 


1 ri TR 
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The point of tangency “(> ) 


Z 
Example 5. ‘Find equations of the tangents of the ellipse 
9 ice, Re | | i 
eee atk Od (1) 
128 18 | | 


which are parallel to the line 3x +8y +1=0. Also find the points of contact. 


‘ ya Dione: | 
Solution: The slope of the required tangents is coe Equations of the tangents are 


2 
yee eae MRS eae pou 
8 8 gi 


Thus the two tangents are | 
3x+8y+48=0 ‘ey 
and 3x+8y—-48=0 (3) 


We solve (1) and (3) simultaneously to find the point of contact. ep the 
value of y from (3) into (1), we get : 


aye ‘ : 
v2 aaah | ) eee age y 
ca -|1 or CGE: Eee ASA 


128 18 128 18 
Baby lie 2 
or Calpers Seg. oe Pre hae 
128 128 4 64 4 | 
| x : —3 
or Fue =O Le, +=8- and so Bk hae 


Thus (8, 3) is the point of tangency of (3). 
It can be seen in a similar manner that point of contact of (2) is (-8,-3). 


Example 6. Show that the product of the distances from the foci to any tangent to 
the hyperbola | 


Sey sl (1) 


is constant. 
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Solution: The line 
, ee eer Q) 
is a tangent to (1). 
Foci of (1) are F(—c,0) and F’¢c,0). 
Distance of F(—c,0) from (2) is 


- cm+va'm —b’ 


1+m? 
Distance of F’(c,0) from (2) is 


om + Va’m’ —b? 





a,’2 





d, = 
1+?’ 
la’ m? —b? —c*m ne lam? —c? +a —c*m’? » aaenws 
ee asb =c -a 
1+m? +m 
alec! 
=c*—qa’ since c>a 
= p? 
which is constant. 
6.7.1 Intersection of Two Conics : 
Suppose we are given two conics 
2 2 
RE 
das ah a eee 1 
aah 
and y? =4ax | (2) 


To find the points common to both (1) and (2), we need to solve (1) and (2) 
simultaneously. It is known from algebra, that the simultaneous solution set of two 
equations of the second degree consists of four points. Thus two conics will always 
intersect in four points. These points may be all real and distinct, two real and two 
imaginary or all imaginary. Two or more points may also coincide. Two conics are 
said to touch each other if they intersect in two or more coincident points. 
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Example 7: Find the points of intersection of the ellipse. | 
x? y? x? y? 
+ =| ] and the hyperbola ——-— =] 2 
43/3 43/4 vig yy iste iyi i 


Also sketch the graph of the two conics. 








Solution: The two equations may be written as 


3x7 +4y? =43 (1) +¢and = 2x°?-—y? =14 (2) 
Multiplying (2) by 4 and adding the result into (1), we get | 
11x” =99 or x= 43 


Setting x=3 into(2),wehave 18—y* =14 or y=1#2 
Thus (3, 2) and (3,—2 ) are two points, of intersection of the two conics. 


Putting x = —3 into (2), we get 
y=t2 
Therefore, (-3, 2) and (—3, —2) are 
also points of intersection of (1) and (2). 
The four points of intersection are as 
shown in the figure. 





Example 8: Find the points of intersection of the conics 
y=1+ x (1) 
and y=1+4x-x? | | (2) 
Also draw the graph of the conics. 
Solution: From (1), we have 


x=t/y-1 
Inserting these values of x into (2), we get 

y=1+4,/y-1-(y-1) 

or 2y-2=+4,/y-1 9 or (y-1)? =4(y-1) 

or (y-)(y-1-4 =0 . 

Therefore, y =1,5 

When y=1,x=0 

When y=5,x=+2 
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But (—2, 5) does not satisfy (2). Thus 
(0,1) and (2,5) are the points of 
intersections of (1) and (2). y=1+2° 
is a parabola with vertex at (0, 1) 
and opening upward. y =1+4x- x’ » 


may be written as y-—5= —(x— oF 





which is a parabola with vertex (2,5) 
and opening downward. 


Example 9: Find equations of the common tangents to the two conics 


2 2 2 2 
~ ++ =1. and hee 
16 25 Ps i 


Solution: The tangents with slope m, to the two conics are respectively given by 


y=mxt7l6m’> +25. and y=mx+ 25m +9 


For a tangent to be common, we must have 


16m? +25 = 25m +9 


or 9m =16 or m=+ 


w| 


Using these values of m, equations of the four common tangents are: 


y= toe +/481. 
EXERCISE 6.7 


1. Find equations of the tangent and normal to each of the following at the indicated 


point: 
(i) y? = 4ax at (at’, 2at) 
2 2 
(ii) | thy bhp} at (acos@,bsin 6) 
a 2 
(iii) i ar Soa at  (asecO, btan 6) 


2. Write equation of the tangent to the given conic at the indicated point 


(i) 3x’ =-16y at the points whose ordinate is —3. 
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(ii)  3x*-7y? =20 at the pilin where y=~l. 
(iii) 3x?-—7y*42x—y—4g =0 at the point where x =4. 
3. Find equations of the tangents to each of the following through the given point: 
Qi. wae through (7, -1) 
(i) y?=12x. through — (1, 4) 
(iii) x°-2y°=2 through | (1, -2) 
4. Find equations of the normals to the parabola y*.=8x which are parallel to the - 
line 2x+3y =10, 
5. Find equations of the tangents to the ellipse i + y’ =| which are parallel to the 
line 2x-4y+5=0. 
6. Find equations of the tangents to the conic 9x? — 4y’ = 36 parallel to 
5x—-2y+7=0. 
7. Find equations of the common tangents to the given conics 
(iy x? S80y and x? + y? =81. 


(it). yy" 16x and x 22y 


8. Find the points of intersection of the given conics 


2 2 2 
fe in pa eel and +2 =] 
SRESAG Ssnh$ 
(ji) x? +y?=8 and x’ -y?=1 


(iii) 3x*-4y?=12 and 3y?—2x7=7 
(iv) 3x? +5y? =60 and 9x +y* =124 


(v) 4x*+y? =16 and = x* + y>+y+8=0 
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68 TRANSLATION AND ROTATION OF AXES 
Translation of Axes 


In order to facilitate the investigation of properties of a curve with a given 
equation, it is sometimes necessary to shift the origin O(O, 0) to some other point 
O'(h, k). The axes O’X, O’Y drawn through O’remain parallel to the original axes 
Ox and Oy. The process 1s called translation of axes. 


We —_ have already © 
obtained in Chapter 4 formulas 
showing relationships between 
the two sets of coordinates of a 
point referred to the two sets of 
coordinates axes. . 

Recall that if a point P O' (h, k) 
has coordinates (x, y) referred | 
to the xy-system and_ has 
coordinates (X, Y) referred to 
the translated axes O’X, O’Y 


through O’(h, k), then 
x= X+h 
y=Y+k 


P (x, y) or 
PX, Y) 





(1) 


These are called equations of transformation. 
From (1), we have 


X=x-h | 3 | 
Y=y-k 2) 
(1) and (2) will be used to transform an equation in one system into the other 


system. . 


The axes Ox and Oy are referred to as the original (or old) axes ira O’X, O'Y 
are called the translated axes (or new axes). 


Example 1: Transform the equation x* +6x-—8y+17=0 (1) 
referred to O'(—3, 1)as origin, axes remaining parallel to the old axes. 
Solution: Equations of transformation are 
ve x=X-3 
y=Y+1 
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Substituting these values of x, y into (1), we have 


(X —3)? +6(X —3)-8(¥ +1) +17 =0 
or X -—6X +9+6X —18-—8Y —8+17 =0 


or X* —8Y =0 is the required transformed i tania 


Example 2: By transforming the equation : 
x? +4y’ —4x+8y+4=0 (1) 


referred to a new origin and axes remaining parallel to the original axes, the first 
degree terms are removed. Find the coordinates of the new origin and the transformed 
equation. 


Solution: Let the coordinates of the new origin be (h, k). Equations of 
transformation are 


x=X+h:, y=Y+k 
Substituting these values of x, y into (1), we get 
(X —h)? +4(¥ +k)*-4(X +h) +8(¥ +k) +4=0 
or X?244Y? +X(2h—4)+¥(8k +8) +h? +4k2 —4h+8k+4=0 (2) 


(h, k) is to be so chosen that first degree terms are removed from the 
transformed equation. 
Therefore, 2h—-4=0 and 8k+8=0 giving h=2 and k =-—1. New origin is 
O’(2,-1). Putting h =2, k =-1 into (2), the transformed equation is — 


Xk? 4+4Y*-4=0. 
Rotation of Axes 


To find equations for a rotation of axes about the origin through an angle 
- A(0°< 8< 90°), (origin remaining unaltered). 


Let the axes be rotated about the origin through an angle @. The new axes 
OX, OY are as shown in the figure. 


Let P be any point in the plane Ad 
with coordinates P (x, y) referred to the an 
xy-system and P(X, Y) referred to the 
XY-system. In either system the distance 
r between P and O is the same. Draw 
PM 1 Ox and PQ 1OX. Let ao be the 
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inclination of OP with OX. From the figure, we have 
X =OO=rcosa, Y=OP=rsina , (1) 
and x=rcos(0+a), y-=rsin(@+a) 
or x=rcos@cosa—rsin @ sin . (2) 
y=rsin@cosa—rcos@ sina 


Substituting the values of r cos a, r sin a@ from (1) into (2), we get 
x= X cos@—Y sin®@ | 
y=X sinO+Ycos@ 
as the required equations of transformation for a rotation of axes through an angle 0. 


Example 3: Find an equation of 5x* —6xy+5y” —8=0 with respect to new axes 


obtained by rotation of axes about the origin through an angle of 135°. 


Solution: Here 6 =135°. Equations of transformation are 


° ‘ ao) * —X % —] 

x= Xcosi35 —Ysinl35° =——-—== —=(X + Y) 
Soe F50 

Pa NipnIOS Pal sh ies detvie 2) (yc yj 


Substituting these expressions for x, y info the given equation, we have 
2 2 
X+Y X+Y X-Y xX -Y 
> — 6) -—— -——_ |+ 5] ——_ | -8=0 
( v2 | v2 V2 | v2 


or 5 (X? 42K +¥*)+3(X? -¥?) +5 (X? —2x¥ +¥7)-8=0 





of | 8X742¥?-8=0 + oro" 4RAYprEd 
is the required transformed equation. 


Example 4: Find the angle through which the axes be rotated about the origin so 
that the product term XY is removed from the transformed equation of 


5x7 + 2/3xy +7Ty*-16= Q. Also find the transformed equation. 


Solution: Let the axes be rotated through an angle 9. Equations of transformation are 
, x=Xcos@-YsinO; y=XsinO@+Ycos@ 


Substituting into the given equation, we get 
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5(Xcos @-Ysin6)? + 2/3(X cos @—Y sin@) (X sin@ + Y cos @) 
+7(X sinO +Y cos 6)” -16=0 (1) 


Since this equation is to be free from the product term XY, the coefficient of 
XY is zero, 1.e.,—10 sin 9cos@ + 2/3 (cos? @— sin? 0)+14sin@ cos0 =0 


or 2 sin 20 +2./3 cos 20 =0 


2/3 


or tan20=——= = tan120° ot 6=60°. 
Thus axes bs rotated through an angle of 60° so that XY term is removed from 
the transformed equation. : 
Setting 9 = 60° in (1), the transformed equation is (after simplification) 
8X°+4¥°-16=0 or 2X°+¥°-4=0 
EXERCISE 6.8 


1. ‘Find an equation of each of the following with respect to new parallel axes 
obtained by shifting the is to the indicated point: 


(i) x7 +16y-16 =0, O'(0,1) 
(i) 4x? +y?+16x-10y+37 =0, O%(-2,5) 
(iii) 9x° +4y* +18x—l6y—11 =0, O’(-1, 2) 
iv) x’ —y? +4x+8y-I11 =0, O'(-2, 4) 
(v) 9x?-—4y?+36x+8y-4 =0, 0'(-2, 1) 


2. Find coordinates of the new origin (axes remaining parallel) so that first degree 
terms are removed from the transformed equation of each of the following. 
Also find the transformed equation: 


(i) 3x? —2y? +24x+12y+24=0 (ii) 25x? +9y*-+50x-36y—164=0 
(iii) x? -—y*?-6x+2y+7=0 


3. In each of the following, find an equation referred to the new axes obtained by 
rotation of axes about the origin through the given angle: 


(i) wet, 6 = 45° 
(ii) 7x?-8xy+y?-9=0, 6=arctan2 
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(111) 


(iv) 


(i) 
(i1) 
6.9 


Ox? 412xy +4 y? —x-y=0, serine 


Calculus and Analytic Geometry 


2 


x’ — Ixy +y? —~2/2x-2V2y+2=0, 6=45 


Find measure of the angle through which the axes be rotated so that the 
product term XY is removed from the transformed equation. Also find the 
transformed equation: 


2x? +6xy+10y*-11 =0 (ii) xy+4x-3y-10=0 
5x ~6xy+5y? —% =O 
THE GENERAL EQUATION OF SECOND DEGREE 


Standard equations of conic sections, namely circle parabola, ellipse and 


hyperbola have already been studied in the previous sections. Now we shall take up 
the ‘iain equation of second degree viz. 


Ax’ + By? +Gx+Fy+C = 0 (1) 


The nature of the curve represented by (1) can be determined by examining 
the coefficients A, B in the above equation. The following cases arise: 


If A=B # 0, equation (1) may be written as 


A(x? +y*)+Gx+Fy+C= 0 or stays Seb y+ = 0 


, ae 2a ‘ Gi See. € 
which represents a circle with centre at(- A? *) and radius Me ee AS 
(ii) If A #B and both are of the same sign, then we have 

(Ax + Gx) + (By + Fy)+C = 0 
| Gaw“g Pry) ge Gr to 
25 : 
or A(x +Gr+ Sa) sa(y +a) dai egg Cy 


A Gy B FY 3% eu eg | 


Tite G F 
If we write X = x+ VOR ad be ee at 


Go F ¥. 
AX’ +BY = > —C = K (say) & east | aa i 


which is standard equation of an ellipse in XY-coordinate wae 
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Gi) 


Or 


Or 


Or 


OT 


(iv) 


If A # B and both have opposite signs (say A is positive and B is negative), 
we can write (1) as 


Ax? —B‘y*+Gx+Fy+C= 0, where B = —B’ and B’is positive. 


ek Disa es mug ALY Sea ik lg PON 8 | 
A(x + Ax + rae > - 57+ ag) aA — ap? — © = M (say) 
GY FY 

A(x + za) - 8'(y~ 35°) = 


: G 
AX”? —B’Y*= M,where X = x+ are 








manage. 
ee a 
ag erg el 
(VM/A) — (\(M/B’) 
and this is standard equation of a hyperbola in XY-coordinates system. 


If A=0 or B=O0 (both cannot be zero since in that case the equation (1) 
reduces to a linear equation). Assume A # 0 and B= 0. 


The equation (1) becomes Ax*+Gx+Fy+C ='0 


Gest G? 
Dg Oe ES yh a at AY il 
or A(x + Ax t | = —Fy-C+t AA 


eae PLN 6 &: 
Ge GwnG* 


G 
or AX* =-—FY, whereX = x+5,,Y¥=yt+yp- 


F 4AF- 
which is standard equation of a parabola in XY-coordinates system. 
We summarize these results as under: ) 
Let an equation of second degree be of the form Ax’ + By +Gx+Fy+C=0. 


It represents: 


6.9.1 


(i) acircleif A= B+#0 
(ii) an ellipse if A # B and both are of the same sign 
(iii) a hyperbola if A # B and both are of opposite signs 
(iv) a parabola if either A=0O or B=0. . 
Classification of Conics by the Discriminant 
The most general equation of the second degree 
ax’ + 2hxy + by +2gx+2fytc = 0 TAS (1) 
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ee 
represents a conic. The quantity hA * _ ab is called the discriminant of (1). Nature of 
the conic can be determined by the discriminant as follows. (1) represents: . 

(i) anellipse oracircleif | h*—ab <0 

(ii) a parabola if 1 OEY = ab = 0 

(iii) a hyperbola if — fW-ab > 0 

The equation (1) can be transformed to the form 

AX? +BY>+2GX+2Fy+C = 0 | (2) 


if the axes are rotated about the origin through an angle 0, (0 < @ < 90°) where @ is 
given by 


2h 
a-—b } 
If a=b or a = O = b, then the axes are to be rotated through an angle of 45°. 
Equations of transformation (as already found) are 


X cos O@—Y sin®@ | 





jan 20 = 


x 
| | (3) 
y = Xsin@+Ycos@ 


Substitution of these values of x, y into (1) will result in an equation of the 
form (2) in which product term XY will be missing. Nature of the conic (2) has 
already been discussed in the last article. | 


Solving equations (3) for X, Y we find 


 X =xcos@+ysin@ . 
Y = —xsin@+ycos @ 


(4) 


These equations will be useful in numerical problems. 







Note: Under certain conditions equation (1) may not aera any conic. In such a 
case we say (1) represents a degenerate conic. 


One such degenerate conic is a pair of straight lines represented by (1) if 







a h g 
Fe Bh fac) sn 
ea Oe eae 


The proofs of the above observations are beyond our scone and are omitted. 


Example 1: Discuss the conic 7x ~ 6/3 xy + nd ay —16=0 ttl) 
and find its elements. | 
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Solution: In order to remove the term involving xy, the angle through which axes 
be rotated is given by | | | | 


tan 26 ae gaa ane i 


Equations of transformation are 


| 3X-Y 
x = X cos 30° = Y sin 30° = soil 
| (2) 
X+vy3Y | 
y = Xsin 30° + Ycos 30° = ee 
Substituting these cae) into the equation (1), we get 
2 
3X X+V3Y X+v\3Y 
7 (EE) — os MSH) get) Ee) = 
which simplifies to 
p PE og 
4X* + 16Y* = 16 or orice tere 


fs, (3) 


_ This is an ellipse. 
Solving equations (2) for X and Y,(or as already found in (4) of 7.7.1) we have 


Pa \3x+y y ~x+3y 


2 i "i 2 
Centre of the ellipse is X=0, Y=0 | et 
1.€., \3xty = Q and ~x+3 y = 
giving x=0, y=0. Thus centre of (1) is (0, 0) 
Length of the major axis = 4, length of minor axis = 2 


Vertices of (3) are: X = +2, Yi= Q 
=xty3y _ 
5 = 


alae) Bs, 


Solving these erie for x, y, we bite 


(3, 1 a Sc 4/3 , — 1) , as vertices of (1). 


az 


1,€:, and 


Leb 


Ends of the minor axis are X =O and Y=+1.ie., 


x43) 


and 7 = +1. Solving these equations, we get oa : 


— 
oa 
Se 
| 
Nl 
= U2 
a eo 


as ends of the minor axis. | 
Equation of the major axis: Y = 0, 1e., —x+ 4/3 yr= 0 


Equation of the minor axis: X = 0, ie. V3 x+y = 0 
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Example 2: Analyze the conic xy =4 and write its elements. 
Solution: Equation of the conic is | | 
xy-4 = 0 | (1) 


Here a = 0 = Bb, so we rotate the axes through an angle of 45°. Equations of 
transformation are 


X-Y 
x = X cos 4° -Ysn45s° = ina 


(2) 

X 

y = Xsin45°-Ycos 45° = ir! 
\/2 


Substituting into (1), we have 


E+ = 


or x?-y*= 8 











oe ee 
2 By tad BO 3 
or 3 g =! | (3) 
which is a hyperbola. | 
Solving equations (2) for X, Y, we have 
x+y —x+y 
X = : Y = 
V2 V2 
Centre of the hyperbola (3) is 
Ae Ob tio t 
x+ —x + 
Le. a =. O, and a 51h} or xe 0; y=0 


or x=0, y=0 is the centre of (1) 
Equation of the focalaxiss Y=0 ie, y=x 
Equation of the conjugate axis: X =O ie, y = —x. 
Eccentricity = 4/2 





Foci of (3): X= + 22.2, Y=0 
or i Sy iil = 0 
oe escetaaiaaate & ee 
or x+y = +4,/2 


and —x+y = 0 
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Solving the above equations for x, y, we have the foci of (1) as (2/2 ‘ 2/2) : 
and (-2J2,, — 2/2) 


Vertices of (3) X = + 2/2, Y= 0 
ie. at +2/2 and —x+y=0 


[2 
Solving these equations, we have 
(2,2), (—2, —2) as vertices of (1). 
Asymptotes of the hyperbola (3) are given by 














K°+¥° 2.0 
or X-Y: = QV and X+Y=0 
xty —-xty x+y —-x+y 
25 = =Q and = fr 
Raia AB 2 


i.ec., x=Q0 and y=0O are equations of the asymptotes of (1). 
Example 3: —_ By a rotation of axes, eliminate the xy-term in the equation 
Ox + 12xy +4y?+2x-3y =0 | (1) 
Identify the conic and find its elements. | 
Solution: Here a=9, b = 4, 2h = 12 the angle @ through which axes be — 


rotated to given by ~ tan260 = “ar ms ve 
2 tan 0 12 
f l-tan-@ ~ < 
Of 2 Diane aie 6-6 tan’ 6 


or 6 tan’ @+5tanO-6 = 0 





oi —5++/254+ 144 Recet e AUF e ae. 
Poe 12 ~ bang? 0% Feng 
Since @ lies in the first quadrant, tan 0 = -3 is not admissible. 


2 
tanO= % mp gi Qt =. cos G's 


Es 
Uo 
elle 
Ww 


Equations of transformation become 
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| 3 2 
x = Xcos0-Ysin@ atian’. Alig Y 
2 3 
y = XsinO0+Ycos@ = 3 = * iat 


Substituting these expressions for x and y into (1), we get 


(2) 





Z a te bet 2 

(Ja)? OX 29 +73 (3X -2Y) (2X+3Y)+ 7z (2X +3Y) 
+ Ae GX-21)- 2 Ox4+3K = 0 
13 13 : 
12 
or = (9X*— 12XY + 4Y*) + 73 (6X* + SXY- 6Y”) 

4 

+ 73 (4X? + 12x¥ + 9¥’)-13 Y = 0 


81 72 16) 42 (_108 | 0 | 48 
e Krag i" + i3)+ (-4y ae 13 * + y)Xv 


I ap aa 
(3 - Bt +33)? - VB ¥=0 
Or 13X?-./13 Y = 0 or x? = 7 Y 
which is a parabola. 
Solving equation (2) for X, Y, we have X = zt 2 ey 
> 9 4/13 ; a vo aner 13 


Elements of the parabola are: 


l 
_ Focus: X = 0, A AD 
3x + 2y = 2x +3y 


1 

&., = 0 d = 

re eas ce V13 4/13 

Solving these equations, we have rele, yes. i.e., Focus = (-36. 9 
Vertex:X = 0,...¥Y = 0 le, 3x+2y = 0 and —-2x+3y = 0 

i.e, . X= 0, y=(@ i.e., (0, 0) 

Axis: X = 0 Le, 3x+2y = 0 
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Feo SS 
x-intercept = —9, y-intercept = 7. 


Example 4: Show that 2x” — xy + 5x—2y + 2 =0 represents a pair of lines. Also 
find an equation of each line. 


Solution: Here a=2, b=0,h=-35,g=%,f2-le=2, 
ee. 
2 _— — 
iad ake a? 
apt F os sak ara ie a 
Si Ge +e 5 
5 ag ee | 
1 5 5 
=3(-1+5)+1(2 +9) 
3+13 
ae ot Bare: 


The given equation represents a degenerate conic which is a pair of lines. The 
given equation is 
2x7 +x(S5—y) + (—2y+2) =0 


y—54+V(y- 57-8 -2y +2) 


or x = 
4 


—5+/y’ — 10y + 25 + l6y— 16 


Pa 4 
| F323) 
sf 4 
2y—2 
PONE WORE Ty. 
Equations of the lines are 2x-y+1=0 and x+2 = 0. 
Tangent 
Find an equation of the tangent to the conic 
ax’ + 2hxy + by? +2ex+2fyt+c=0 (1) 


at the point (x,, y, ) 
Differentiating (1) w.r.t. x, we have 
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dy dy dy 
2ax + 2hy + 2hx — + 2by —+22+2f —=0 
ax + 2hy Boh a re in 
dy __axthy+g 
dx hx + by + f 


a _ ax, thy, +8 
aX Ixy) hx, + by, + f 


or 


or 


= slope of the tangent at (x,, y,) 
Equation of the tangent at (x,, y,) is 


ax, +hy, +g 
—y, = ——— (x-x 
b dees hi the Ge » 4 | 
or (x—x, (ax, thy, + g)+(y— y, (Ax, + by, + f) =9 
or axx, + hxy, + gx+hx,y+by,y+ fy 


= axe + 2hx,y; + gx; + by; + fy; 


Adding gx, + fy, +c to both sides of the above equation and regrouping the 
terms, we have | 


axx, + h(xy, + yx,)+ byy,+ g(x+x,)+ flyty +e 
= ax; +2hx,y, +by; +29x,+2fy, +e 
=@Q | 
since the point (x,, y,) lies on (1). 
Hence an equation of the tangent to (1) at (x,, y,) is 
axx, + h(xy, + yx,) + byy,+e(x+x)+ f(yt y,)+c=0 


Note: An equation of the tangent to the general equation of the second degree at 
the point (x,, y,) may be obtained by replacing 








by . 2% 





y° by yy, 
2xy by xy, + yx, 
2x Oy Fe. 








dy Me) yey, 
in the equation of the conic. 
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Example 5: Find an equation of the tangent to the conic x” —-xy+ y’ —-2=0 at the 
point whose ordinate is eh 


Solution: Putting y= V2 into the given equation, we have 
x? —J2x=0 
x(x-J/2)=0 x=0, J2 
The two points on the conic are (0, J2 ) and (/2, na ). 
Tangent at (0, J/2) is 


0.x-— (2.2 +0,y)+V2y-2=0 


or x—-2y+2V2 =0 
Tangent at (/2, V2) is 


V2 x- (2 x+ 2 y)+v2 y-2=0 


or V2 etl? y-4=0 


EXERCISE 6.9 


E. By a rotation of axes, eliminate the xy-term in each of the following equations. 
Identify the conic and find its elements: 


(i) 42-4ry+y-6 =0 

(ii) x —2xy + y — 8x-8y et 

(iii) x? +2xyt y? +2V2x-2V2y+2=0 
(iv) x4+xyt+y-4=0 | 

(v) Tx —6V3xy +13 y" —-16=0 

(vi) 4x” — Axy + Ty” + 12x + 6y —9=0 
(vii) xy—4x-—2y=0 


(viii) x? +4xy—-2y? -6=0 
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(ix) x? —4xy-—2y?+10x+4y=0 
2 Show that (i) l0xy+8x-15y-—12=0 = § and 
(ii) 6x? +xy—y* —21x-8y+9=0 
each represents a pair of straight lines and find an equation of each line. 
3. Find an equation of the tangent to each of the given conics at the indicated 
point. 
(i) 3x*-Ty?+2x-—y—48=0, at (4,1) 
(ii) x? +5xy—4y’+4=0, at y=-1 


(iii) x? +4xy—3y’? —5x-9y+6=0, at x=3. 
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7.1 INTRODUCTION 


In physics, mathematics and engineering, we encounter with two important 
quantities, known as “Scalars and Vectors”. 

A scalar quantity, or simply a scalar, is one that possesses only magnitude. 
It can be specified by a number alongwith unit. In Physics, the quantities like mass, 
time, density, temperature, length, volume, speed and work are examples of scalars. 


A vector quantity, or simply a vector, is one that possesses both magnitude 
and direction. In Physics, the quantities like displacement, velocity, acceleration, 
weight, force, momentum, electric and magnetic fields are examples of vectors. 


In this section, we introduce vectors and their fundamental operations we 
begin with a geometric interpretation of vector in the plane and in space. 











Vector | 


Geometrically, a vector is represented by a directed line segment AB with A 
its initial point and B its terminal point. It is often found convenient to denote a vector 


by an arrow and is written either as AB or as a boldface symbol like v or in 
underlined form v. 


(i) The magnitude or length or norm of a vector AB or v, is its absolute value 
and is written as [AB or simply AB or lv 
(ii) A unit vector is defined as a vector whose magnitude is_ unity. 


; r | ee ee, 
Unit vector of vector v is written as v (read as v hat) and is defined by ¥ = ly] 
Vv 
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(iii) If terminal point B of a vector AB coincides with its initial point A, then 
magnitude AB=0 and AB = Q, which is called zero or null vector. 


(iv) | Two vectors are said to be negative of each other 
if they have same magnitude but opposite direction. 


If AB=v, then BA=-AB=-y 
ont [Billa 


7.1.2 Multiplication of Vector by a Scalar 
We use the word scalar to mean a real number. Multiplication of a vector v 
by a scalar ‘k’ is a vector whose magnitude is k times that of v. It is denoted by kv. 
1) If k is +ve, then v and ky are in the same direction. 
(ii) If k is—ve, then v and kv are in the opposite direction. 
(a) Equal vectors 
Two vectors AB and CD are said to be 
equal, if they have the same magnitude and same 
direction i.e., |AB| =|CD| 





(b) Parallel vectors 


Two vectors are parallel if and only if they are non-zero scalar 
multiple of each other. (see figure). 


7.1.3 Addition and Subtraction of Two Vectors 


Addition of two vectors is explained by the following 
two laws: 


a.(i) Triangle Law of Addition 


If two vectors u and v are represented by the 
two sides AB and BC of a triangle such that 
the terminal point of u coincides with the 
initial point of v, then the third side AC of 
the triangle gives vector sum u + v, that is 








AB+BC=AC => u+v=AC 
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(ii) Parallelogram Law of Addition 


If two vectors u and vy are represented by two 


| adjacent sides AB and AC of a parallelogram as 
shown in the figure, then diagonal AD give the 


sum or resultant of AB and AC : 


that is 





AD = AB+ AC=u+v 








Note: This law was used by Aristotle to describe the combined action of two forces. 


b. Subtraction of two vectors 
The difference of two vectors AB and AC is defined by 


AB — AC = AB+(-AC) 


od AB +(-AC) 
u-v=ut(—v) CB =AB+AC 


C 





In figure, this difference is interpreted as the main diagonal of the 
parallelogram with sides AB and —AC. We can also interpret the same vector 
difference as the third side of a triangle with sides AB and AC. In this second 
interpretation, the vector difference AB-AC = CB points the terminal point of the 
vector from which we are subtracting the second vector. 


7.1.4 Position Vector 


The vector, whose initial point is the origin O and 
whose terminal point is P, is called the position vector of 





the point P and is written as OP . 
The position vectors of the points A and B relative to the origin O are defined 
by OA= a and OB = b respectively. 
In the figure, by triangle law of addition, 


OA+ AB = OB 
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7.1.5 Vectors in a Plane 


Let R be the set of real numbers. The Cartesian plane is defined to be the 
R* = {(x, y):x, ye R}. 


An element (x, y)e€ R° represents a point P(x, y) 
which is uniquely determined by its coordinate x and y. Given 
a vector u in the plane, there exists a unique point P(x, y) in 
the plane such that the vector OP is equal to u (see figure). So 
we can use rectangular coordinates (x, y) for P to associate a 
unique ordered pair [x, y| to vector u. 





We define addition and scalar multiplication in R* by: 
(i) Addition: For any two vectors u = |x, y] and v=|x’, y’], we have 
utv=([x,yl+ly’J=ke+ x, y+y] 
(11) Scalar Multiplication: For u = [x, y| and ae R,we have 
au =alx, y]= lax, ay] 


Definition: The set of all ordered pairs Ix, y| of real numbers, together with 
the rules of addition and scalar multiplication, is called the set of vectors in R’. 


For the vector u = [x, y], x and y are called the components of u. 


Note: The vector [x, y| is an ordered pair of numbers, not a point (x, y) in the plane. 








(a) Negative of a Vector 

In scalar multiplication (ii), if a =—1 and u= [x, yl, then 

au=(-1) [x,y] =E-x-y] 

which is denoted by—u and is called the additive inverse of u or negative vector of u. 
(b) Difference of two Vectors 

We define u—v as u+(-v) 

If u=[x, y] and v=[x’, y’], then 

u-v=u+(-y) 


= [x,y]+-x’-y’] = [x-x,y-y’] 
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(c) Zero Vector 
Clearly u+(—u)=[x,y]+/-x,-y]=[x-x, y-y]=[0,0]=0 
0 = [0,0] is called the Zero (Null) vector. 

(d) Equal Vectors 


Two vectors u =[x, y] and v=[x’, y’] of R® are said to be equal if and only if 
they have the same components. That is, 


[x,y] = [x’, y’] if and only if x= x’ and y=’ 
and we write u=v 

(e) Position Vector 
For any point P(x, y) in R* a vector u= [x, y] is represented by a directed 


line segment OP , whose initial point is at origin. Such vectors are called position 
vectors because they provide a unique correspondence between the points (positions) 
and vectors. 


(f) Magnitude of a Vector 


For any vector u=|x,y] in R*, we define the 
magnitude or norm or length of the vector as the distance 
of the point P(x, y) from the origin O. 


Magnitude of OP = oP|=\u\= tbe 


7.1.6 Properties of Magnitude of a Vector 





Let v be a vector in the plane or in space and let c be a real number, then 
Gye lv|20, and |y|=0 if and only if v =0 
Gi) jey[ = |e] 


Proof: (i) We write vector y in component form as v = [x, y], then 


ly|= yx? +y° 20 for all x and y. 
Further |y|= yx? + y? =0 if and only if x=0, y=0 
In this case v=[0,0] = 0 
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(ii) | cv|= lex, cy| = cx)! +(cy ave? fx? +y° =| c||v| 


7.1.7 Another Notation for Representing Vector in Plane 


We introduce two special vectors 


i=[l, 0], j=[0, 1] in R® 


As magnitude of i = ¥1° +0* =1 





magnitude of J=/0? +1? =1 


So ¢ and j are called unit vectors along x-axis, and along y-axis 


respectively. Using the definition of addition and scalar multiplication, the vector 
[x, y| can be written as 


u=[x, y] = [x, 0]+[0, y] 
= x[1, 0] + y[0, 1] 


= xl+ yj 





Thus each véoioe [x, y| in R* can be uniquely represented by xi+ y Jes 
In terms of unit vector i and ,, the sum u+v of two vectors 
u=|x, y| and v=[x’, y’] is written as 
=[x+x’,y+y’] 
=(x+x')it+(yty’)j 
7.1.8 A Unit Vector in the Direction of Another Given Vector 
A vector u is called a unit vector, if | u | = | 


Now we find a unit vector u in the direction of any other given vector y. 


We can do by the use of property (ii) of magnitude of vector, as follows: 








the vector u = r t md is the required unit vector 
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It points in the same direction as y, because it is a positive scalar multiple of v. 
Example 1: 

For v= (1, — 3] and w=|2, 5] 

Gi) yv+w=f1,-3}[2,5]=[1+ 2,-3+5]=B,2] 

Gi) 4v+2w=[4-12]+ [410]=[8-2] 

Git) v—w=[1,-3]-[2,5]=[1-2,-3-5]=[-1-8] 

(iv) v—v=[l-1,-3+3]=[0,0]=0 


(vy) |v|=@)? +(-3)? = vi+9 = vi0 


Example 2: Find the unit vector in the same direction as the vector v = [3, — 4]. 


Solution: v=[3, —4]= 3i- j 
ly] = 3? +(-4)? =V/25 =5 


Now u= fe (3, —4] (wis unit vector in the direction of v) 
V 


Verification: |u| = | 6 ) -15 


Example 3: Find a unit vector in the direction of the vector 
(i) v=2i+6j (i)  y=-2,4] 
Solution: (i) v=2i+6j 
w=(2) +) =v44+3 


Vv 
.. A unit vector in the direction of vy == = i+ 

pee ~ pp 407 
Gi) v=[-2,4)--2i+4j 


p= 2) +4) = V4416 = 20 
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Example 4: If ABCD is a parallelogram such that the points A, B and C are 
respectively (—2, —3), (1, 4) and (0, -5). Find the coordinates of D. 


. Aunit vector in the direction of v = 


Solution: Suppose the coordinates of D are (x, y) 
As ABCD is a parallelogram 
- AB=DC and AB// DC 


=  AB=DC 





“ (+2)i+ (44+3)j7 =(0-x)i+(-5-y)j 

=> 3i+7j =-xi+(-5-y)j 

Equating horizontal and vertical components, we have 
—x=3 'S x=-—3 

and oo =-j=<y=7 = yo=lZ 

Hence coordinates of D are (—3, 12). 


7.1.9 The Ratio Formula 
Let A and B be two points whose position vectors (p.v.) are a and b 
respectively. If a point P divides AB in the ratio p: q, then the position vector of P 
is given by 
qa + pb 
ptq 
Proof: Given a and b are position vectors of the points A and B respectively. Let r be 


the position vector of the point P which divides the line segment AB in the ratio 
p:q. That is 


r= 


mAP :mPB = p:q 
mAP _P 
mPB q 
=  qmAP)= p(mPB) 


So, 
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Thus glAP)= p PB) 

q(r—a) = p(o-r) 
qr —qa= pb- pr 
pr+qr=qa+t pb 


r(p+q)=qa+t pb 


J 
Ml 


Corollary: If Pis the mid point of AB, then p:qg =1:1 


a+b 


.. positive vector of P=r= " 





7.1.10 Vector Geometry 


Let us now use the concepts of vectors discussed so far in proving 
Geometrical Theorems. A few examples are being solved here to illustrate the 
method. 


Example 5: If a and b be the p.vs of A and B respectively w.r.t. origin O and C bea 
point on AB such that OC “= , then show that C is the mid-point of AB. 


—_ 


Solution: | Given OA=a , OB=b and OC =—(a+b) 


Now 20C =atb 

= OC+0C =OA+OB 
= OC-OA=OB-OC 
= OC+AO=0B+CO 





= AO+0C =CO+OB 
AC =CB 
Thus mAC= mCB 


= _ Cis equidistant from A and B, But A, B, C are collinear, 
Hence C is the mid point of AB, 
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Example 6: Use vectors, to prove that the diagonals of a parallelogram bisect each 
other. 


Solution: Let the vertices of the parallelogram be A, B, C and D (see figure) 


Since AC = AB+ AD , the vector from A to the mid point of diagonal AC is 


Pi AD + AB-— AD 


2 
= ~(4B +40) 


+¥ 





Since v = w, these mid points of the diagonals AC and DB are the same. 


Thus the diagonals of a parallelogram bisect each other. 


EXERCISE 7.1 
1. Write the vector PO in the form xi+ yj. 
@) -P=(2,3)¢>- 06-2) @W ‘B+Os5pO® O16) 
2. Find the magnitude of the vector u : 
@)  u=2i-7 i) u=itj (ii) u= [3,4] 
—6j and w=~-i+ j. Find the following vectors: 
; i. l l 1 
i u+v—w (11) 2u—3v+4w ili) —u+—v+— 
CT OSS $6. Ed u—3v+4w PO pen ae 5 
4. Find the sum of the vectors AB and CD, given the four points A(1, —1), 
B(2, 0), C(-1, 3) and D(-2, 2). 


5. Find the vector from the point A to the origin where AB=4i —2j and B is the 
point 2, 5). 
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10. 


11. 


12. 


14, 


15. 


7.2 


constructed using __ three mutually orthogonal 
(perpendicular) axes, which have origin as_ their 
common point of intersection. When sketching figures, we 
follow the convention that the positive x-axis points 
towards the reader, the positive y-axis to the right and the 
positive z-axis points upwards. 


| ® 
Find a unit vector in the direction of the vector given below: 


1. v3 m Pip ae 
=2i- j ii =—ji+—j iii) v=-—i-— 
(ees v2 {j ee ee (ili) 7 ae 

If A, B and C are respectively the points (2, -4), (4, Q) and (1, 6). Use vector 
method to find the coordinates of the point D if: | 
(i) ABCD is a parallelogram (ii) ADBC isa parallelogram 


If B, C and D are respectively (4, 1), (—2, 3) and (-8, 0). Use vector method to 
find the coordinates of the point: 


(i) AifABCD isa parallelogram. (ii) Eif AEBD is a parallelogram. 


If O is the origin and OP = - AB, find the point P when A and B are hes he and 
(1,0) respectively. 


Use vectors, to show that ABCD is a parallelogram, when the points A, B, C 
and D are respectively (0, 0), (a, 0), (b, c) and (b — a, c). 

If AB =CD. Find the coordinates of the point A when points B, C, D are 
(1, 2), (-2, 5), (4, 11) respectively. 


Find the position vectors of the point of division of the line segments joining 
the following pair of points, in the given ratio: 


(1) Point C with position vector 2i—3,/ and point D with position vector 
3i+2j inthe ratio 4:3 

(ii) | Point E with position vector 5i and point F with position vector 4i+/ 
in ratio 2: 5 


Prove that the line segment joining the mid points of two sides of a triangle is 
parallel to the third side and half as long. 


Prove that the line segments joining the mid points of the sides of a 
quadrilateral taken in order form a parallelogram. 


INTRODUCTION OF VECTOR IN SPACE 


In space, a rectangular coordinate system is 
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These axis are also labeled in accordance with the 
right hand rule. If fingers of the right hand, pointing in the 
direction of positive x-axis, are curled toward the positive y-axis, 
then the thumb will point in the direction of positive z-axis, 
perpendicular to the xy-plane. The broken lines in the figure 
represent the negative axes. 


A point P in space has three coordinates, one 
along x-axis, the second along y-axis and the third along 
z-axis. If the distances along x-axis, y-axis and z —axis 
respectively are a, b, and c, then the point P is written 
with a unique triple of real numbers as P = (a,b,c) 
(see figure). 


7.2.1 Concept of a Vector in Space 
The set R° ={(x, y,z):x, y,z€ R} is called 


3-dimensional space. An element (x,y,z) of 
R*® represents a point P(x,y,z), which is 
uniquely determined by its coordinates x,y and z. 
Given a vector u in space, there exists a unique 
point P(x, y,z) in space such that the vector OP 


is equal to u (see figure). 


Now each element(x, y,z)¢ R°is associated with a unique ordered triple 
[x, y,z], which represents the vector u = OP = ba aa & 
We define addition and scalar multiplication in R° by: 
(i) Addition: — For any two vectors u =[x, y,z] and v =[x’, y’, z’], we have 
ut+v=l[xy.zl+h’yz/l=bt+x. y+ yz42'] 
(ii) Scalar Multiplication: For u= [x, y, z| and ae R, we have 
au =alx, y,z]= lax, ay, az] 


Definition: The set of all ordered triples [x, y, z| of real numbers, together with 
the rules of addition and scalar multiplication, is called the set of vectors in R°. 


For the vector u = [x, y, zl, x, y and z are called the components of wu. 
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The definition of vectors in R° states that vector addition and scalar 
multiplication are to be carried out also for vectors in space just as for vectors in the 


plane. Similarly we define in R°: 

a) The negative of the vector u = [x, y, z| as -—u= (— 1) “= E x,- yz). 

b) The difference of two vectors v =[x’, y’,z’] and w=|x’, y”,z”] as 
y-w=v+(-w)=[r'-x",y’-y",2’—2’] 

C) The zero vector as 0 = [0,0,0] 

d) Equality of two vectors v=[x’, y’,z’] and w=|x’, y’,z”] by v=w if and 
only if. 2s aie ane = 2 

e) Position Vector 
For any point P(x, y,z) in R°, a vector u= [x, y, z| is represented by a 


directed line segment OP , whose initial point is at origin. Such vectors are 
called position vectors in R°. 


f) Magnitude of a vector : We define the magnitude or norm or length of a 
vector u in space by the distance of the point P(x, y, z) from the origin O. 


- |OP| = |u| = x? + y? +2’ 
Example 1: For the vectors, v = (2.1,3] and w=|-1,4,0], we have the following: 
@) - vewsPebipegenle fsa | 
Gi) v-—w=[|2+11-4,3-0]=[,-3,3] 
(iii) 2w=2|-1,4,0]= [-2,8,0] 


(iv) |v—2w|=|[2+2,1-8,3-0]]=|[4,-7,3]|=/(4) +7) +6) =V16+49+9= 74 


7.2.2 Properties of Vectors 
Vectors, both in the plane and in space, have the following properties: 
Let u,v and w be vectors in the plane or in space and let a,be R, then 
they have the following properties: | 


(i) ut+v=vt+u (Commutative prOBERY) 
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Gi) (ut+v)+w=ut(v+w) (Associative Property) 
(iii) u+(-l)u=u-—u=0 (Inverse for vector addition) 
(iv) alv+w)=av+aw (Distributive Property) 
(v) a(bu)=(ab)u (Scalar Multiplication) 


Proof: Each statement is proved by writing the vector/vectors in component form in 


R*/R° and using the properties of real numbers. We give the proofs of 
properties (i) and (11) as follows: 


(1) Since for any two real numbers a and b 
at+b=b+a , it follows, that 
for any two vectors u =[x, y] and v=[x’, y’] in R*, we have 
ut+v=[x, y]+[x+y] 
=[x+x,y+y’] 
= [x’+x,y'+y] 
= [x',y]+Lx y] 
+e 
So addition of vectors in R* in commutative. 
(ii) Since for any three real numbers a. BD. c. 
(a+b)+c=at+(b+c) ; it follows that 
for any three vectors, u =[x, y], v=[x’, y’] and w=[x’, y’] in R?, we have 
(uty)+w=[x+x,y+ y]+[x", y"] 
a [(rtx) tx (pty) ty] 


= [x+ (x +x"), y+(y'+ y’)] 


[x, y]+[x'+ x”, y’+ y"] 
=u+(v+w) 
So addition of vectors in R? is associative. 


The proofs of the other parts are left as an exercise for the students. 
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As in plane, similarly we introduce three special vectors 


i=[1,0,0], j =[0,1,0] and & =[0,0,1] in R° 


As magnitude of i = ¥17 +0° +0° =1 
magnitude of J=V0* +1° +0° =1 


and magnitude of k = /0* +07 +7 =1 So i,j and k are called unit vectors 


along x-axis, along y-axis and along z-axis ES ee BA Using the definition of 
addition and scalar multiplication, the vector [x, y; z| can be written as 


u=[x,y,z] = [x,0,0]+[0, y,0}+[0,0, z] 
= x{1,0,0] + y{0,1,0] + z[0,0,1] 





= xit yj+zk 
Thus each vector [x, y, z| in R° can be uniquely represented by xi+ yj+ zk. 
In terms of unit vector i , j and k, the sum u+v of two vectors 
u=|x, y,z] and v=|x’, y’,z’] is written as 
utvelxtx,yt+y,z+z'| 


=(x+x')it (y+ y)i+(c+zJk 
7.2.4 Distance Between Two Points in Space 


If OP, and OP, are the position vectors of the points 


P, (x, Y1,2] ) and P, (x, Y2,<2 ) 


P. AX, Yr 2) 


The vector P,P, , is given by 


PP; = OP, - OP, = Lx. —%43.¥2'= Y}> 25 —Z, | 


—-—— 


.. Distance between. P, and P, PP, 





(x, =x, + (yy; 3 +(z, ~Z) 
This is called distance formula between two points P, and P, in R?. 
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Example 2: If, w=2i+3j+k, v=4i+6j+2k and w =—6i —9j —3k, then 
(a) Find 
G) u+2y Gi) |u-v=w| 


(b) Show that u, v, and w are parallel to each other. 
Solution: (a) 


(i) ut+2v=2+3j+k+2(4i+6j +2k) 
=2i+3j+k+8i+12j+4k 
=10i+15j+5k 
Gi) u—v—w= (21+3j+k)—(4i+6j + 2k) —(-0i-9j —3k) 
= (2-44 6+ B-649)j+(1-243)k 
= 41+6j+2k 
(b) v= 41+6j+2k=2(21+3j +k) 
v=2u 


— u and v are parallel vectors and have same direction. 


Again — w=-6i-9j-3k | 
=-3(2i+3j+k) 
. wW=—3u 


= uand w are parallel vectors and have opposite direction. 
Hence u, v and w are parallel to each other. 


7.2.5 Direction Angles and Direction Cosines of a Vector 


Letzr = OP = xi+ yj+zk be a non-zero vector, let 
a, f£ and y denote the angles formed between r and the 
unit coordinate vectors i, j and k respectively, 


such that Osasn, OS fz and O<y<z 


(i) the angles a, B, y are called the direction 
angles. 
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(ii) the numbers cosa, cos # and cos y are called direction cosines 
of the vector r. 


Important Result: 
Prove that cos? a +cos* B+ cos*y =1 
Proof: 


Let r=|x, y,z]= xit+ yjt+zk 
Warr ty +2? =r 


r P . hoot —— 
then W -|2.2.2| is the unit vector in the direction of the vector r= OP. 
r ET 


It can be visualized that the triangle OAP is a right triangle with ZA=90 . 





Therefore in right triangle OAP, 
55, WR Bache sak 
cosa === = —., similarly 
P r 


z 
cos B mer i cosy =— 
r r 





y 


The numbers cosa=—, cosf == and cos y=— are called the direction 
r r 


~ | & 


cosines of OP. 


2 2 meee 3 
cos’ a+cos” B+cos err ae >= ; >= 


EXERCISE 7.2 
1. Let A=(2,5), B=(-1, 1) and C =(2, —6). Find 
(i) AB (ii) 2 AB—CB (iii) 2CB-2CA 
2. Let u=i+2j-k, v=3i-2j+2k, w=5Si— j+3k. Find the indicated vector | 


or number. 


(i) u+ 2v+w (ii) v-3w (iii) |3v+w| 
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Find the magnitude of the vector v and write the direction cosines of y. 
(i) V=24+3f4+4k Gi) v=i-j-k Gi) v= 47-57. 
Find a, so that ait (atl) j+2k|=3. 
Find a unit vector in the direction of y=i+2j—k. 


If a=3i—j—4k, b=-2i-4j-3k and c=i+2j-k. 


Find a unit vector parallel to 3a—2b+4c . 

Find a vector whose 

(i) magnitude is 4 and is parallel to 2i-—3 Jat 6k 

(11) magnitude is 2 and is parallel to —i+ J+k. 

If u=2i+3j+4k, v=-i+3j—k and w=i+6j+ zk represent the sides of 
a triangle. Find the value of z. | 

The position vectors of the points A, B, C and D are 2i- Pie, A+ I, 


2i+4j—2k and —i—2j+k respectively. Show that AB is parallel to CD. 


We say that two vectors v and w in space are parallel if there is a scalar c such 
that v = cw. The vectors point in the same direction if c > 0 and the vectors 
point in the opposite direction if c < 0 


(a) Find two vectors of length 2 parallel to the vector v = 2i-4j+4k. 


(b) Find the constant a so that the vectors v=i-3 j44k and 
w= ait+9j—12k are parallel. 


(c) Find a vector of length 5 in the direction opposite that of v =i-—2j+3k. 


(d) Find a and b so that the vectors 3i — Jj+4k and ai+bj—2k are parallel. 


Find the direction cosines for the given vector: 


(i) v=3i—j+2k (ii) i-2j+k 


(iii) PO, where P = (2, 1, 5) and Q = (1, 3, 1). 


Which of the following triples can be the direction angles of a single vector: 


(i) 45°,45° 60° (ii) 30° ,45°,60° (ili) 45°,60° ,60°. 
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7.3 THE SCALAR PRODUCT OF TWO VECTORS 


We shall now consider products of two vectors that originated in the study of 
Physics and Engineering. The concept of angle between two vectors is expressed in 
terms of a scalar product of two vectors. 


Definition 1: 


Let two non-zero vectors u and y, in the plane or in space, have same initial 
point. The dot product of u and v, written as u.v, is defined by 


u.v=|u||v|cosé 





where @in the angle between uw andvand O<@<z 
Definition 2: 
(a) Ifu=ait+bj and v=a,itb,j 
are two non-zero vectors in the plane. The dot product u.v is defined by 
uzv = a,a, +b,b, 
(b) Ifu=aitbjt+ek and v=a,it+b,j+c,k 
are two non-zero vectors in space. The dot product u.v is defined by 
u.v=a,a,+b),b, +¢,c, 





Note: The dot product is also referred to the scalar product or the inner product. 


.3.1 Deductions of the Important Results 
By Applying the definition of dot product to unit vectors i, j, j, we have, 


(a) ~~ i.c= fifi] cos =1"  -O) 


i™ 


i-i=|a|| a] cos0° =1 
k.k=|k||k| cosQ° =1 
(c) u.v=|u||v| cosd 
=|v||u| cos(-8) 
=v||u| cose 
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Dot product of two vectors is commutative. 
7.3.2 Perpendicular (Orthogonal) Vectors 
Definition: Two non-zero vectors u and vy are perpendicular if and only 
if u.v=0. 


Since angle between u and vy is 7s and cos =,6) 





7.3.3 Properties of Dot Product 


Let u, v and w be vectors and let c be a real number, then 


(i) u.v =0 >u=0 or v=0 

(11) W.V=V a (commutative property) 
(ili) u.(v+w)=u.v+u.w (distributive property) 
(iv) ~{¢ #).8=c¢(u.v) (c is scalar) 

(Vv) w.w = |u| 


The proofs of the properties are left as an exercise for the students. 
7.3.4 Analytical Expression of Dot Product u.yv : 

(Dot product of vectors in their components form) 

be two non-zero vectors. 

From distributive Law we can write: 

“iVvi= (ai+b, j+c,k).(a,i+b, j+czk) 
= G,a(i.i) + a,b, (i. j) + a,c, (ik) ‘iix 

+ b,a,(j.i)+ bb, (j.-j)+ b,c, (j-k) i.j = 
+ €)4y(k i) + c,b,(k. j)+ c,¢,(k -k) 

=> u.v=a,a,+b,b, +c¢,c, 


Hence the dot product of two vectors is the sum of the product of their 
corresponding components. 


Equivalence of two definitions of dot product of two vectors has been proved 
in the following example. 


Example 1: (i) If v=[x,, y,] and w=[x,, y5] are two vectors in the plane, then 
V.W=X,X, + YY 
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(ii) If vy and w are two non-zero vectors in the plane, then 


vw=|v||wicosd - 

where @ is the angle between vand wand 0O<@<z. 
Proof: Let v and w determine the sides of a triangle then the third side, opposite to 
the angle 0, has length lv — w| (by triangle law of addition of vectors) 
By law of cosines, 

ly-w=|v[+|w|—2v||wleos@ (1) 
if v=[x,, y,] and w=[x,, y,], then 
Y—w=[%,—%),¥)— Yo] 
So equation (1) becomes: 





|x, -x,|" +|—yf =|x7 +yr|t+] 29 + y2|-2|v||wlcose 
2X ty = LYi¥s =-2|v| | w|cos0 


= XX, + Y,¥. =|v||w|cosd =v.w 


Example 2: If w=3i—j—2k and v=i+2j—k, then 
v= (-3)0)+(-DQ2)+(-2)-D) =3 
u=2i-4j+5k and v—4i-3j—4k, then 
-v = (2)(4) + (—-4)(-3) + G)(-4) = 0 
= u and y are perpendicular 
7.3.5 Angle Between Two Vectors _ 
The angle between two vectors u and vy is determined from the definition of 


Jot product, that is 
(a) u.v =|u||v|cosé, where 0S 0<7z 


(b) If u=ait+bj+ek and yv=a,it+b,j+c,k, then 
u 


Example 3: 


is SS ae 


Is 
I< 





“cos? = 


= 
I< 


v= a,a,+b,b,+c,c, 


|u|=Ja; +b; +c; and ly|= a5 +b? +c; 





aa, +b,b, +c,c, 


epekst! EF ie Pa ee 
a; +b; +c; a5 +b; +05 
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Corollaries: 


(1) If 0 . QO or z, the vectors u and v are collinear. 
(ii) 86rd Oa 5 cos? = Qinu=> wiv =0, 


So the vectors u and v are perpendicular or orthogonal. 
Example 4: Find the angle between the vectors 
u=2i-j+k and v=-itj 
Solution: uv . v= (2i-j +k). -i+j + 0k) 
= (2) C1) + CDC) + (0) =-3 


|u| =|21— j+k|= J)? +)? +? = Vo 
and |v|=|-i+ j+0k|=(-1)? +)? +0)? = V2 





Now cos@ =—== 
Pappa 
—— ee eee even) 
A 
wighs ok 
6 


Example 5: Find a scalar a so that the vectors 


2itaj+5k and 3i+j+ak are perpendicular. 


Solution: 
Let u=2it+aj+5k and v=3it j+ak 
It is given that u and y are perpendicular 
2; ee 
= (2i+aj+5k) .(3i+ j+ak)=0 
=> 6+a+5a=0 


a=-l 
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Example 6: 
Show that the vectors 2i- j+k, i-3j—5k and 3i—4j-—4k form the sides 


of a right triangle. 


Solution: 


Let AB=2i-j+k and BC =i-3j-5k 
Now AB+BC =(2i-j+k)+(-3j-5k) 
=3i-4j-—4k = AC (third side) 


AB : BC and AC forma triangle ABC. 
Further we prove that AABC is a right triangle 





AB. BC = (2i—j+k).Gi-3j—5k) 
= (2)(1) + (-1)(-3) + (C5) 
=2+3-5 
=f 
. AB L BC 
Hence AABC is a right triangle. 
7.3.6 Projection of One Vector Upon Another Vector 


In many physical applications, it is required 
to know “how much” of a vector is applied along a 
given direction. For this purpose we find the 
projection of one vector along the other vector. 





Let OA=u and OB =v 


Let @ be the angle between them, 
such that O< 0 <z. 
Draw BM | OA. Then OM is called the projection of v along u. 
Now cf = cos @ , that is, 
OB 


OM =|OB\cosé =|v|cosé (1) 
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(2) 





Similarly, projection of u along y = rol 
Vv 


Example 7: Show that the components of a vector are the projections of that vector 
along i , j and k respectively. 


Solution: Let v=ait+tbj+ck , then 


Projection of v along i = ii =(ait+bj+ck).i=a 
i J 
v. 
Projection of v along j= “ie =(ait+bj+ck).j=b 
Pet v.k 
Projection of v along k = Tk| =(ai +bj Pek): k=Cc 


Hence components a, b and c of vector v=ai+b j+ck are projections of vector y 
along i, j and k respectively 
Example 8: Prove that in any triangle ABC 

(i) a’ =b’+c’—2be cosA (Cosine Law) 

(ii) a=bcosC+c cosB (Projection Law) 


Solution: Let the vectors a, b and c be along 


the sides BC, CA and = AB of the 
triangle ABC as shown in the figure. 


@ atb+c=0 


=> a=-—(b+c) 





Now 4a.a=(b+c).(b+c) 
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= a* =b* +c” + 2be.cos(a— A) 
a’ =b’ +c’ —2bccosA 

Gi) atb+c=0 

= ie ee 

Take dot product with a 


a.a=—a.b-a.c 





= —abcos(a —C)—accos(x— B) 
a’ = abcosC+ac cosB 
=> a=bcosC +c cosB 


Example 9: Prove that: cos(a— f) = cosacos B+ sina sin B 


Solution: Let OA and OB be the unit vectors in the xy-plane making angles a 
and f£ with the positive x-axis. 


So that ZAOB =a-— Bf 
Now OA= cOsai+ sina j 


and OB = cos Bit+ sin Bi 





:. OA.OB= (cosai+sina j). (cos fit sinB j) 


= oa 0B cos(a— 8) =cosacos fh + sinasinB 


“. cos(a— B)=cosacos B + sina sin B . | OA | =| OB | = 1 
EXERCISE 7.3 
1, Find the cosine of the angle 0 between u and v: 


(i) u=3it+j-k,v=2i-j+k (i)  w=i-3j+4k, v=4i-j+3k 
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Gii) u“=[-3,5] , v=[6,-2] Gv) } .45[2,-3, 4, v=[2, 41] 
Calculate the projection of aalong b and projection of b along a when: 
(i) a=i-k, b=j+k (i) a=3i+j-k ,b=-2i-j+k 
Find a real number @ so that the vectors u and v are perpendicular. | 

(i) u=2ait j—k, v=itajt+4k 

(11) u=ait2laj—k, v=i+aj+3k 

Find the number z so that the triangle with vertices A(1,—1,0), B(—2,2,1) and 
C(0,2,z) is a right triangle with right angle at C. 

If vis a vector for which 


t=0, v.j=0, v.k =0, find y. — 


I< 


(i) Show that the vectors 3i—-2j+k, i-3j+5k and 2i + j —4k form a 
right angle. | 

(ii) Show that the set of points P = (1,3,2), O(4,1,4) and R= (6,5,5) form 
a right triangle. 


Show that mid point of hypotenuse a right triangle is equidistant from its 
vertices. 


Prove that perpendicular bisectors of the sides of a triangle are concurrent. 
Prove that the altitudes of a triangle are concurrent. 

Prove that the angle in a semi circle is a right angle. 

Prove that cos(a + #) = cosacos B — sina sin B 

Prove that in any triangle ABC. 


(i) b=ccosA+acosC (ii) c=acosB+bcosA 
(iii) b* =c*+a*-2cacosB (iv) c* =a* +b* ~2abcosC. 


THE CROSS PRODUCT OR VECTOR PRODUCT 
OF TWO VECTORS 


The vector product of two vectors is widely used in Physics, particularly 


Mechanics and Electricity. It is only defined for vector in space. 
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Let u and v be two non-zero vectors. The cross or vector product of 
u andy, written as u Xv, is defined by 
uxy =(|u||»| sind) a 
where @ is the angle between the vectors, such that 0<@<z and fi is a unit 
vector perpendicular to the plane of u and v with direction given by the right hand rule. 


right hand 





vx 


Figure (a) Figure (b) 


Right hand rule < 
(i) If the fingers of the right hand point along the vector u and then curl 


towards the vector v, then the thumb will give the direction of 7 which is uXv. 


It is shown in the figure (a). 
(11) In figure (b), the right hand rule shows the direction of v xu. 


7.4.1 Derivation of Useful Results of Cross Products 
(a) By applying the definition of cross product to unit vectors i, j and k , we have: 


(a) ixi=|i||i|sin0’ A=0 





(b) ix j=|il| j|sin90° k=k 
ixk =| j|| k|sin90° i=i 
kxi=|k||i|sin90° j=j 

(c)  uxy=|ullv| sind a 


(d) u 
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Note: The cross product of i, j and k are written in the cyclic 
pattern. The given figure is helpful in remembering this pattern. 


7.4.2 Properties of Cross Product 
The cross product possesses the following properties: 
(i) uxv=Q if u=0 or v=0 


(ii) uUXV=—VXU 

(iii) ux(v+w)=uxv+uxw (Distributive property) 
(iv) ux(kv)=(ku)xv=k(uxy) , k is scalar 

(Vv) uxu=0 


The proofs of these properties are left as an exercise for the students. 


7.4.3 Analytical Expression of u xv 
(Determinant formula for u xv ) 
Let u=a,it+b,j+c,k and v=a,i+b,j+c,k, then 


uxv=(a,i+b,j+c,k)x(a,i+b, j+c,k) 


= 4,4, (1X1) + a,b, (ix j) + a,c, (ixk) (by distributive property) 
+ ba, (jxi) + bb, (jx j) + b,c, (jxk) IX j=k=—-jxi 
+ €)4,(K Xi) + ¢,b) (KX j) +¢,¢,(k Xk) iXi= jx j=kxk=0 


= ab,k — acy j—bagk +b,cyi+ C14q J —C,byi 


=> uxv=(bc, —c,b,)i—(a,c, —c,a, )j+(a,b,-b,a,)k (i) 


The expansion of 3x3 determinant 


ee ae: 
=|a, DB, ¢,|=(b,c, -¢,b,)i-—(a,c, -—c¢,a,) J +(a,b, —b,a,)k 
a, b, ©, 


The terms on R.H.S of equation (i) are the same as the terms in the expansion of the 
above determinant | 


; Aes pind 
Hence uxv=|a, db, oc, (11) 
a, b, Cy 
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_ which is known as determinant formula for uxv. 


Note: The expression on R.H.S. of equation (ii) is not an actual determinant, since 
its entries are not all scalars. It is simply a way of remembering the complicated 
expression on R.H.S. of equation (i). 


7.4.4 Parallel Vectors | 
If u and y are parallel vectors, (@=0 => sin0=0), then 
ux v= |u| |v| sin On 


uxv=0 or |juxv|=0 


either sinO=0 or |u|=0 or |y|=0 


(i) If sn0=0=> 6=0° or 180°, which shows that the vectors u and y are 
parallel. : 


(ii) If u=0 orv=(O, then since the zero vector has no specific direction, we 
adopt the convention that the zero vector is parallel to every vector. 










Note: Zero vector is both parallel and perpendicular to every vector. This apparent 
contradiction will cause no trouble, since the angle between two vectors 1s never 
applied when one of them is zero vector. 





Example 1: Find a vector perpendicular to each of the vectors 


a=2i+j+k and b=4i+2j-k 


Solution: A vector perpendicular to both the vectors a and b is axb 
Lo yotk 
axb=|2 -1 1)=-i+6j+8k 
4°22 /—1 


Verification: a.aXxb=(2i— j+k).(-i+6j+8k) =(2)(-l)+ (—1)(6) + (1)(8) = 0 
and =b.axb=(4i+2j—k).(-i+6j+8k) = (4)(-1) +(2)(6)+(-D@) =0 
Hence axb is perpendicular to both the vectors a and D. 


Example 2: If a=4i+3j+k andb=2i— j+2k. Finda unit vector perpendicular 
to both a and b. Also find the sine of the angle between the vectors a and b. 
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l 
Solution: axb=)|4 = Ti—6j —10k 
2 


— 
Nn _— 








and |axb| = /(7)° + (-6)’ +10)" = V185 
A unit vector 7 perpendicular to a and b= axe 
}axb| 
il (7i—6j —10k) 
ET 


Now  |a|=/(4)? +)? +()? = V26 
|b| = ./(2) +(-1)’ +2)’ =3 


If @ is the angle between a and b , then|axb|=|a||b|sin@ 





=> sing = 122 _ W185 
la||b| - 3/26 


Example 3: Prove that sin(a + B ) = sin acos B+ cosa sin B 


Solution: Let OA and OB be unit vectors in the xy-plane making angles @ and -f with 


the positive x-axis respectively 
So that ZAOB=a+ B 


Now OA=cosQ i+ sina j 


and OB= cos(—)i + sin(—B) j 





=cos Bi-sin Bj 
». OBXOA= (cos Bi — sin B j)x(cosai+ sinai) 


i hesiae 

= [Paloilsia+pk=foep —sinp 0 
cosa sina 0 

k 


=> sin(a + B)k =(sinacos B + cosasin B) 
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sin(a + B) = sinacos B +cosasin B 
Example 4: In any triangle ABC, prove that 
a b Cc 


— =+—_ = — (Law of Sines) 
snA sinB  sinC 











Solution: Suppose vectors a, b and c are along the 
sides BC, CA and AB respectively of the triangle 
ABC. 


a+b+c=0 
=>  bt+ce  =-a (i) 
Take cross product with c 


bxc+cXc=-axc 





| b|| c|sin(w— A) =| c| | a|sin(— B) 
= besinA=casinB => bsinA=asinB 
oie UES (ii) 
sinB sinA 
similarly by taking cross product of (1) with b, we have 








a C ee 
—_— = — | (111) 
sinA sinC 








b c 


sinA sinB’ sinC 











From (ii) and (111), we get 


7.4.5 Area of Parallelogram 
If u and v are two non-zero vectors and @ is the angle between u and v , then 
|u| and | v| represent the lengths of the adjacent sides of a parallelogram, (see figure) 


We know that: 
Area of parallelogram = base x height 
= (base) (h) = |u||v| sind 
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.. Area of parallelogram=|uxvy| 
7.4.6 Area of Triangle 


From figure it is clear that 


Area of triangle = ; (Area of parallelogram) 





Area of triangle = ; Juxy| 


where u and y are vectors along two adjacent sides of the triangle. 
Example 5: Find the area of the triangle with vertices 


A(1, -1, 1), B22, 1,—1) and C(/-1,1,2) 
Also find a unit vector perpendicular to the plane ABC. 


Solution: AB = (2-1)i+(1+1) j+(-1-k = i+2j-2k 
AC =(-1-1)i+ +1) j+(2-Dk = —24+2j+k 
k | 


— 2 =(2+4)i-(1—4) j+(24+4)k = 6143+ 6k 
1 


rs 
Now ABx AC = 1 
—2 


Nm NIM. 


The area of the parallelogram with adjacent sides AB and AC is given by 


| ABx AC| =|6i+3j+6k|= V/36+9+36 = /81=9 
Area of the triangle = gitar ACl=qlet+siee|=3 


A unit vector | to the plane ABC = ABXAC = 5 (61+3)+ 6k) =2 (21+ j+ 26 


ABxAC 


Example 6: Find area of the parallelogram whose vertices are sas 0, 0), QC 1, 2, 4), 
R(2, —1, 4) and S(1, 1, 8). 


Solution: Area of parallelogram = |uxv| ey 
where u and v are two adjacent side of the parallelogram 
PQ =(-1-0)i+(2-0) j +(4-O)k = ~i+2j+4k 
and PR =(2~—0)i+(-1-0) j+ (4-0) k=2i- j+4k 
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i k 
Now POQXxPR=|-1 2 4)=(8+4)i-(-4-8)j+(0-4k 
2 -1 | 


[Sw 





Be carefull: 
Not all pairs of vertices 






.. Area of parallelogram = POxPR | = | 12i+12j—3k | 
| | give aside e.g. PS is 







= 144 +144+9 not a side, it is diagonal 
=-al IOT since PQ+ PR=PS 





Example7?: If u=2i-—j+k and v=4i+2j-k, find by determinant formula 


(i) uxu (ii) uxy (ill) vXxu 
Solution: u=2i—j+k and v=4i+2j—k 
By determinant formula 
ae ind 
(i) uxu=|2 -1 1)/=0 (... Two rows are same) 
2 -1 1 
ae Rie | 
Gi) uxv=|2 -1 1/=0-2)i-(2-4)j+4@+Dk = —i+6j+8k 
4 2 -!1 
Po pe | 
Gii) vxu=|4 .2 -l=(2-1i-(4+2)j+(4-4k = i-6j-8k 
2 S11 
EXERCISE 7.4 
1, Compute the cross product axband bxa. Check your answer by showing 


that each a and bis perpendicular to axb and bxa. 


i)  @=2i+ j-k,b=i-jtk G)  @=iF];, 2=i-J 
(iti) a=3i-2j+k, b=it+j (iv) a=—4i+ j-2k ,b=2i+jtk 
2. ‘Find a unit vector perpendicular to the plane containing a and b. Also find 


sine of the angle between them. 
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(i) a=2i-6j—3k ,b=4i+3j—-k (ii) a=-i-j—-—k ,b=2i-3j+4k 
(iii) @=2i-2j+4k,b=-i+j-2k (iv) a=itj,b=i-j 
3. Find the area of the triangle, determined by the point P, Q and R. 
(i). P(0,0,0); QQ, 3, 2); R(-1, 1, 4) (ii) Pd, -1, -1) ; Q(, 0, -1) ; RO, 2, 1) 
4. Find the area of parallelogram, whose vertices are: 
(i) A(0, 0,0) ; BC, 2,3) ;C(2,-1, 1); DG, 1, 4) 
(ii) A(1,2,-1); BG, 2, -3) ; C6, -5, 2) ; DQ, -5, 0) 
(iii) A(—1, 1, 1); B(-1, 2, 2) ; C3, 4, -5) ; D(-3, 5, 4) 
~ 3 Which vectors, if any, are perpendicular or parallel 
GQ)  u=Si-jt+k ; v=j-Sk 5 w=-15i+3j —3k 
Gi) w=i+2j-k5v=-it+jtk jw=—itajt+—k 
6. Prove that: ax(b+c)+bx(c+a)+cx(a+b)=0 
: # If a+b+c=0, then prove that axb=bxc=cxa 
8. Prove that: sin(a — 8) =sinacos f+ cosasin fp. 
9. If axb=0 and a -b=0, what conclusion can be drawn about a or b? 
7.5 SCALAR TRIPLE PRODUCT OF VECTORS 
There are two types of triple product of vectors: 
(a) Scalar Triple Product: (uxv)-w or u-(vxw) 
(b) Vector Triple product: Pe (vx w) 
In this section we shall study the scalar triple product only 
Definition 


let u=aitbj+ck,v= a,it+b,j+c,k and w=a,i+b, j+c,k 
be three vectors . 
The scalar triple product of vector u, v and w is defined by 

u.(vx Ww) or v.(wXu) or w.(uXy) 


The scalar triple product u.(v x w) is written as 





u.(vxXw)=[u v w] 


7.5.1 Analytical Expression of u.(v x w) 
Let u=aitb jt+c,k ,v=a,it+b,j+c,k and w=a,i+b, j+c,k 


a, b, c; 
=> vxw=(b,c,— b3c,)i—(a,c;— a,C,) j + (a,b, — a,b, )k 
. u.(vxw)=a,(b,c,— b,c,)—b,(a,c,—a,c,—a,c,)+c,(a,b,—a,b,) 
a b ¢, 
m~* u(vxw)=|a, b, Cc, 
b, C3 


which is called the determinant formula for scalar triple product of u, v and 
w in component form. 


a bh ¢, 
Now u.(vxw)= ja, 3b, ©, 
a, b; C; 
a, b, C, 
=—la, b,  c,| Interchanging R, and R, 
a, b;, Cy 
a, b, C, 
= la, b, c,| Interchanging R, and R, 
a, DG, 


a, D,+ Cy 
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a, b, ¢;, 

=—la, b, c,| Interchanging R, and R, 
Bap te Gs 
a, b, ¢; 

= la, 5, c,| Interchanging R, and R, 
By Das By 

v.(wxu) = w.(uxy) 
Hence u.(vxXW) = y.(wxu) = w.(uXxv) 





Note: (1) The value of the triple scalar product depends upon the cycle order of 
the vectors, but is independent of the position of the dot and cross. So the dot and 
cross, may be interchanged without altering the value i.e; 


Gi)  (uxy)-w=u-(xw)=[uv w] 
(vx w)-u=v-(wxu)=[v wu] 
(wxu)-v=w-(uxv)=[w u | 


(iii) | The value of the product changes if the order is non-cyclic. 









u-v-w and ux(v-w)are meaningless. 


7.5.2 The Volume of the Parallelepiped 
The triple scalar product (uxv)-w 
represents the volume of the parallelepiped 
having u, v and w as its conterminous u 
edges. height = |w| cos of 
As it is seen from the formula that: e 


¥ | aa 
(uxv)-w = |uxy| |w\cos@ | 


Hence (1) lu x y = are of the parallelogram with two adjacent sides u and v. 
(ii) |w\cos@ = height of the parallelepiped 


(uxv)-w = |uxv| |w\cos@ = (Area of Parallelogram) (height) 
= Volume of the parallelepiped 
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5 


Similarly, be taking the base plane formed by y and w, we have 





The volume of the parallelepiped = (vx w)-u 
And by taking the base plane formed by w and u, we have 
The volume of the parallelepiped = (wxu)-v 
So, we have: (uxv)-w=(vXw)-u=(wXu)-v 
7.5.5 The Volume of the Tetrahedron: 
Volume of the tetrahedron ABCD 


= | (AABC) (height of D above the place ABC) 


= 55 lux v| (A) 





— atte 


= —( Area of parallelogram with AB and AC as adjacent sides) ms 


ro IN 


— (Volume of the parallelepiped with u, v, w as edges) 


On 


Thus volume = —(uxv).w = cluy wl 


Properties of triple scalar Product: 


1. If u, vy and w are coplanar, then the volume of the parallelepiped 
so formed is zero 1.e., the vectors u, v, w are coplanar © (uXv).w=0 


Ee If ay two vectors of triple scalar product are equal, then its value is zero i.e., 
[uu w]=|uv vO 


Example 1: Find the volume of the parallelepiped determined by 
u=i+2j—k, y=i-2j+3k, w=i-7j-4k 


Nese ears | 
Solution: Volume of the parallelepiped = uvxw=|1 -—2 3 
1 -7 -4 


= Volume = 1(8 + 21) —2(—4—3)-1(7 + 2) 
=29+144+5=48 
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Example 2: Prove that four points 
A(—3, 5, -4), B(—1, 1, 1), C(—1, 2, 2) and D(—3, 4, —5) are coplaner. 
Solution: AB = (-1+3)i+(1-5)j+(+4)k =2i-4j+5k 


AC =(-1+3)i+ (2-5) f+(2+4)k =2i-3j+6k 


AD =(-3+3)i+ (4-5) j+(-5+4)k =0i-j-k=-j-k 


Volume of the parallelepiped formed by AB : AC and AD is 
2-4 5 
l4BACAD|=|2 -3 6| =23+6)+4(-2-0)+5(-2-0) | 
0 .-1 -l 
=18-8-10=0 
As the volume is zero, so the points A, B, C and D are coplaner. 
Example 3: Find the volume of the tetrahedron whose vertices are 
A(2, 1,8), B(3, 2, 9), C(2, 1, 4) and D(3, 3, 0) 
Solution: AB = (3—2)i+(2-1)j+@-8)k =i+j+k 


AC =(2-2)i+(1-1) j+(4-8)k =0i-0j—4k 


AD = (3-2)i+(3-1) j+(O-8)k =i+2j-—8k 
i] ith asetp: asia 
Volume of the tetrahedron = 6 [AB AC AD| 


] 
hice 1 42-p a ape 
ie 6 6 


I 
Ale 
—_- © -_ 
Rhee 
W |r 


Example 4: Find the value of «, so that Oi+ Jj, 1+ j+3k and 2i+ j—2k are 
coplaner. | 


Solution: let u=oi+jt+k,v=it+ j+3k and w= 2i+ j—2k 


Triple scalar product 





= -—S5a+8 
The vectors will be coplanerif —5a+8=0 => a== 


Example 5: Prove that the points whose position vectors are A(—6i+3j+2k), 
B(3i-2j+4k), CSi+7j+3k), D(—13i+17j—k) are coplaner. 


Solution: Let O be the origin. 
OA=-6i+3j+2k ; OB=3i-2j+4k 
OC =Si+7j+3k ; OD=-13i+17j-k 
AB = OB- OA = (3i—2j + 4k) — (61+ 3 + 2k) 
= 91-5 j+2k 
AC = OC -OA = (Si+7j +4k)—(6i+3j + 2k) 
=1lit 4j+k 


AD = OD - OA = (-13i +17 j—k)-(-6i+ 3, + 2k) 


=—7i+14j—3k 

9 mardi it 

Now AB.(ACXAD)=|11 4 1 
—-7 14 - 


= 9(-12 —14) + 5(-33 + 7) + 2(154 + 28) 
= —234—130+ 364 =0 
‘ AB, AC, AD are coplaner 
= The points A, B, C and D are coplaner. 


36 4 Calculus and Analytic Geometry 


Se 


7.5.4 Application of Vectors in Physics and einai or 

(a) Work done. 

If a constant force F, applied to a body, 
acts at an angle @ to the direction of motion, then 
the work done by F is defined to be the product 
of the component of Fin the direction of the 


displacement and the distance that the body 
moves. 


In figure, a constant force F acting on a 
body, displaces it from A to B. 
.. Work done = (component of F along AB ) (displacement) 
=(Fcos6)(AB) =F . AB 
Example 6: Find the word done by a constant force F = 2i+4 Jj, if its points of 
application to a body moves it from A(l, 1) to B(4, 6). 
~ (Assume that |F| is measured in Newton and |d| in meters.) 


Solution: The constant force F = 2i+ 4 56 





The displacement of the body = d= AB 
=< (4—1i+(6-1j =3i+5] 
.. work done = F.d 
= (21+ 4j). (3i+5j) 
= (2)(3) + (4)(5) = 26 nt. m 
Example 7: The constant forces 2i+5 J+6k and -—i+2j+k act on a body, 
which is displaced from position P(4,—3,—2) to Q(6,1,-3). Find the total word done. 
Solution: Total force = (2i+5 Jj +6k)+(-i-2j—k) 
= F=i1+37+5k 


The displacement of the body = PQ = (6—4)i+(1+3)j+(-3+ 2k 
= d=2i+4j-k 
‘. Work done = F.d 
= (i+3j+5k).(2i+4j-k) 
= 2+12-5=9ntm | 





(b) Moment of Force 
Let a force F (PQ) act at a point P as 


shown in the figure, then 
moment of F about O. 


= product of force F and perpendicular ON .f 
= (PQ)(ON)(n) = (PQ)(OP)sin#é.n 
=OPxPQ = rxF 

Example 8: Find the moment about the point M (—2,4,—6) of the force represented 





by AB , where coordinates of points A and B are (1, 2, —3) and (3, —4, 2) respectively. 
Solution: AB = (3—1)i + (4-2) j + (2+3)k = 2i-6j + 5k 
MA = (1+ 2)i+(2—4)j+(-3+ 6)k = 3i-2j+3k 
Moment of AB about (-2,4,-6)=rxF = MAx AB 


se ae: 
=/3.-2. 3 
2 -6 5 
= (-10 + 18)i— (5-6) j +(-18+4)k 
=8i-9j-14k 
Magnitude of the moment = ,/(8)? + (-9) + (-14)? = 341 
EXERCISE 7.5 | 
1, Find the volume of the parallelepiped for which the given vectors are three 
edges. 
(i) u=3i + 2k; v=it2j+k, . we-y+4k 
(ii) © u=i-4j-k; v=i- j-2k; w= 2i-3j+k 
(iii) u=i-2j+3k; y=2i-—j—k; w= j+k 


2. Verify that | 
a,bxc = b, cXa@ = ¢,4 


x 
if a=3i-j+5k, b= 4 + 3j - 2k and c= 4+5j +k 
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+) 
Prove that the vectors i-2j+3k, —2i+3j—4k and i-—3j+5k are 
coplanar. 
Find the constant a such that the vectors are coplanar. 


(i) i-j+k, i-2j7-3k and 3i-aj+5k, 


(Gi) i-2aj-k, i- j+2k and ai-j+k 


(a) Find the value of: 

i) Ux2jk @3jkxi Gi [ki jf) Gy Ei A 
(b) Prove that u.(v X w) + v.(w X u) + w.(u X v) = 3_U.(y X W) 

Find volume of the Tetrahedron with the Vertices 

Gy Oi... ol. thot) aad. (5.5.6) 

(ii) - 0, 1.8% (3.2.9), (2,1,4)and (3,3, 10). 

Find the work done, if the point at which the constant force F = 41+3j+5k 
is applied to an object, moves from P,(3,1,—2) to P,(2,4,6). : 

A particle, acted by constant forces 41+ j —3k and 3i— j—k, is displacement 
from A(1,2,3) to B(5,4,1). Find the word done. ri 


A particle is displaced from the point A(5,—5,—7) to the point B(6,2,—2) 

under the action of constant forces defined by 10i— j+11k, 4i1+5j+9k and 
—2i+ j—9k . Show that the total work done by the forces is 102 units. 

A force of magnitude 6 units acting parallel to 2i-2j+k displaces, the point 
of application from (1, 2,3) to (5,3,7). Find the work done. 

A force F = 3i+2j—4k is applied at the point (1,-1, 2). Find the moment of 
the force about the point (2, —1, 3). | 

A force F = 4i—3k, passes through the point A(2,—2,5). Find the moment of 
F about the point B(1,—3,1). 

Give a force F= 2i+ J —3k acting at a point A(1,-2,1) . Find the moment of F 
about the point B(2,0,—2) . 

Find the moment about A(I,1,1) of each of the concurrent forces i-—2/, 

3i+2j—k, 5j+2k, where P(2,0,1) is their point of concurrency. 

A force F =7i+4j—3k is applied at P(1,—2,3). Find its moment about the 
point Q(2,1,1). 
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EXERCISE 1.1 
1. (a) (i)6 i)O (ii) x7 -—3x4+2 (iv) x4 +7x? +12 
(b) (i) J2 Gi)2 ~~ Git) Vx +3 : (iv) Vx? +8 
i ae in oe . oe h\.h 
2. (i) 6 (ii) P coo a+ hung (ii1) A“ +(3a+2)h+3a° +4a (iv) : sin a5 fins 


3. (a) P=4VA_ (b) A=? (c) V= (aye? 


ae 
4, (i) Dom g = Set of real numbers; Range g = Set of real numbers 
(11) Dom g =R- (—2, 2); Range g = [0, + oo] 


(iii) Domg=[+1,+0); Range g= [0,+] 

(iv) Dom g= (co, + 00); Range g = (0, + <0) 

(v) Dom g = (-ce, +00); Range g = [-cx, +00) 

(vi) Dom g = (co, + 00); Range g =(—o,+ 2) U[7,+°9) 
(vii) Dom g= R-{-1}; Range g= R-{1} 

(viii) . Domg= R-{4}; Range g= R-{8} 


5. a=2,b=—2 6. (i) (a) 30m (b) 17.5m (c) 11.1 m (ii) 2sec 
: (i) odd (ii) neither even nor odd (iii) odd (iv) neither even nor odd _ (v) even (vi) odd 
EXERCISE 1.2 
a Qn woe ey (c) 4x43 (dy) =) 
x-l 2x 4-x 
AS 
(i) (a) “st (b) — (c) Vv¥x+14+1 (d) x4 











bs l x x-1 4 2 2 
d 2 2 
(ili) = (a) ee (b) fay (c) {== aes +2x° +2) 


(iv) (a) eA (b) —2—— (c) 3x4 —2x?)* 2x4 2x7)? y2vx 
x xvV3x" -2 
: 1/3 1/3 

8—x 9 be x-7 <8 
2. (i) (a) ss (b) ss, (li) (a) a ) (b) ( 3 

Gi) @ 9-27 &) 9-CN' iv) @ =H 
3. (i) Dom =[0, e-) , Range =[—2, -) (ii) Dom =R-{-1}, Range =R-{4} 

(iii) Dom =R-{0} ,Range =R-{-3} (iv) Dom =[0,+), Range =[5, +) 





(b) 0 
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EXERCISE 1.3 


G10 @5 Gi)4 (iv)O (v0 (vi) ~ 


(i)2 (ii)4 (iii) (iv)O (v) -; (vi) 1 (vii) oi (viii) P (ix) 
()7 Gi) — ji)0 dvi Mw! wil wi2 win + GO 
I ) Fae = id 
180 b 2 
2 
(x)O (xi) - (xii) 5 


(i) e* (ii) e”? Git) e' (iv) e'* (v) 4 (vi) e€® (vii) e? (viii) 0 (ix) @!' (x) -1 1 














EXERCISE 1.4 
(i) —2, -2, -2 (ii) 0, 0, 0 (iii) 0, 0, O 
(i) Continuous (ii) Discontinuous 
Continuous at x = 2, Discontinuous at x = —-2 4. c=-l 
(i)m=1,n=3 (ii) m=3 6. k=— 
EXERCISE 1.5 
Draw the graph yourself 
EXERCISE 2.1 
3 ie I sé l : —3 
7” 4x (11) we (111) "ge (iv) =: (v) - ea)? 
ee é 1 Wee 5 
(vi) 2x-3 (vii) — 2 (vill) 3x44)? (ix) e (x) cits 
(xi) mx"! (xii) ——_ (xiii), 40x” (xiv) — 
a x 
=~ gaia 
Wx+2 Ax+a)*/? 











EXERCISE 2.2 
() 3a(ax+b)? Gi) 102x+3)* Gi) —2— iy) 4 wy) _=74 
(3t+2) (ax+b)° (az—b)* 
EXERCISE 2.3 
1. 4x° +6x7 42x 2: 4+ + 2a ’ 8 
x? y3!? tas ay (2x41)? 
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oe 








| 
oo] 
(| ee are 


13. , ee: x 


/ > > 3 
Vi +1 (x? = 1° 





or ——————__— 
cm | eae 


(i—2¥ 


Py ese al 
Phas REPS ei 








1—3x 2x(x* +1) G23) ~8x 

7: el ee ea ee 
2a/x (x? +4)? (x? #13)" 
iL. x+2 x+2 —a 


errs Of aes «ED 
(x? + Dx? 41 (x7 +1)? — *  Ja—x(at+x)3/? 


L—- — BD pi he ee 15. 


2 2 
We 5. -t GX 


ya+x (a- ie 








EXERCISE 2.4 
1 —| = _aWxtl a* —x* +ax 
. (1) Oi eee eT ED (il) i wD acre CIM, 77, 
vl-—x(1+x) ated de ec —x)"" 
2 
(1918s. Qaka ate Biya 
la? +x? (a ee yo 
~~ 3 . 2(x—2y) 4x+hy+g 
2. hes DAE ey sy Priced Me! EG 
Or; @ a aar Wl Teast ee iby hf 
yy Mit yy t2y0+a) 0+ y) ~2(3x? eG +2) b(i-t”) 
Bs oes vitx (x+2,/0+0 +») (x 2'37) aah aE +4 2at 
4 2 
5. 6)! iitia 2a nae Gig ee OE A ; 
(x-1)? 2ax(cx+d)? (d—b) 3x(x? -1) 
EXERCISE 2.5 
1. (i) 2cos 2x (ii) 3sec? 3x (iii) 2(cos 2x—sin2x) (iv) —2x sin x? 


(v) 2tanxsec* x (vi) 


(iv) > ee ae 





; l+x 
sin 
4. hay Ve incre. 
Ore eee 
9. Lsint 10. 











sec’ 2 ¥. ~sinvx 
(vil) 


2 tan x 2x : 





2: (i) 2x sec4x|[1+2xtan4x] (ii) tan’ 0 sec’ 6[3.sec’O + 2tan’ 6] (ili) 2(.sin2 8—cos30) (2cos2 0+ 3sin36) 
COS X | 3. (i COS y Gi) — | 
sin x l+xsiny ycos y+siny 
1+2x ; 
i 1+ 2 ] > 
x (i iz 
+ 5. (1) —cos xsin” x (il) -—sec* x 
Dh +2x(i+x)*” 2 
(i) — ie 
i) — il 11) ——————— 
2 
a” —x a’ +x xvVx° —a’ 


cos f{—sint 
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iv) ———— = — ¥ (vi) ‘ (vii) ; 
i — ——._ (vii 
V1—x? x’ +1 1+x° 1+ x’ 
EXERCISE 2.6 
1 x x 2 Sa 
(i) be evs-l (ii) xe*(3x—-1) (iii) (Go +in-x) + De" (iv) ae Aa (v) ot 
2/x x (e* +1) e~* +1 
2x —2x 
(vi) ee. Oi ee Se (viii) tanh 2x 
(e+e) (e* +e7**)/in(e?* +e7*) 
j q - 4 a Weting . .,. inx=t 
(i) aaa Dai or 2x Indxt+—x (ii) a (iii MES 











(iv) s|2 In— ~ J or —x(2 Inx +1) am oe 


(vii) 
rr +1 O-; 


(viii) 2e~** (cos2x—sin2x) (ix) oc a (x) (xcosx+l)e*"* (xi) 15e**~* 


(xii) (x+ yr eebnes)| or (x+ v[ + In(x+ 0| (xiii) (Inx)"* | 
a : : x 


x+1 


5x? -8x+2 


Ux* —x+1)7!2 Vx=1 


(i) 2sinh2x (ii) 3cosh3x (iii) secx (iv) 


(xiv) — 








(v) 2cosech2x (vi) : 
1+x° 4+x 








EXERCISE 2.7 
(i) 40x? -36x2+24x (ii) —2 Cea | 
ia V2x+5 _ 3 
4x? 
(i) e* (x? -4x+2) (ii 2 BETES 
(2x+3)* (3x+2)? 
2 
a ape a 4 + 5 aw) = (v) — a cae A 


ey 


(i) 81sin3x (ii) —60cosx+81cos*x (iii) -6 ir 
(x-3)* (x+3)* 
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Answers 
nei 


EXERCISE 2.8 
4. cos61 = .4848 
EXERCISE 2.9 
1.(i) f increases on the interval + D e Jana decreases on the intervals [-» 5 ja 5 : | 


(ii) f increases on the interval | is , 0 | and decreases on the intervals (0. a4 

(iii) f increases on the interval (—2, 0) and decreases on the intervals (0, 2) . 
era Se | ; 3 

(iv) f increases on the interval ae 1 jand decreases on the intervals | —4, — 


2.(i) (0, 1) is the point of inflexion. 


(ii) f has relative minima at r= and AS |--4 


(iii)  f has relative minima at r= and f $} ~ 
Gy) = Zz bai relative minima at x=0 and f(0)=0 
(v) f has relative minima at x= and (3h = 





3 Ja oars 2088 


(vi) | f has relative maxima at pie and f (! 





5 Js 2088 


f has relative minima at eo and | 


(vii) f has relative maxima at x=0 and f(0)=0 
f has relative minima at x= 2 and f (4/2 )= 


f has relative minima at x= —/2 and f(-V2) = 
au 4 4 
(viii) f has relative maxima at x= ct and f i F oF 
f has relative minima at x =2 and f(2)=0 
(ix) ff has relative maxima at x=1 and f(1)=7 


f has relative minima at x=—1 and f(-1)=3 
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3. f has relative maxima at x = a and ivan V2 
f has relative minima at x= = and ($)- —/2 


EXERCISE 2.10 


a3 15, 15 2. 10,10 3. 4,8  4.5cm,5cm 5. 30cm,30cm 6. 6cm, 6cm 


7.  2dm,2dm 8. 20m,20m 9. depth = = 10. 8¥2cm, 4V2 cm 11. (1,0) 12.(2,5) 











EXERCISE 3.1 
1.(i) y=.1204, dy=0.12 ~— (ii) by =—-1.16, dy =—1.2 (ii) y=0.1, dy=0.1025 
; d 
24) Dawes qi) Sa Be 
dx x dy yt+l dy 2y dy x 
. dy .y> ~4x* d: - - ‘ 
(iy 2 colar SE elgg 2 shor) iy) Yatra de_ x 
. dx 2y(l-x) dy 4x —y* adr. =x? = dinil-we 
3. (i) 2.03125 (ii) 1.9875 (iti) 0.8747 (iv) 0.8747 
4. 1.5(Cubic units) 
EXERCISE 3.2 
3 | 5 
E pie: ee 3 <1 Oe Fae os: | . 
1.(i) x —-x°+x+c (i) —x- +2x- +¢ (iii) —x2+-—x“+¢ (iv) —(2x4+3)3 +¢ 
- 3 5 z 3 
3 3 3 


' 3 > ; l- 5 om = = = 
(v) am +e +x+c (vi) a et eee (vii) 2x7 +4x24c (viii) = 2 $e" + 


3 


2 
= > 2 3 = 
(ix) —O03-—2 +262 +c (x) -=(-Vx) +c or 2x2 +x? —2x+c (xi) e'+x4+¢ 


Ww] rn 


oe" 


2 3 3 Bs 
2(i) Ton —(x+b)2 }re (ii) 2tan'x-—x+c (ili) zor -x? } C 





| > = er" 1 
(iv) ~ 5 (a-2x)p +c (v) -—e * +3x+3e +Fe* te (vi) “5 cosla+b)x +e 
, Coe | 
(vii) —V2cosx+c (viii) >(Inx)’ +e (ix) 58-7 sin2x +c (x) tan—+e 
2 


cos 5x 





woe 2 _ 1 : 
(xi) 5 Inlax +2bx+e+¢ (xii) a +e0s}e (xi —tanx+2x+c (xiv) tanx—x+c 


Answers _ RENEE BRM Te SA IRS le ART RO ae 





17. 


19, 


21. 


























EXERCISE 3.3 
WV4-x7* +¢ pa > ta ($2 Jre a x—2 tan ate 
In(In x)+e 5. In(e* +3)+¢ 6. Vx? +2bx+c +¢, 
2./tan x+c 9. s +c 10. In(tan™' x)+e 
Vi+x? 
? a x? 
sin''x-Vi-x? +e 12. — tan"'(cos )+c 13. Sinn =e 
a 
tin" = Jee 15. In(In sin x)+e 16. (in sinx)* +c 
ag eo +4) tan’ fe) + 18 tan” xi +1 +¢ 
w= $2 (2% x <—e c . — a 
2 Jd3 V3 4 2 
ze J 
2sin Je |r 20. S43) Mee? ie 
1 1 
In| sec] x -—— |+tan| x-— ||+c 22: In| cosec| x+— |—cot| x+— ||+c 
4 4 3 , 3 
EXERCISE 3.4 
re y b. 4 1 
(i) sinx—xcosxt+c (ii) xlnx-—x+c (iii) a sie FO + 
3 4 5 
x | % l ; x ] 
- ate aes —1|ln x-— |+c vi) —l|lnhx—-— l+ce 
(iv) : [in 3 Jee (v) r | r (vi) P | F 
(vii) x tan-'x-— In (x? +1)+c (viii) -x* cosx+2xsinx+2cosx+c 


x I eee. 2 ] 4 2 ] 
(ix) eRaws wa Sa +l)+c (x) See ¥ Nx 1a ete 





Calculus Geometry 


3 
(xi) tle —l) css} (xii) (x? —6x)sin x+(3x7 —6)cosx+c 











2 ae. 
(xiil) xsin 'x+v1—x? +c (xiv) <sin“'x-—sin"'x+ ‘ ae 
Sil iG 3 ae Pitt uF 
(xv) =e (2 sin vicars haneicaatle (xvi) pe oe aay he 
Peer: l _ x 1 2 ke l 
or — sin” x-——x+—sin2x+c (xvil) —(x* +xsin2x+—cos2x)+c 
z 4 8 4 2 
(xvili) ried —xsin 2x——cos 2" |< (xix) x Inx(Inx-—2)+2x+c 
(xx) tan x In(tanx)—tanx+c (xxi) x—V1-x’ sin x+c 
3 3 
tan” x 53 t 
(i). —ftanx+x+c - (ii) tanx+ +c 
so l x 1 . 3 » . 1 ¥ 2 
(ili) 7 “g Sin 3x — ——cos3x+ sinx — cosx +c (iv) ge x—2Zsecx)+c 
1 | 
or —sec® x—secxt+c (ye x fice a +C 
3 5 5 25 125 
| Rie 
(vi) —-—e* Gos 2 aa +c (vii) = sin eG. See +c 
5 2 13 3 
ies 1 
(viii) = (cot xcosecx— In| cosecx —cot x| )+ c 


2 2 
. x , ae: 
(i). 2D a* ax +Saie'{ = |ee an x? —_" es x+ x? a Te 


(iii) = 4-5x" + Feoir{ B)e< (iv) * 34x? + sir a }re 


2 3 
(v) - 2 4442In(xtdx? +4 Jee | 








1 2 2 

(vi) ane g? a agli i dla tbl 
a a 
(i). e* Inxt+c (11) e* sinx+c (iii) e™ sec! x+ce 
s 3 : 
(iv) e’* cosecx+c  (v) e* cosx+c (vi) e pL +c 
l+x 

és er. bee ] -1 

(vii) e* sinx+c (viii) —e™™ *2¢ 


m 


ATA i te a BIS AN i int 



































(ix) ~2xeot(T— 5 )-+4 in sin 3) +c 
4 2 4 2 
(x) i +c (xi) ~e* cot——+c 
2+x 2 
EXERCISE 3.5 
1. In|x+2|+2 In|x-3|+c 2. In\x+3}+— Injax—I|+c 
5. x+3In|x+5|-In(x-3)? +c 4, aln |x—a|—b In |x—bl+c 
5. ln + 2-— Inli—3x|+c 6. In\x—al+ In Ix+al+c or In\x? -a"|+c 
2 

© inj 8 [x24 naxtilte 

1] 3x+4 2 2 
9, In|x-1|+In|x-2)+/n|x-3]+c 10. -<-In|s|-— In|x—1 +> In|x—3 +c 
Ml. 2dn[x—a]— In|x+1]+— in |2x43]+c 

2 $3 | Eee 

12. In(x+1)° —In(2+3x) eae ir or nf] re 
13, > inlx-ife in[x+]-——+c 14 —[in|x—1]—In |x +1] 

2 2 x-1 2(x 5° 
15 = [tn|x-+1]-im|x—2)]- ~ ER 16. 3 In|x+1|—2 In |x—2]-—> ae 

. ais | x+1.x-2 
7 % 3 l 4 

17. 2In|x-3|- In|x+2]-——+ Pa +c 18. — > In|x+1]+—-In(x* +1) -— tan ete 
19. = In|x— iin (a? +1)+> tan" +c 20. — in |x+3]4— In? +1) => tan"'x+c 





_j| x-1 
21. In|x—3——In(x? +4) +— tan {$|r< 22. Inf + 2| -—n¢x? —2x+4)+3 tan cae 


l 


2 y) Ms | 
23. 2In|x— 2\- = +2x+ 4+ 3 tan 43 Tle 2a In|x- ay ae bh ES ag Fak 


to 
oh 


x+l1 


-] 44 oc ee 
= tnx" +4) -—elan +c 26. In r tan +¢ 
| B , ea oe (24 | 


27. ne 7 i } tan(x+2)+c 28. : 


2 . 2 _ 2x1 2x+1 
oP at | x -x+2 53 2% _3 2x 
’ A nis 30. in +—=| tan ~5tan +¢ 
Beans nf ae Jr ee! ( V7 7 











25, —2in(x+ =e 
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31. 


22. 


25. 


28. 


ln (x? +x-1 1y x? +2x+3 pe tn 2) tan 


1 2. 
3 

52 5. 
3 
| 

— |n2 8. 
2 

bat i. 
12 

2 In2-1 14. 

At 17. 

24 

ule. 20. 
24 

10 z3, 

In4 26. 

ek! 29. 
9 


All answers are in square units. 





1. 19 2H A2DIMS: 
3 
» =€ 9. ma 10. 
2 
2; y=ce”* 
Jae 
5. y=ce * 
x? 
8. ye” =cxe ? 
et 
a‘. OT 
14. Y  =¢(x+2) 
2y-1 


12. 


15. 





-1| x+1 
3 | we J2 
EXERCISE 3.6 
2 
5 
— bs _1)2 By 
2 
2 
mews 
2 
pS 
e 
9,/3 -10-— 
8 
6-7 
g 
91 
8 
J2-2 
ees 
2 3 
EXERCISE 3.7 
4.412 ge 
3 
11. 4 12.2 
| 4 
EXERCISE 3.8 
xy=c 


COS Y=COSX+C 
= ae 
tan y=—+C 

4 


oe een gS 
y 


x 


cos y=c(secx+tan x) 


12. 


15. 


18. 


21. 


24. 


27. 


30. 


16. 





2 

5 
| -3y3) 

3 
gi 

3 

as 
—= 65-8] 
3/2 
— (Un(2 +1) +2 -1) 
3 +8 

32 
In2 
2—/n2 
yaeys 
Sy 

4 
32g 27 
3 4 
JB 42 
2 

2 

y =x(2-x)+c 
y =cxe™ 


2 1 
y° =x+—+¢c 
- x 


tan xtan y=c 
ag 
y=3+cx 
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eS eee—— —_— -—— el 
‘ 


17. cos y=c(secx+tan\) 1s. Me he yee 

2 

—| x ! af | 

19. fan” y=—+c . tan \ 20. f= =e A Ae 

2 

_4- | 

pay s=ce.,s=4e' bak “Ot cnuimber of bacteria) 
23. 


v= 2450—-980r , hh 24d 9G) hax herehtas 3062.5em 


ENERCISE 4.1 


I. (i) The right-half plane Gt) Phe fourth quadrant 
(111) The y-axis Hi.) The waxes 
(v) The second quadrant 
(vi) Points in the first and third quadrants having equal abscissae and ordinates. 
(vii) Points in the first and third quadrants having both the coordinates equal or point in the 
second and fourth quadtants having both the coordinates equal but opposite in signs. 
(viii) Point on the v-axis less than or equal to —3 or greater than or equal to 3. 
(ix) Points in the first quadrant with ordinate 2 and abscissa greater than 2. 








(ix) The second and fourth quadrants. 
| 3 | 
pm (a) (i) 5/2 (i1) | ; ; | (b) (i) 2/29 (i1) (—3, 1) 
cy , ; 
(c) (i) — — (i) | 25.5 | 
3. (a) Yes (b) No (c) No ~ (d) No 
(iii) Yes 5..(043)-C2—3);.(-6,-—) 6. h=0 
7. h=1 8. (0, — 3): 126 9. h=6, —10 
10. (1,5); (—5,0); (1-6): (7.-D 11. h=2, —2; no. 
i 
12, (0, +3V3); two 13. aa Hl ey 14. (1,5) 15. (i) (9,8) (ii) (7.0) 
x Se 
16. (1, Qradibe es ae 2 | 18. ‘ats tases al | as aaa san | ee kc Bs 
5 abet. 4 4 2 2 4 4 
EXERCISE 4.2 
1. (i) (2,-1) (ii) (1,4) (iii) (—2, -2) (iv) (2,-1) 


2. (i) (11, 14) (ii) (—7,-9) (111) ere (iv) (2,0) 
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| —7 —3-7¥V3 
a a Aaa (ii) ceca ae 


2 
“ 11~1599. + 143.388 . 55 15 
sis ae eae ey) Boe 


(ii) (—12,—2) 


i. (i) fea cua a 


2 2 


EXERCISE 4.3 


1. (i) 1, 45° (ii) —9, 96.34° (iii) Undefined, 90° 












a 
: ieee 
eo ar 
iia zu 
ao we 
BBs wu 
<—Bi SBe, Ei i 
Cae eta | wit 
fw ve 
ar. 2a0m 
aneenn eo" 
are LI BeRSeOe SEES Oe 
l 6 
2 i) —,-4,— 
(i) 3 5 


4, (i)-11 (ii) = 6.(10,1) 7.(2,6) 8. (a) none (b) none 


9, (a) y=-9 (b) x=-5 | (Cc) x=y (d) x=-y 
10. (a) 7x-y+47=0 (b) y+3=0 (c) x+8=0 (d) x-7y-16=0 
(e) 5x+ y-7=0 (f) 4x-3y +12=0 (g) 4x-3y+12=0 


11. 4x+2y-37=0 | : 
12. ‘Side BC: 6x-—y-26=0; Side CA: 5x+3y+9=0; Side AB: x—4y+11=0 
"Median through A: 4x+7y-2=0; Median through B : 7x-—5y-15=0 
Median through C: 1lx+2y-17=0; Altitude from A to BC: x+6y-9=0 
Altitude ffom B to CA: 3x-5y+5=0; Altitude from CtoAB: 4x+y-4=0 
13. 2x-3y-10=0 14. 24x+ y—259=0 


AR as ine, wlth, ee ee, 





16. 


18. 


21. 


(b) 


(c) 


22. 


23. 


26. 


3. 


630 litres. 17. p= “ — 1961) + 60; 35.5 million, 123 million. . 


Rs 2.875 million 19. F = =C +32 20. 536 





l Ba -.... x y 
a 1 =—x+— (ii +— =] 
C8) ig Oe a ai pods a 


OY 


(iii) xcos116.57° + ysin116.57° =——=; p = —= 
WS Oe 
-4 y 
= — — —_ +—— =] 
dt @ 57 2/7 
(iii) x cos 60.26° + y sin60.26° = My p= pe 
OES. GS 
8 y 
=—x-— —— +———__ = 1 

OY ers 5 agt “1/5 

ey. ° 89 3 
(iii) xcos298.07 + ysin298.07 =—;p=— 

L7 17 
(a) Parallel (b) Perpendicular (c) Neither parallel nor perpendicular 
(d) Parallel (e) Perpendicular 
4 19 7 9 11 

a) —;3x-4y+5=0. (b) —;12x+S5y+—=0 ——;x+2y-—-—=0 
@) = y O55 ane nS Tea a 
2x-—7y+57=0 ' 25. 5x+3y-1=0 

DS y x y 
— + —— - = 1 5s — = + — = 1 27. (-—4, —1); G, —2); (8, 3) 

46 -46/2,_-v¥6 —J6/2 
(a) Above (b) Below 29. (a) On opposite sides | (b) On the same side 
it 31. 3 square units 32. Area = 14 square units. Points non-collinear. 
/52 

EXERCISE 4.4 


| , 24 15 
(i) (-1, 0) (ii) (-5, 3) (iii) (S. Yi 


(i) 219x-16y-—582=0 (ii) (a) 6x+y+18=0 § (b) x-6y-—34=0 
(ii) x+y4+2=0 


 :13x+29y+66=0 4. (m, — m; )(c3 —¢,) = (m3 — m )(c2 - cy) 
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10. 


11. 


nes 
2 


17. 


= 2 a} 





p=-l4 
—3 
Circumcentre ea Yes 
1 
| 12 
5 


(a) 139.6” (b) 115.35" 
(a) 49.4° (b) 64.65° 
(a) 32.64": 105.02°: 42.34” 


(c) 54.87°: 87.88°: 37.25” 


90° each 


3 
7. Centroid: (- 1. 3). Orthocentre: eee yi 


Calculus and Analytic Geometry 


> 


3 


8. Concurrent. (2.0) 


-— = 
a jal s5 ke(S = | mA 45": mZB=45° mZC =90° 
5 a ys 


(c) 0” (d) 78.699 Acute angles : 


(b) 90°: 63.43": 26.57” 
(d) 66.96": 85.05": 27.99" 


29 -—31 


13. 36.9°, 143.1° 14. 34sg. units 15. a oe 


6° 6 


| .3 —2x 0 fe eee | 0 
(a) |2 -—1 4 || y|}=] 0}; concurrent (b)} 2 —2 -—3]| y}=|0]Not concurrent 
1 -ll 14]/] 0 3 | -8I) 4 0 
3 -4 -2}x 0 
(c) | 1.2 =—4 =|0}; Not concurrent 
i ae aimee ey 0 


x+0y-—1=0 
(a) 
Ox-— y+2=0 


2x+0Oy+1=0 ; Not concurrent 


x+y+2=0 
2x+4y—3=(0; Not concurrent 
3x+6v-S5=0 


(b) 


EXERCISE 4.5 


5x+y=0; 2x-Sy=0. 79.51° 
3x+4y=0, coincident lines 


2x —3y =0;3x-—Sy=0, 2.73° 


2. 3x+y=0; x+2v=0, 45° 


4. x—y=0;2x+5y=0, 113.2° 


x(I +sina)+ ycos = 0; x(I — sina) + ycos a=Q; Angle= a 


x* +2xy tana —y*=0 


2 uare units 
20 “4 


8. m= 2hxy + ay” =0 
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EXERCISE 5.1 








a < 
wit ; 
a ote : / meres tht 
: ’ 
i : 
a—pfestn af pwd warp 


eet 
L8G XS hanes 
HESS. Dh Meee 








Ee wee Cea 
YRS VaR 
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(iv) 












1(i). 
(iii) 


(v) 






EXERCISE 5.2 


Draw the graph yourself 
(0, 0), (3, 0) =. 7 0,4) Gi 


(0,2), (1, 4); (0, 5) (iv) (0, 0), (3, 0), c 


(2, 0), (4, 0), (0, 4), ©, 3) (vi) (0, 0), (4, 0), i 


21.6 


> 


98 15 
1717 


RB (-4, 5) ig a, 
ae So) | | | tt | ii) LT ESS N@lay TS 
| | | Nee ol CHEREREPS BEiGias VEE 
CEL = SG2328 BEREROb AEM 

| | | ODS a MP PF amr BEST RAZ es 
Sabi Ve ae 


(0, 0), (5, 0), (1, 4), ©, 2) 


5 3) 


7} 5) 






SS 
Sg 













i Ss <= 
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2(1). (0, 0), (5, 0), (4, 2), (0, 3) (ii) (0, 0), (5, 0), (4, 2), (0, 3) 
(iii) (O, 0), (4, 0), be on = (0, 3) (iv)- (O, 0), (5, 0), 2, 6), (0, 7) 


45 32 

(v) (0, 0), (6, 0), (3, 4), (0, 5) (vi) (0, 0), (10, 0), (9, 2), ee =} (0, 8) 

EXERCISE 5.3 
1. Maximum at the corner point (16, 12) 2. Maximum at the corner point (0, 5) 
ZW Maximum at the corner point (0, 3) 4. Minimum at the corner point (0, 3) 
3. Maximum at the corner point +. 4 6. Minimum at the corner point (0, 3) 
Be Minimum cost if 3 units of food X and 2 units of food Y are fed to each animal. 
8. Maximum profit if the investor purchases 8 fans and 12 sewing machines. 
9, Maximum profit if 200 units of product A and 400 units of Product B are produced. 


EXERCISE 6.1 
1. (a) x7 +y?-10x+4y+13=0 (6) x74 y? -2V2x+6V3y+21=0 


(c) x7 + y* -2x+4y-27=0 2. (a) (-6,5):V61 (b) ee =S)\ (c) (3, —2);0 
(d) (=? | i972 3.(a)x* + y> —4x+2y—35=0 (b)x? + y? -10x-24y =0 
(c)x* + y* -ax—by =0 (d) 3(x? + y?)- 14x —8y —65=0 4.(a)x? + y? —15x-18y+17=0 


2 2 
(b) (x+3) +(y +1) =4 or x7 + y? +6x+2y+6=0 and [+33] oe | =4- of 


169 (x? + y?)+390x-78y—442=0 (c) x? + y? +52x—21y-265=0 (d) (x+2)? +(y—5)? =10 
or x*° + y* +4x-10y+19=0 and (x-14)? +(y—13)? = 250 or x? + y? —28x—26y+115=0 
5. x? +y? -2ax-2ay+a? =0 9. (x+V2-1) +(y+3-V2) =4 of 
x? +y? +2(V2-1)x-+2(¥3-2)y+10-8¥2 =0 and (c— /2-1) + bases} ve 
a7 hy  _ (V2 +1): +242 }y +10+8,2 = 0 

EXERCISE 6.2 


1. (i) 4x+3y=25; 3x-4y=0 xcos@+ysin =5; xsin@—ycos =O (ii) 33x+21y—-103=0; 


21x—33y+89=0 2. 24x-10y+91=0;5x+12y+26=0 at (4, $+ .24r-+t0y+151=0 
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5x-12y-46 =0 a (- ace | 3.(i) Inside —(ii) Outside 4. 5, 213 6. (4,5): 


x a 


cece (i) x-2y-V10=0; x-2y+V10 =0 (ii) 2x-3y—V26 =0; 2x-3y+/26 =0 


8. @ 3x4 0 of 18} r+ 4y-20=0: ie *) (ii) 2x+y=0; (00) 


x—2y+5=0;(-3,1) = @iii),-s Sx y +33 =0; (6,3) x+5y+17 =0;(-2,-3) 


9, -4x+16y+35=0 


EXERCISE 6.4 


1(i) Focus: (2,0); Vertex: (0, 0) ;Directrix: x+2=0; Axis: y=0 


(ii) Focus: (0,-4); Vertex: (0, 0) ; Directrix: y-4=0; Axis : x =0 





(iii) Focus: 0, a Vertex: (0, 0) ; Directrix: y +S =): Axis :x=0 


s 


(iv) Focus: (-3,0); Vertex: (0, 0);Directrix: x-3=0 Axis:y=0 
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(v) Focus: (0,2); Vertex: (0,1); Directrix: y=0; Axis: x=0 
(vi) Focus: (1,0); Vertex: (3,0); Directrix: x =5; Axis : y=0 
(vii) Focus: (1,0); Vertex: (1-2); Directrix: y =-—4; Axis: x=1 


(viii) Focus: (0-5 Vertex: (0,-1); Directrix: y ->; Axis :x=0 


(ix) Focus: [ty 1} Vertex: (-9,1); Directrix: x = > ; Axis: y =1 


(x) Focus: (2,2); Vertex: (2,0); Directrix: y+2=0; Axis: x=2 

2i) = (y—1)? =-12x or y? —2x+12x4+1=0 

(ii) (x-2) =8(y—3) or x? —4x-8y+28=0 

(iii) 4x7 +4xy+ y* +36x-22y+41=0 (iv) (y—2)? =-8(x-3) or y? —4y+8x-20=0 
(v) (x+1) =-8(y—2) or x7 +2x+8y-15=0 (vi) (y-2) =8x or y> —4y-—8x+4=0 


(vii) (x-2)) =-4(y—2) or x? —4x4+4y-—4=0 (viii) (x-nP =-8(y +1) or x7 —2hx+8y+84+h" =0 











h arbitrary (ix) 3y7 =x41 (x) (7/57 =3{ y+) or 5x* -14x-3y+9=0 
3. (i) x°— 4h’ + 4ax =0, h arbitrary (ii) y* +2hx—h? =0, h arbitrary 
a 
6. 37500(2-3) km, 375002+V3)km 7. =Sy 8, 9m 
EXERCISE 6.5 
Sketch the graphs yourselves where asked. 
Se a s 213. 2 
: a b (y+3) x ee y 
Zz —+-——=] i) ————+—=1 ee 7 eS ES 
Oo Rs sg sin hr 3679 
: (x-2) (y-1) x y? : y? x? 
‘ =1 V ee oe iho = 
a 9 5 v7 ge ore 35 tg 
2 1a , 2 2 .2 
< y ot K; (y-2) (x-2) a <y 
Vil —+—=l Vill - =] es 
mo) tee wey 16 9 MELY Aig pt? 
2 2 
phn Ae as 


16 §=16 





Answers 





Centre: (0, 0); Foci: (2,3, 0): Vertices: (+4,0); Eccentricity: & Directrices: rate 








2(i) 
2, f Ly: 4 9 
(11) Centre: (0, 0), Foci: (0, 4); Vertices: 0,43V2 ); Eccentricity: i Directrices: gs 
3v2 
(iii) Centre: (0, 0), Foci: ( 0,44); Vertices: (0,45) ; Eccentricity: =; Directrices: y=r2y, 
(iv) Centre: hes 8 ; Foc: 4. ages ; Vertices: ca ‘ ee ; Eccentricity: v3 . 
2 2 2 2 2 
; 8 
Directrices: y = reps 
ee 
(v) Centre: (—8, 2), Foci: (8 +43, 2),  Vertices: (—10, 2), (-6, 2) Eccentricity: s : 
8 
Directrices: x =—8+ wa 
(vi) Centre: (5, 2), Foci: (5, 2+/21) , Vertices: (5,—3), (5, 7) Eccentricity: a , Directrices: 
25 
e=2t——— 
of 2h 
4. 3x” =2xy4+3y" —2x-2y-1=0 
2 2 2 2 
6. Roryloog 71. + pe = 8. 15m 
8 4 1007 3711 
9, Greatest distance = 404582 km 
Least distance =364224km 
EXERCISE 6.6 
Sketch the Graphs yourselves. 
age 2 y? an WE es 
1. (i) ee be (ii) A (iii) ioscan. Ball 
4 20 9 16 25 . 25 
og A x-2)° = 2)" 
Gi, 2a el (v) ae See (vi) x4) Ores, 
9) 27 36° 45 9 27 
2 (x—2)? es | phd 5 a. 
(vii) oy ae) (viii) OSS ee 4 


9 9/4 4 5 4 


390 Calculus and Analytic Geometry 





2. (i). Centre: (0, 0), Foci: (+3V¥2,0) ; Vertices: (+3, 0) Eccentricity V2 ; Directrices: x =+3/ V2 


(ii). Centre: (0, 0), Vertices: (+2,0) ; Foci: (+13, 0) Eccentricity : ¥13/2; 
Directrices: x = +4/ V13 
16 


(ili) Centre: (0, 0), Vertices: (0, +4); Foci: (0, +5) Eccentricity : 3 ; Directrices: y eas 


(iv) Centre: (0, 0), Vertices: (0,+2); Foci: (0, +,/5) Eccentricity : = 


Directrices: y = +4/ V5 
(v) Centre: (1, 1), Vertices: (1+ J2, 1); Foci: dat+-1i1, 1) Eccentricity : V11/2: 


2 
Directrices: x = —1+——= 


Vil 


(vi) Centre: (2, —2), Vertices: (2, 1);(2, —5); Foci: (2,3) and (2,-—7) Eccentricity = 


win 


9 
Directrices: y = —2t-5 


(vii) Centre: ig i} Vertices: Pe “ha —1); Foci: tee “1 Eccentricity = J10 : 
l 





; 2 
Directrices: x = re + 


ww 
>] 


3 
(viii) Centre: (2, a}: Vertices: 2, Silat Foci: 2-25) Eccentricity = J5: 


Directrices: y=———+ 


wo] o 


tal 


(ix) Centre : (—4,—1) ; Eccentricity =z , Vertices: (1, —1) ; (-—9,—1) 
: 5 

Foci: (—4 + 5/2 ,—1l); Directrices: x = —4 4 75 

| 2 


(x) Centre : (2,—3) ; Eccentricity —VJi0 soc: 2 + 10 ,—3); 


l 
Vertices: (3, —3) ; (1,—3) , Directrices: x = 2 + —— 


vio 
2 2 


fis? 2 50a sip Ole Sen Pe 0" 8h 6 y 4153-6 6. eo 
a rae ad Mie aes tS 291600 198400 
EXERCISE 6.7 








1(a). yt=x+at? :y=-tr+2at+at? 


(ii) cos +—=—sin =1;axsec@—bycsc =a” —p’ 
a 
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(iii) = sec ~~ tan =l;axcos@+bycot =a’ +b? 
a 


(i).  3x+2y—6=0 at (4, -3) ; 3x-2y+6=0 at (-4,-3) 
(ii) 9x+7y—20=0 at (3,-1) , 9x-7y+20=0 at (-3, -1) 


@iii) = 26x—1I5y—89=0 at (4, 1); 13x42 y= =0 at (4, + 


3). 3x-4y—25=0, 4x+3y-25=0 (ii) x-y+3=0, 3x-y+1=0 
(ili) x+ y+1=0,5x- y-—7=0 

4. 18x+27y-88 =0 | 5. x—-2y+2y2 =0,x-2y-2V¥2 =0 
6. 5x—-2y+8=0,5x-2y—-8=0 

Hi).  +3x-4y-45=0 (ii) 2x+y+2=0 


[99 [60 2 | 9 | 7 = (ae. 
8(i). Ec 1’ + 4 (ii) E ey i= > | (1i1) keg, + 45) 
: 40 128 4 
(iv) +f =| (v) (0, —4) and = fee 


EXERCISE 6.8 
li). X7+16Y=0 (ii) 2X* +Y"*~4=0 
(iii) 9x*+4Y* -36=0 (iv) x?-y*4+1=0 
(v) 9x? —4y* -36=0 


i). (4, 3):3K? -2Y* -6=0 (ii) (-1, 2);25X7+9Y7 —225=0 

(ii)  (3,1);X*-Y?-1=0 

Sho Rey a Gi) § X*-9Y7+9=0 

Gn) gis &* =5X—¥ =0 (iv)  2¥7-2X+1=0 

(i). tan 0 =3, X? +Y7-11=0 (Gi) 0=45° X*-y? +2 xX-7V2Y-20=0 


(ii) 6=45°,X*+4Y*-4=0 
EXERCISE 6.9 
1(i). Pair of lines: 2x—y=+V6 


(ii)  Parabola : Vertex : (0, 0) ; Focus [1,1] Axis: x— y=0; Directrix; x+ y+ /2 =0 
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a ee em 


1 1 ] ] 
(ili) Parabola : Vertex : | -———,——= | ; Focus | -—— ,—— |; Axis: x+ y=0; 
AW2 2/2 Zz 2 | 


Directrix; x-y=0 


(iv) Ellipse : Centre : (0, 0) ; Foci iba aa and = I 


BOMB BB 
Vertices: (2, —2);(—2, 2); Major axis : x+ y =0, Minor axis : x— y =0;; Eccentricity = 77 
6 
(v) Ellipse ; Centre : (0, 0) ; Foci: cae and rey Vertices : iD. Li 


(-V3, — 1) ; Major axis : x-y3y =0 ; Minor axis : V3 x+y =0; Eccentricity = = 


(vi) Ellipse : Centre : (—2, —1) ; Foci: (0, 0) and (-—4, —2) ; Vertices : {2 2k G eo and ~ 
32 8 nie) ee Palle ead 
“V5 -2,- ry —1 |,Major axis: x—2y =0 ,Minor axis 2x+ y+5 =0 ,Eccentricity = 3 


(vii) | Hyperbola : Centre : (2, 4), Foci : (-2, 0) and (6, 8), Vertices : p+ 41243) and 


(2-208, 4-2 J Focal axis : x-—y+2=0 ; Conjugate axis : x+y—-6=0, 
Eccentricity : /2 


(vill) |§Hyperbola: Centre : (0, 0), Foci : (2, 1), (—2, -—1), verte 2 fe. i= \{- 2/2 {= } 


Focal axis: x-2y=0 ; Conjugate axis: 2x+ y =0; Eccentricity: /5/3 


: 2 2 1 
(ix) Hyperbola ; Centre : (—l, 2); Foci : eT and | —-1—-——,2+— |, 
Ye id | 5 ale 


Z l 
Vertices: | —-1+——, 2—-_—— | and | — Focal . —3=0 : 
| ym a - -. 2+ Ocal axis : x+2y-—3=0 ; 


Conjugate axis: 2x— y+4=0; Eccentricity : 


2(i). 2x-3=0;5y+4=0 (ii) 
3(i). 26x—ISy—89=0 (ii) 


2x+y+1=0;3x— y-9=0 


2x—8y—8=0 at (0, -1) ; 5x+33y+8=0 at (5, -1) 
(iii) x+y—-3=0 at (3, 0), S5x-3y-12=0 at (3, 1) 
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4. x+4y-5=0;x+4y-8=0 
EXERCISE 7.1 
z: (i) 4i-5j (ii) —i-11j 
2. (i) V53 (i1) 2 (iti) 5 J (i) 41-14 j (li) -3i+8] (iii) 1-6] 
4. QO (null vector) 5. AO = 61-7 j 
6. (i) q-d (il) —i+ ces Gi qe j 
Ve (i) D(-1,2) (ii) D(5,—10) 8. (i) A (—2,—2) (ii) E(10,—1) 
9 P(4,-7) 11 A(-5,—4) 12 (i) haan sa) Bian 
. Rpts 7 ree 
EXERCISE 7.2 
| (i) —3i-4 j (ii) —3i—15 J | (iii) —6i —8 


2, (i) 123-3 +6k (ii) -12i+ j-7k (iii) ¥326 


3. o| z 5B «| HR id | 5.0] sa 








J29’ /29’ 29 3 41 
1 2 1 17 13 10 
4 a=1, =—2 5 eof oe pe og i+ SOO ey | 
46°. ¥6> 6° J558- /558— /558~ 
7 5. ee (ii) ie Peta ge 8 g=3 
7 7 3 eed 3 
Neate ance 2 Soe ee 5 10 15 
10. joa tb ee ye me Pe AP Re bebe oe al 
Oy ee geass se (b) 3 (c) ean re Tae 
] 
(d) a=— ye. 
ic 22 §- \=2 ms WS icp ee 
ll. =) (ii) (ii) | —, — ,—— 
ee 14’ Fr Ee Vat Je Fe 21 | 
12. (i) No vector (ii) No vector (iii) A vector 
EXERCISE 7.3 
4 19 —7 ee 
1. oe ia ce Cet a hee fi 
(i) 66 (11) 6 (iii) Tes (iv) e 
as ee | -§ ~-§ 
2 (i) — , — ii) — , >= 
" 42’ 2 eet 
3. (i) a=— (ii) => 


4, gs? ~t 5. v=0 (null vector) 
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EXERCISE 7.4 
1. (i) -3j-3k ;3j+3k (ii) -2k; 2k ~— (ii) i+ f+ 5k; I- G—5k 
os meee, 6 5 
(iv) 3i—6k ; —3i+ 6k y & (i) at “va 7h ay 
—7 2 5 fs A) : 
fe sy 0 ee 
(ii) ae" - oe i* ig 39 (iii) Any unit vector ;0 (iv) —k 
(i) 15/2 Gi) V6 4. (i) 5V3- (ii) 998 (iii) /89 
5. (i) ullw (ii) ulv,viw, ullw 
9, either a = 0 or b = 0 but opposite in direction 
EXERCISE 7 5 
1. (i) 25 Gi) 14 ii) 10 406) a=5/2. Gi).acSi4.c- ba33 
5. (a)@4 (ii)3 (iii)l (iv)O 6. (i) 8/ 3 (ii) 2/3 7. 45 8. 36 
10. 2 11. 2%-7j-2k 12, -3i+19j-4k 13. 31+3j+3k 


14. -i- j+9k 15. i+11j+17k 
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